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Preliminarios
Two-body scattering in center of mass frame

Time-independent Schrodinger wave
function

P () = RO ()Y, (6,9)

Spherical harmonics

Yﬁ,mg (9/ (P)

Radial wave function

(k)
RP(r) = L
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Grellulizics
Regularity

2 Ll +1)
dr? n 72

= is the reduced mass

+2u V(r) — K uék)(r) =0

= Finite range interaction potential
= The interaction is not too singular at short distances.
ugk)(r —0) —0

For V(r) = O(r ") type of potentials with positive ¢, the
short-distance regularities is satisfied as r — 0.
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Preliminaries
Phase shift

u® (7 ~cosdy(k) Sp(kr) —sindy(k) Cy(kr) for r > R
4
S¢(kr), Cy(kr) : Riccati-Bessel functions
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Preliminaries
Phase shift

u® (7 ~cosdy(k) Sp(kr) —sindy(k) Cy(kr) for r > R
4
S¢(kr), Cy(kr) : Riccati-Bessel functions

*Lu(r)
8(k)/k
. —
Scattering wave Free wave
o

uék)(r) ~sinfkr — 1wl /2 + §;(k)] as r — o
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Scattering amplitude

—dy(k) L . .
(k) oy €T 2isy(k) ilkr—7te/2) _ —i(kr—70/2)
(1)~ [0 e ~_ ]
outgoing incoming
o0 (k) ) )
~= 2[ [hé’)(kr) =S hf)(kr)} S : the scattering matrix
%ﬁ p eiki’
= ik-7 = on 6
Ye(7) =g e HfE )~
f(B.7) = ng(k)Pg(Cos 0) converges at k = 0
(=0
f (k) _ eZi‘sf(k) -1 _ K2t
T

K2+ cot 6,(k) — ik26+1
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Grellulizics
Effective range expansion

k2€+1 1 1 .
= —— + -1 k*+O(k*) K: the reaction matrix

K /a(e 2\

scattering length [Length]>*! effective range [Length] ~2+1

8 = (1+iK)(1 — iR)~ = 2K R~ = cot (k)

K21 cot oo(k) = —al aF %7’@ K2 + O(k4)
l
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Introduction Preliminaries

Scattering length

u(r)

e

For an attractive potential,

/\ Negative a, : no bound state
R r

u(r)

@ Positive a, : bound state

ay — o0 : zero energy bound state

INT 12-3

a R
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Scattering length

u(r) (r)
/ For an attractive potential,
Negative a, : no bound state
RI : AP Positi bound stat
a o g a ositive a, : bound state
ay — o0 : zero energy bound state
u(r) u(r) )
o o Neutron-proton scattering:
mg, = —23.727 [fm]
— ‘4,5, = 5418 [fm] deuteron !
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Causality and Unitarity

Causality and Unitarity should be preserved !

Unitarity ; the sum of all outcomes probabilities equals one.

Causality; the cause of an event must occur before any resulting
consequence are produced.
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Introduction Motivation

Causality
Consider a spherical wave
packet sharply peaked in -

momentum space at k = k. (k)

1 o~
r) = —— [ dke* f(k
£r) = = [ ke (k)
Define L k
g(k) = P f(k)
Taylor expand the phase shift around k = k
_dé(k)  (k—k)?d?*s(k)
o Tae T

11/43

5(k) = 6(R) + (k—R) =
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Causality

Fourier transform to the configuration space

_ dk eikrg _ /dk elkr 2i5(k k)
7=/

—21k5 2

i6(k
% /dk ok[r+20' (k) f( )

,21k5( ) g [T+2(5,(k)]

= An overall phase multiplication e~2%'(%)

= A backward translation in space by 2¢'(k)

A similar relation can be written for the time delay of the scattered
wave.
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Introduction Motivation

Causality

Time

H. W. Hammer and D. Lee, Annals Phys. 325, 2212 (2010).

The wavepacket is shifted by
ds(k)

dk
The scattering wave is delayed by

ds (k)
“dE

=2

2

Wigner:
For finite range potentials

ds(k)
2N s
ax = R

Causality Bound !

E. P. Wigner, Phys. Rev. 98, 145 (1955)



Introduction Motivation

Causality
free wave
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The scattering wave is delayed by

ds (k)
“dE

=2

2

Wigner:
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Causality Bound !

E. P. Wigner, Phys. Rev. 98, 145 (1955)



Introduction Motivation

Causality
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Introduction Motivation

Causality
free wave The wavepacket is shifted by
s Lt
Time 07| 2400
: . The scattering wave is delayed by
scattering wave ,40(k)
dE
Wigner:
. For finite range potentials
T incoming wave dil(kk) > R

Causality Bound !

H. W. Hammer and D. Lee, Annals Phys. 325, 2212 (2010). E. P. Wigner, Phys. Rev. 98, 145 (1955)
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Outline

9 Neutron-proton scattering
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Single channel

d?>  L(L+1)

R
e +k2} ud () = 23 /0 W(r, " )ul® () dr’
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Single channel

d?>  L(L+1)

R
e +k2} ud () = 23 /0 W(r, " )ul® () dr’

forr > R
u® (r) = kL [cot 8, (K)SL(r) + CL(r)]
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Single channel

d?>  L(L+1)

R
e +k2} ud () = 23 /0 W(r, " )ul® () dr’

forr > R
u® (r) = kL [cot 8, (K)SL(r) + CL(r)]

= K2 cot 8y (k)sp (k, r) + cr. (k, 7)

Sr(r) = kL sp(k,7)

Cr(r) =kt cp(k,7)
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Single channel

&  L(L+1 R , o
- ( = ) +k2} ud () = 23 /0 W(r, " )u® () dr
forr > R
ul (r) = kL [cot &, (K)S, (r) + CL(r)]
= K2 cot 8y (k)sp (k, r) + cr. (k, 7)
Sr(r) = kL sp(k,7) s.(k,1) = so(r) + k2 sa(r) + O(K*)
Cr(r) =k " er(kr) cr(k,r) = co(r) + K2 ca(r) + O(k*)
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Single channel

&  L(L+1 R , o
- ( = ) +k2} ud () = 23 /0 W(r, " )u® () dr
forr > R
u (r) = k- [cot 61.(k)SL(r) + CL(r)]
= K2 cot 8y (k)sp (k, r) + cr. (k, 7)
Sr(r) = kL sp(k,7) s.(k,1) = so(r) + k2 sa(r) + O(K*)
Cr(r) =k " er(kr) cr(k,r) = co(r) + K2 ca(r) + O(k*)

-1
u(Lk)(r) :ESO,L(T’) +cor(r)
1 1
= kz{ ErLSO,L (1’) — ESZL (7’) + C2,L(T)} a4 O(k4)
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Neutron-proton scattering Single Channels

Single channel

a2  L(L+1

{a;g 4£4;44)-+k2}uaL( —-Zyb/ 1 Vit ()t
a2 LL+1

{W— ( )+ :|ubL —2}!/ ubL )dr’
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Single channel

@2 L(L+1) R
{W i + ku} Ug(r) = 2;1/0 W(r, r/)uu,L(r’)dr/
a2 L(L+1) , R
{W —— 3 7t kb} up(r) = 2#/0 W(r, 1" up, (r')dr’
(kg — kp)ua, . (g, (r) = =y (r)uy | () + ug (r)uy (1)

20 [ i (OW G, () = g (00, it
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Single channel

>  L(L+1 R
{7 = % +k§} Ug(r) = 2;1/0 W(r, r/)uu,L(r’)dr/

dr?

d? LL+1

{W ( )+ }”bL —Zﬂ/ Ny, (r')dr'
(kg — kp)ua, . (g, (r) = =y (r)uy | () + ug (r)uy (1)

20 [ i (OW G, () = g (00, it

r

(K2 —k2) /py g, (r)up,(r) = (ub,L(r)uQ,L(r) — thg,r (r)uy, 1 (7)

P

r R
v [ dr [l VWG () — s (VW (77 ()]

Hm w1 (0)uy () = Lim uy(p)ug; (p) =0

p—0+ p—0+
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Single channel

Wronskian identity

W Ul (0, uf ()] = (@ - ) [ ul )l )i
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Single channel

Wronskian identity

W Ul (0, uf ()] = (@ - ) [ ul )l )i

set k, =0, and limitk, — 0

r > R, interaction range low evergy limit, k — 0
r / 2
rp =bp(r) —2 ; [Ug) (r/)] dr’ J

The generalized form of Bethe’s integral formula

Bethe, PR 76 (1949) 38
Hammer and Lee, PLB 681 (2009) 500; Annals Phys. (2010) 2212

by (r) =— w (%)—ZLH
4 1 (r 27 1 (r)2L+3

2
__ & BgmA, 2w v
L+ aL ) T(L+3)I(L+3)al \2
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Single channel

Wronskian identity

W Ul (0, uf ()] = (@ - ) [ ul )l )i

set k, =0, and limitk, — 0

r > R, interaction range low evergy limit, k — 0
r / 2
rp =bp(r) —2 : [Ug) (r/)] dr’ J

The generalized form of Bethe’s integral formula

Bethe, PR 76 (1949) 38
Hammer and Lee, PLB 681 (2009) 500; Annals Phys. (2010) 2212

by (r) =— w (%)72L+1
2 1 ( r )2L+3

T S bL(I’) J 4 1 (’ z

2
& BgmpE, 2w 1
L+ aL ) T(L+3)I(L+3)al \2
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Single channel

Swave 1y < by(r

2 22 2

)

P-wave 11 < by(r) B2 " 7

) ﬁﬂ_;@z 6
)

)

219 22 90

- <
Fwave 13 < b3 992252 ~ 7a3 15

2r1 2r2 3150

(
(
D-wave 1o < by(r
(
( S35l a7

G-wave 14 S b4

Phillips and T. D. Cohen, Phys. Lett. B390, 7 (1997).

D.R.
H. W. Hammer and D. Lee, Annals Phys. 325, 2212 (2010).
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Single channel

D.
H.

INT 12-3

S-wave

P-wave

D-wave

F-wave

G-wave

2 22 2

4502 3ap 7

()
(r)
rngz(r):ﬁﬂ 2 rz—r%
(r)
(r)

219 22 90

9922542 7a3 o

2 2r2
982327545 944 17

R. Phillips and T. D. Cohen, Phys. Lett. B390, 7 (1997).
W. Hammer and D. Lee, Annals Phys. 325, 2212 (2010).
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Sl i el
Single channel

D.
H.

INT 12-3

S-wave

P-wave

D-wave

F-wave

G-wave

2 22 2

4502 3ap 7

()
(r)
rngz(r):ﬁﬂ 2 rz—r%
(r)
(r)

217 22 90

9922542 7a3 o

2r1 212

982327545 944 17

R. Phillips and T. D. Cohen, Phys. Lett. B390, 7 (1997).
W. Hammer and D. Lee, Annals Phys. 325, 2212 (2010).
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Sl i el
Single channel

Swave 1y < by(r

2 22 2

)

P-wave 11 < by(r) B2 " 7

) ﬁﬂ_%z 6
)

)

219 22 90

Fwave 13 < b3 992252 ~ 7a3 15

2r1 2r2 3150

(
(
D-wave 1o < by(r
(
( S35l a7

Gwave 14 < by

Phillips and T. D. Cohen, Phys. Lett. B390, 7 (1997).

D.R.
H. W. Hammer and D. Lee, Annals Phys. 325, 2212 (2010).
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bo(r - 0) =0

bi(r - 0) = —o0
by(r = 0) = —oco
b3(r - 0) = —o0

b4(1’ — 0) = —00

ro = 2.670 fm
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Causal range, 0 < R’ <R

Define the causal range, R?, the minimum range of the interaction that can reproduce
physical scattering parameters.
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Causal range, 0 < R’ <R

Define the causal range, R?, the minimum range of the interaction that can reproduce
physical scattering parameters.

bL(r)—rL:2/0r [Ug))(r’)rdr’ br(RY) —rp =0
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Causal range, 0 < R’ <R

Define the causal range, R?, the minimum range of the interaction that can reproduce
physical scattering parameters.

r 2
0 b
bL(r)—rL:2/0 {Ué)(r’)} dr’ br(RY) —rp =0
10
S — [ Channel | R’ [im] |
3.1
P (L T
5 st X — So 27
E D2 3P1 0.31
= ol o Py 3.07
S Fy e 3p 023
s . | D, 3.98
- 3D, 491
_10 : Ml | 1 1 1 1 1 1F3 1'88
0 1 2 3 4 5 6 7 SF3 1.56

r [fm]

Nijmegenll NN scattering data.
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Causal range, 0 < R’ <R

Define the causal range, R?, the minimum range of the interaction that can reproduce
physical scattering parameters.

r 2
bur) = =2 [ [ ()] ar b (RY) —rp =0
0
10 -
) R - R [ Channel | R’ [im] |
5 1
= sl I — Sy | 127
g ’ ;gé m— ;131 0.31
T o I B 307
S F 3P 0.23
S shS l ™D, | 398
= 3D, 491
_10 : Ml | 1 1 1 1 1 1F3 1'88
0 1 2 3 4 5 6 7 SF3 1.56
r [fm]
Nijmegenll NN scattering data. m;l ~ 1.5 [fm]
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Spin-orbital coupling s=1,/=7+1
The coupled radial Schrédinger equations

d? =1 R
[~ e+ LD ) =~ [t 01 + Waalr VL)

dz 1 2 R / / ] ! /
{_W — K+ %} V](i)l(r) = —2u /0 [Woy (, 7 )U](’i)1 (") + W (r, v )V](i)l(r )] dr

1 T T T
W) =eeeee
V;’/VIZ(r)
The non-local interaction potentials . 0sF 2 .
E
Wi (r ",) Wia (7 7'/) = 0
W 7, r/ — 11\, ’ R e
(r.7) ( Woy(r,7')  Waa(r,7") £
0.5 B
Wi (r,1") = Wiap(r, ")
] 1 1 1 1
0 1 2 3 4 5
r [fm]
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Coupled Channels
Eigenphase parameterization

S-matrix in the BB parameterization.

2i6,
A eton 0
Sy = ( 0 22108 >

§, is a diagonal matrix.

J. M. Blatt and L. C. Biedenharn, Phys. Rev. 86, 399 (1952).
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Coupled Channels
Eigenphase parameterization

S-matrix in the BB parameterization.

2i6,
A eton 0
Sy = ( 0 22108 >

§, is a diagonal matrix.

cose sineg
—sine cose

Introduce an orthogonal, unitary matrix, U = <

such that

S, =uSu!
0« and &z are the eigen-phaseshifts.

e is the mixing parameter.

J. M. Blatt and L. C. Biedenharn, Phys. Rev. 86, 399 (1952).

Causality and Unitarity in QM September, 24,2012 21/43



Coupled Channels
Eigenphase parameterization

A unitary scattering matrix is

8 2% cos? e + 2% sin% e cosesine (2% — ¢2i0p
coséesine (eZi‘S“ — emﬁ) 20 gin? ¢ + €20 cos? ¢
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Coupled Channels
Eigenphase parameterization

A unitary scattering matrix is

8 2% cos? e + 2% sin% e cosesine (2% — ¢2i0p
coséesine (eZi‘S“ — eZi‘sf‘) 20 gin? ¢ + €20 cos? ¢

The coupled channel effective range expansion,

kLt UR ™ U lkkits = _ai * %rLiikz + O
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Coupled Channels
Eigenphase parameterization

A unitary scattering matrix is

21,

2% cos? e + 2% sin% e cosesine (2% — ¢2i0p

S = ) , . ,
cosesine (ez"s“ — ezz‘sf‘) %% gin? € 4 ¢%% cos? ¢
The coupled channel effective range expansion,
SIS NS B I | 1 1
KEEURTTU R = —— 4 2y R+ O(K)

a Ly 2

w - state — k¥ =1 cotd, (k)
B - state — k*/*3 cot dg(k)

The mixing angle
tane; (k) = gok? + g1k + O (k6)
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Neutron-proton scattering Coupled Channels
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Neutron-proton scattering Coupled Channels

S|a) = Ala)
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Neutron-proton scattering Coupled Channels

Sla)y=Ala) = Ayp= e?idup

INT 12-3 Causality and Unitarity in QM
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Neutron-proton scattering Coupled Channels

Sla) =Ala) — Agp =e*0ub = |a,) = ( cose > and ]aﬁ>

sine

—sine
Ccos €
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Neutron-proton scattering Coupled Channels

Sla) =Ala) — Agp =e*0ub = |a,) = ( cose > and ]aﬁ>

sine

—sine
Ccos €

out
Bl/\' J—1

BZA l/JU ut
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Neutron-proton scattering Coupled Channels

Eigenphase-shift
o2 |-

Slay =Ala) = Ayp =€ = |a,) = ( cose > and ’aﬁ>

—sine
Ccos €

sine
in uu.‘
Aht ¢]71 Bl“ lp
in
Azt Baujth

a— -1
Uy (r) = cosej(k) kKl [cot8)_1 (k) Sj_1(kr) + Cj_1(kr)]
Va(r) = singj (k) klfl[cotél,l(k)S]H(kr) + Cyqq (kr)]
Ayl Bt
o - o b
Upg(r) = sinej(k) kI [— cot &)1 (k)Sj_1 (kr) — Cy_q(kr)]
Vi (r) = cosej(k) K+ [cot 8711 (k)Syya (kr) + Cpya(kr)]
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Causality bound on effective ranges

The Generalized form of Bethe’s integral formula to coupled channels;
Forr > R,

rj-1 = by (r) - zqg%nr(]*%) <%>72H - z/or ([uﬁo) (r’)]2 + [V,X(O)(r’)r) dr’

_ Zq(z) 7T r 2]+1_ r 0) /s 2 0) ./ 2 ;
o=+ B P2 ([ )

bz (r) =

1 27 7\ 2(JF1)+3
A T(JF1+)TJF1+3) (2)

1 4 re ZF1-Yr(F1+3) p\ 20rn
_aFJ:FH%(*) - 7 (3)

2
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Causality bounds

The lower partial wave

I(J+3)C0+3) (o

71 < bj_1(r) — 243 po >

the higher partial wave

2[1% T (1)2]+1

1141 < bpa(r) + 5—
“%H T(J+3)r(J+3) \2
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Neutron-proton scattering Coupled Channels

Causality bounds

The lower partial wave

T Ir 3 —2j—
11 < bya(r) —2gg LTI E) (1)

Fj—1 — —©0 asr—0
the higher partial wave

243 s r\2/+1
AR 0 o Y e B —
= 2L TJ+DIU+3) (2)

rj41— — asr—0
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Causal range

1 3 -2/-1
by_y (Rt 2 WU DIU+3) (R = b 27 n Ro\ P
1= 0 ™ 2 = b1 (RY) + - e | = —1j41=0
a7 TU+ )T+ 3)
4 T T T T T 3
S —— 4 3
;Pi ........ T T T T T ;?:l
N 1 3t 136
kS -
g7 ‘ g 2r
E 1k . S
3 T T
L : o .
y I S
0 1 2 3 4 5 6 -1 7

r [fm]

[ Channels [ 35y [ 3P, [ ®D; | °Dy [ R [ %G5 |
| R°[fm] | 1.29 | 223 | 403 [ 120 | 173 | 392 |
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Cauchy-Schwarz range

The Cauchy-Schwarz inequality

(Jrio 200 | 20 | ) ([l 00| 80 | o) 2 | [thni0)+ g
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Cauchy-Schwarz range

The Cauchy-Schwarz inequality

(Jrio 200 | 20 | ) ([l 00| 80 | o) 2 | [thni0)+ g
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Cauchy-Schwarz range

The Cauchy-Schwarz inequality

(Jrio 200 | 20 | ) ([l 00| 80 | o) 2 | [thni0)+ g

for » > R (interaction range)

(-2 DI 1y )

7T

2qg T 2J+1 2 2
b SuEe—_—— — > |d g
<m0+ 2 rprgep (2) w20 -egg

at r = RS the equality holds.
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Neutron-proton scattering Coupled Channels

Cauchy-Schwarz range

The Cauchy-Schwarz inequality

(Jrio 200 | 20 | ) ([l 00| 80 | o) 2 | [thni0)+ g

(o] + 2 ar| | [ ([u o) + [00] ) ar

> [ (U eul )+ v e o)) dr

NG
N

for » > R (interaction range)

(-2 DI 1y )

7T

292 7 2J+1 2 2
x |b (r)+707 =7 dy(r) —
[ J+1 2, T(+ z)r(]+ ) (2) ]+1] ’ p(r fhaHl

at r = RS the equality holds.

[ Channels | 35,°D; | °P,F, | °D;G; ||
[ RCS[m] | 1297 | 4656 | 5680 |
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Coupled Channels
Integral formula for the mixing parameter

For r > R,
1a 2/ (r') + Vl,fo)(r’)VéO)(r’)] dr’
41
3 (r) = —qo 27T 1 2]+1
]() glilaIJrlr(%_‘_])r(%_,'_])( >
q 4 T(J+3)T(I+3) 1\ -21
u]% 2] —1)(2] +3) =200 P (3)
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Cauchy-Schwarz range

Re[h grg] '
Re[{/,()g()} Vo] *oovove
RO

1
5 6 7 8
r [fm]
The equality holds at r = 1.297 fm
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Cauchy-Schwarz range

-5 -1 [bswé% ]z a0 2]

Re[h Y]
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Re[{f}(ngy(} ]+
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Summary

Single Channel

Channel | 1S, 2 3Py 5p, [ ™D, | %Dy | TR | PR

R [fm] 1.27 0.31 3.07 0.23 3.98 491 1.88 1.56

Coupled channels

[ Channels | 3s; [ 3P, | 3D; | %Dy | 3k [ 3G; |
| R°[fm] | 129 | 223 | 403 | 120 | 1.73 | 3.92 |

| Channels | 35,-°D; | °P-°F, | °Ds-°G; ||
[ R®S[fm] | 1297 | 4656 | 5680 |

Causality and Unitarity in QM September, 24, 2012

31/43



Chiral effective field theory

At low energy, relevant Feynman diagrams

Two-nucleon force

Three-nucleon force

Four-nucleon force

o XF

o XF

gigps

o HE

XX

X HH
1

<J.;:|
H

INT 12-3
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Summary
Pionless effective field theory

At lower energy,

pion is integrated out

The leading order contribution to the NN interaction is only NN
contact interactions

3 X X
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Outline

© Nuclear potential model
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Nuclear potential tail

Vop}g(i’) = VC(T’) ol S12VT(T)

Ve(r) = fr (T - ) (1 -772)37:17“
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Nuclear potential model

V() [fm™]

N

RGauss RExch.

V(r) = Vaauss (7)0(Reauss — ) + Vspline (r)8(r — Rgauss)0(Rexch. — 1) + VExeh. (1)8(r — Rexeh.)

V(r) = V(r)6(R—r)
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Nuclear potential model

Nuclear potential model

Vaauss (1) = C(Se_mzcy2
Vspiine (r) = C1 + Car + Car? + Cyr®

A,B D,F
VExch.(") = Vg’ ! (r)"‘SlZV%T' ! (7’)
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7,A,B gnN My e e " e
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+Cp [1 F
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Results

4 T T T 1.2 T T T T T T
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6 - 4
gk 4
< -5 L L L
0 0.5 1 15 2 2 0.5 1 15 2
r [fm] r [fm]

Causality and Unitarity in QM September, 24,2012 38/43



Nuclear potential model

Results
4 T T T 12 T T T T T T
2+ k ] : 3D ) :
~— 0 - N A
Ll p, N 1= 7
6 F 1 alb 4
8 15 . L .
0 0.5 1 1.5 2 2 0.5 1 1.5 2
r [fm] r[fm]
Causal range RP fm | RE. fm | RE. fm
Potential range Py 1D, 3D,
R=2fm 0.4 2.0 1.2
R=5fm 0.4 2.3 2.6
R =12 fm 0.3 3.8 4.6
R=15fm 0.3 4.0 4.8
R =50 fm 0.3 4.0 4.9
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Outline

e Summary
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Summary

@ the constraints of causality and unitarity for neutron-proton
scattering for all spin channels up to | = 3,

@ the causal range R? and the Cauchy-Schwarz range R€~5 are as
larger as 5 fm in some channel,

@ if one reproduces the physical scattering data using strictly finite
range interactions, then the range of these interactions must be
larger than R? and R€~5,

@ the causality and unitarity bounds derived here are physical
constraints for the convergence of perturbative calculations in
pionless effective field theory,

@ for pionless effective field theory, if the cutoff momentum is too
high, it is not possible to obtain the correct threshold physics in
coupled channels without violating causality and unitarity.

Eur.Phys.J. A48 (2012) 110
arXiv:1206.1207v2 [nucl-th]
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Summary
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ViMeV)

a

Summary
Tsy [ 127
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Summary
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