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Motivation

Very few hadrons stable w.r.t. strong decay

Euclidean time: can’t directly study dynamical properties like widths
Lischer: (elastic) energy shifts in finite volume = phase shift

f(E) = 2i (e2E) —1) = L1 e0(E) gin 5,(E)
p b

AFE(Ls) — 6(E, Ls)




Motivation

Very few hadrons stable w.r.t. strong decay
Euclidean time: can’t directly study dynamical properties like widths
Lischer: (elastic) energy shifts in finite volume = phase shift

£(B) = Qi (24P _ 1) = 20 sin ()
p p

AFE(Ls) — 6(F, Ls)
Extract phase shift at discrete p_,
Map out phase shift 2>

resonance parameters
(mass, width), decays
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Finite volume lattice

Cubic lattice with periodic b.c.s — symmetry group of cube
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Finite volume lattice

Cubic lattice with periodic b.c.s — symmetry group of cube

(+ others for half-integer spin)
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Finite volume lattice

Cubic lattice with periodic b.c.s — symmetry group of cube

. D
p=0 Oy

(+ others for half-integer spin

J J
‘Subduce’ operators into lattice irreps (J 2 A): O/[\]A = ZS/\,
M

eg. o2 1, and O L E

)

)MOJ,M

A
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Finite volume lattice

Cubic lattice with periodic b.c.s — symmetry group of cube

(+ others for half-integer spin)

J,M
‘Subduce’ operators into lattice irreps (J 2 A): ZS oM

eg. ol2 —T> and 02 . g (O|O[‘]] |J', M) = 3/{’¥Z[J]5J,J’
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Finite volume lattice

Cubic lattice with periodic b.c.s — symmetry group of cube

(+ others for half-integer spin)

‘Subduce’ operators into lattice irreps (J 2 A): ZSJMOJM
eg 0¥ =Ty and 0PI~ B (o]0 17, My = 8P 25,

Variational method; up to 26 ops in A”¢ channel
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Charmonium Spectrum

0++

Sinéad’s talk earlier in this program

1+— 1-I-+ 2++ 3+_ 3++ 4++ 1—+ 0+— z-l-—

243, M_ =~ 400 MeV JHEP 1207 (2012) 126
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P F

n,n,n|

n, m, 0
(n,n,m]|

Finite volume lattice

27

6 ﬁ: —(nil?:nypnz)

Little group

Lsas

LG(p) c OP

Nz, Ny, Nz € Z

{R € OF|Rp = p}
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P F

[n,n,n]

[n, m, 0]
(n,n,m|

Finite volume lattice

27

6 ﬁ: —(nfl’)pnypnz)

Little group

Lsas

LG(p) c OP

|/\ (m)

Nz, Ny, Nz € Z

{R € OF|Rp = p}
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Finite volume lattice

27

Lsas

(na;,ny,nz) N, Ny, Nz € Z

p# 0 =

Little group LG(p) C Of? {R S OE|RI7: ﬁ}

n,n,n|

n, m, 0
(n,n,m|




Finite volume lattice

27

Lsas

(na;,ny,nz) N, Ny, Nz € Z

p# 0 =

Little group LG(p) C Of? {R S OE|RI7: ﬁ}

] Operator that transforms
inirrep A, row

n,m,
n,n,m
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Finite volume lattice

27

Lsas

(na;,ny,nz) N, Ny, Nz € Z

p# 0 =

Little group  LG(p) C Of? {R € OE|RI7: ﬁ}

] Operator that transforms
inirrep A, row

N.B. being sloppy
with daggers on ops

n,m,
n,n,m
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I=1 mesons

16% N¢=3, M~ 700 MeV PR D85 (2012) 014507
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Multi-hadron states?

Boxes — extracted meson levels

N;=3, M, ~ 700 MeV, | = 1
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Multi-hadron states?

N;=3, M, ~ 700 MeV, | = 1

Boxes — extracted meson levels

Dashed lines — non-interacting
two-meson levels

Eap(p) = ym3 + 572 + m3 + p°
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Multi-hadron states?

Boxes — extracted meson levels

Dashed lines — non-interacting
two-meson levels

Eap(p) = ym3 + 572 + m3 + p°

m,/mg

No clear evidence for two-meson states

Also want to disentangle many
multi-meson energy levels

Need ops that ‘look like” two mesons

N;=3, M, ~ 700 MeV, | = 1

36






Multi-hadron operators

Compare continuum formulation

-E -~ — — —F —F
OFd ~ 3 [d5 C(I,6,8,M; 5,51, 715 =5, S2, A9) 0511 () 052%2(—p)
A1A2

C = (S1,A1; S2, =[S, AV, 0; S, A|J, A) D%*(ﬁ)

Jo Dudek, Robert Edwards, CT, arXiv:1203.6041 [to appear in PRD]
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|sospin-2 T

+ similar diagrams

Jo Dudek, Robert Edwards, CT, 1203.6041 [PRD]
[supersedes PR D83, 071504(R) (2011)]
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|sospin-2 T

+ similar diagrams

O(P)= 3. CaP,p1,72) Ox(1) Ox(F2) Ay 5= AT or Ap
P1, P2 ’

P=p +p P=1[0,0,0], [0,0,1], [0,1,1], [1,1,1]

Jo Dudek, Robert Edwards, CT, 1203.6041 [PRD]
[supersedes PR D83, 071504(R) (2011)]
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|sospin-2 T

+ similar diagrams

Variationally optimised m ops

O(P)= 3. CaP,p1,72) Ox(1) Ox(F2) Ay 5= AT or Ap
P1, P2 ’

P=p +p P=1[0,0,0], [0,0,1], [0,1,1], [1,1,1]

Jo Dudek, Robert Edwards, CT, 1203.6041 [PRD]
[supersedes PR D83, 071504(R) (2011)]
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|sospin-2 T

+ similar diagrams

Variationally optimised m ops

O(P)= 3. CaP,p1,72) Ox(1) Ox(F2) Ay 5= AT or Ap
P1, P2 ’

P=p +p, P=10,0,0], [0,0,1], [0,1,1], [1,1,1]
Dynamical [N; = 2+1] anisotropic clover M_~ 400 MeV
Three volumes: 163, 203, 24° (L,1.9-29fm, M_L~4 —0)

a, ~ 0.12 fm, finerin t (as/at ~ 3.5) Jo Dudek, Robert Edwards, CT, 1203.6041 [PRD]
[supersedes PR D83, 071504(R) (2011)]
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Tt operators

[

™

o™ 1_ ™
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Tt operators

e R T~ B B R e R R R RSP

I R o o R P
Pl s |~
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Optimised single-pion ops

L/a, = 24]

5 10 15 20

M.~ 400 MeV
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Pion mass volume dependence

X?/Naot = 0.9

a;my(00) = 0.06906(13)

M.~ 400 MeV



Pion dispersion relation

XQ/NdOf = 2.9

M.~ 400 MeV



mtre at finite T

GG

meff |C(t) — C(t + 3a;)]

meff [C(t)]

30 35 40 t/a

243, M_~ 400 MeV



A Meff

nit at finite T

Orn ~ Or(0)0~(0)

> v 4 o

meff [C' (t) — C(t + 3ay ”

243, M_~ 400 MeV
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mtre at finite T

Orr ~ O+(6)0+(0)

c =26.4(13)

meff [C' (t) — C(t + 3a; }}

3 < =
s L e
Tooog o
o
Qﬂﬂ
T o

o) = Tr [ HTO/ ()01 (0)] /Tr [ HT

C) o Y- e BTt (3]0/(0)| m)

243, M, ~ 400 MeV
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mtre at finite T

Orr ~ O=(0)0x(0)

¢ =26.4(13)

meff [C’ (t) — C(t+ 3(1-1&:”

C(t) = Tr [e_HT o’(t)oT(O)} /Ty [e—HT

0(;) o > e T elEn=Em)t (y \o’(O)\ m) (m |o’f(0)| n)

25 30 35

243, M_~ 400 MeV
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mtre at finite T

2[000]7[001] | P — [100]

A e—mnt + Ce [EW(EmaX)—EW(Emin)}t
Zﬂ: n

25333573 8335853133

15 20 25 30 35 40 45 t/a,

243, M_~ 400 MeV
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mtre at finite T

n[000]x[001] | P

[ Br(Bmax)—BxConin) | ¢

> Ape~ ™! 4 (e
n

25333573 8335853133

Weight corr to make pollution cons
Wl Shift corr, C(t) — C(t + n a,), to remove const

10 15 20 25 30 35 40 45 t/ay

243, M_~ 400 MeV
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R T

Principal
Correlators

A() - em(t—to)

From variational method with
weighted-shifted correlators

P=1[0,0,1] A,

, M_~ 400 MeV




nt |=2 spectra

—

P = [000]

o

—

[-2,0,0],[2,0,0]
[1,-1,-1],[1,1,1]

-1,-1,0],[1,1,0]
[-1,0,0],[1,0,0]

0,0,0],[0,0,0]

arXiv:1203.6041 [PRD]

M.~ 400 MeV



nt |=2 spectra

arXiv:1203.6041 [PRD]

P = [000]| E*

% -2,0,0],[2,0,0]

-1,-1,0],[1, 1, 0]

-1,0,0],[1,0,0]

M.~ 400 MeV




nt |=2 spectra

arXiv:1203.6041 [PRD]

-2,0,0],[2,0,0]

-1,-1,0],[1, 1, 0]

-1,0.,0].[1,0,0]

Lias . ]::2

M.~ 400 MeV
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P

Zi(5,q%) = > 'Y, (R (7 —¢?) 7"

0

Lischer method symmetries

FEPd

Pd — {FE ZS} O}I?
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Lischer method symmetries

Zi(5,q%) = > 'Y, (R (7 —¢?) 7"
T’EPd

Pd — {FE ZB} O}E)

|
Ol

6, mi1 = mo sz{—)ERsh"

T

{Re OP|RP=+P} LG(P) with extra ‘parity’
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Lischer method symmetries
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LUscher Method

TUTT ISOSpin-2

_1(=1)

P p)
M
Em,f’m’(q ) i =

[0,0,0]

Block diagonalise I (.00

PA.u
[M f(n: o )(qz][%,n’éu#’]: D
A==|A A
m=—Ff..F m’

det [62 _[U(ﬁ,r) (pcm :‘n.,-n.:-n]

n,m, 0

—

n,n, 0]

n,n,m|




LUscher Method

TUTT ISOSpin-2

P 2y _ —1(=1)
Mfm,f’m’(q ) — 32

[0,0,0]

Block diagonalise I (.00

[f}f;‘ 1) (g2 ][5,,\3,\,5%#,]: 3

A=%[A N
=—f..6 m' [n,n, 0]

det [62 _[U(P,I_) (pcm (n,n,n]

= [n,m,0]

—

(n,n,m|

Assume §,. , = 0 in this energy range  0;(p) —>p_>0 a; p2tT1
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nr 1=2 phase shift: | =2, 4

0.006 0.008 0.01 0.012 0.014

1

(at pcm)2

M.~ 400 MeV arXiv:1203.6041 [PRD]



nr 1=2 phase shift: | =2, 4
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TR Jrths

M.~ 400 MeV arXiv:1203.6041 [PRD]




nr 1=2 phase shift: | =2, 4

0.006 0.008 0.01 0.012 0.014

1

(at pcm)2

M.~ 400 MeV arXiv:1203.6041 [PRD]



nr 1I=2 phase shift: | =0

0.002 0.004 0.006 0.008 0.01 0.012 0.014 2
T ] T T T T (at cm)

T

P =10,0,0]
P =10,0,1]
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aLjlas =24
oL/as =20
o L/as =16

M, ~ 400 MeV arXiv:1203.6041 [PRD]
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nr 1I=2 phase shift: | =0

0.002 0.004 0.006 0.008 0.01 0.012 0.014 ( 2

at pcm)

-

[000]
[100] scat. len.
[

aLlas =24
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110
o L/a, = 16 ] eff. range

(.

M, ~ 400 MeV arXiv:1203.6041 [PRD]




nr 1I=2 phase shift: | =0

2
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0
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scat. len.
eff. range

M, ~ 400 MeV arXiv:1203.6041 [PRD]




nr 1I=2 phase shift: | =0

0.002 0.004 0.006 0.008 0.01 0.012 0.014 (

At Pem )2

1 7
P cotdp) = -+ 57" + 006"

X? minimisation:

pem(L; PAn) — p3H(L; PAn; a;)

M, ~ 400 MeV arXiv:1203.6041 [PRD]
91



nrt 1=2 phase shift: | =0

0.002 0.004 0.006 0.008 0.01 0.012 0.014 (

At Pem )2

1 7
P cotdp) = -+ 57" + 006"

X? minimisation: . E E

pem(L; PAn) — pERy(L; PAn; a;)
mzr - ay—g = —0.307 = 0.013
mr - Ty—0 = —0.26 = 0.13

mqg - ay—g = —0.285 £ 0.006

M, ~ 400 MeV arXiv:1203.6041 [PRD]
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nr 1=2 phase shift: | = 2

0.004 0.006 0.008 0.01 0.012 0.014 2
T T T T T T (at pcm)

a Lfas =24 | P = [000]
o L/as =20 [100] [— scat. len.}

P
P

(.

M, ~ 400 MeV arXiv:1203.6041 [PRD]

93



nr 1=2 phase shift: | = 2

0.002 0.004 0.006 0.008 0.01 0.012 0.014 2
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a Llag=24 | P =[000]
o L/a, = 20 100) [— scat. len.}

P
P

(.

m2 - ay—p = (—1.89 + 0.53) x 10~°

—

M, ~ 400 MeV arXiv:1203.6041 [PRD]




nr 1=2 phase shift: | =0

c.f. NPLQCD, PR D85, 034505 (2012)
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nr 1I=2 phase shift: | =0

c.f. NPLQCD, PR D85, 034505 (2012)
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nr 1I=2 phase shift: | =0

c.f. NPLQCD, PR D85, 034505 (2012)
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pcotdp(p) = — 4+ 2p2 + ... pcotdp(p) = a0 -I- p + Pript 4.
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mqr - ap—a — —0.307 .01
T G4=0 0.307 +0.013 m,a 0.230(10)(16) 0.226(10)(16)

— 12.9(1.5)(2.9) 18.1(2.4)(4.7)
M Tpn = —0.2 1 My (1.5)( )(4.T)
T =0 0.20x0:.13 myar 2.95(20)(42) 4.06(30)(57)

P - —0.001 23(30)(55)

HadSpec, arXiv:1203.6041 [PRD] NPLQCD, PR D85, 034505 (2012)
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0 meson — preliminary

P=1[000] Ty~  +o—
DiC4 Al_ ——
Dicy E; +——
. Dng Al_ —0
P = [011] Dicy By -
Dng B2_ b
Dicg Ey +—o—
Dng Al_' S

P = [001]

P = [111]

—

P = [002] Dicy A7 o

M_~ 400 MeV

Hadron Spectrum Collaboration

1000 1050  F., / MeV




0 meson — preliminary

_g® K3 [14 (koR)?
" 6m/sMp | 1+ (kR)2

P =[002] Dicy A] +o—

M_~ 400 MeV

5) fm  Hadron Spectrum Collaboration

1
950 1000 1050  E_, / MeV
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