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Physics motivation:  
can’t we get beyond 
this cartoon??

Sign problem!
exotic 
phases

?
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Physics motivation:  
can’t we get beyond 
this cartoon??

Sign problem!
exotic 
phases

?

This talk:

• From sign problem to noise in correlation 
functions

• The relation between noise and the pion

• Computing the distribution of noise in a 
model with chiral symmetry breaking

• Wild and unjustified speculations
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∆µ =
�mN

3
− mπ

2

�

• physics happens for μ≥ mN/3...
• ...but sign problem starts at μ=mπ/2 ! P.E. 

Gibbs
, 198

6

Explanation (2-flavor QCD): 

The “sign’’ problem in the grand canonical approach: 
 Det(D+μγ0) complex/

|Det(D+μγ0)| ≈ isospin chemical potential

Role of phase: eliminate pion condensate for μ≥mπ/2! 
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Canonical approach?
Compute correlator of N quarks with μ=0
No sign problem...but now a noise problem

T C(A)

nucleon correlator
signal: ∼ e−mN T

C†(A)C(A)

3q
3q, 3q

_

noise: ∼ 1√
Nconf.

e−
3
2 mπT

∼
�

Nconf.e
−3T(mN

3 −mπ
2 )signal

noise
____ Same factor as Δμ in 

grand canonical

Parisi, Lepage
1980’s
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Martin Savage’s generalization of Lepage argument:

Consider an operator X(t) = 2 Re[baryon correlator for time t]

Then leading time behavior:

�X(t)k� ∼
�

e−(MB+ 3(k−1)
2 mπ)t k odd

e−( 3k
2 mπ)t k even

So one expects (κn ≡ nth cumulant):

skewness =
κ3

(κ2)
3
2
∼ e−(MB− 3

2 mπ)t

kurtosis =
κ4

(κ2)2
∼ 1

At late times distribution is non-
gaussian but almost 
symmetric
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QCD data (M. Savage, NPLQCD): Un-averaged Λ baryon correlator data 

Asymmetric at early time,

Nearly symmetric (non-
gaussian) at late time

Tuesday, August 7, 2012



D. B. Kaplan ~ INT Lattice QCD ~ 8/7/12

Noise: consider distribution of correlators over ensemble of gauge fields
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Noise: consider distribution of correlators over ensemble of gauge fields

�X�

Ideal:
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Noise: consider distribution of correlators over ensemble of gauge fields

Bad #1

• Almost symmetric, small mean
• “sign problem” big cancellations

�X�

Ideal:
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Noise: consider distribution of correlators over ensemble of gauge fields

Bad #1

• Almost symmetric, small mean
• “sign problem” big cancellations

• Long tail, small mean
• “overlap problem”

poor sampling

Bad (?) #2

�X�

Ideal:
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Challenge:  
• Can we understand the correlator distribution quantitatively?
• Can we relate the distribution to the physical spectrum of the 

theory?
• Is it possible to use this knowledge to ameliorate the sign problem 

and study QCD at finite density or large baryon number?
either use knowledge of distribution + statistical methods  to 
improve signal/noise, or
reformulate the theory in a way to improve the distribution

Some reason for optimism:  
  - experience simulating cold atoms at a Feshbach resonance
  - analytical work (in progress) in a QFT with chiral symmetry breaking

Tuesday, August 7, 2012
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Unitary fermions: nonrelativistic fermions with zero-range 
interaction, tuned to infinite scattering length (conformal system)

Fig. 1. – The BEC-BCS crossover. By tuning the interaction strength between the two fermionic
spin states, one can smoothly cross over from a regime of tightly bound molecules to a regime of
long-range Cooper pairs, whose characteristic size is much larger than the interparticle spacing.
In between these two extremes, one encounters an intermediate regime where the pair size is
comparable to the interparticle spacing.

interaction V , explaining why earlier attempts using perturbation theory had to fail.
Also, this exponential factor can now account for the small critical temperatures TC !
5 K: Indeed, it is a result of BCS theory that kBTC is simply proportional to ∆0, the pair
binding energy at zero temperature: kBTC ≈ 0.57 ∆0. Hence, the critical temperature
TC ∼ TD e−1/ρF |V | is proportional to the Debye temperature TD, in accord with the
isotope effect, but the exponential factor suppresses TC by a factor that can easily be
100.

1
.3.2. The BEC-BCS crossover. Early work on BCS theory emphasized the different

nature of BEC and BCS type superfluidity. Already in 1950 Fritz London had suspected
that fermionic superfluidity can be understood as a pair condensate in momentum space,
in contrast to a BEC of tightly bound pairs in real space [35]. The former will occur
for the slightest attraction between fermions, while the latter appears to require a true
two-body bound state to be available to a fermion pair. Schrieffer points out that BCS
superfluidity is not Bose-Einstein condensation of fermion pairs, as these pairs do not
obey Bose-Einstein statistics [36]. However, it has become clear that BEC and BCS
superfluidity are intimately connected. A BEC is a special limit of the BCS state.

It was Popov [37], Keldysh and collaborators [38] and Eagles [39] who realized in
different contexts that the BCS formalism and its ansatz for the ground state wave
function provides not only a good description for a condensate of Cooper pairs, but also
for a Bose-Einstein condensate of a dilute gas of tightly bound pairs. For superconductors,
Eagles [39] showed in 1969 that, in the limit of very high density, the BCS state evolves
into a condensate of pairs that can become even smaller than the interparticle distance
and should be described by Bose-Einstein statistics. In the language of Fermi gases, the
scattering length was held fixed, at positive and negative values, and the interparticle
spacing was varied. He also noted that pairing without superconductivity can occur
above the superfluid transition temperature. Using a generic two-body potential, Leggett

9

1
a = 01

a → +∞ 1
a → −∞
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• Simulated up to ~N=70 fermions on 143 x 64 lattice 

•~1%  accuracy in energies 

• ~2 billion configurations for auxiliary field

Lattice model: 

Short-range momentum-dependent 4-fermion interaction 
induced by auxiliary scalar field

Interaction tuned to conformal fixed pt.

M. Endres, D.K., J.W. Lee, A. Nicholson, arXiv:1106.5725 [hep-lat]

ϕ
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Effective mass plot with standard technique
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Give up?

Effective mass plot: 46 fermions,  V=123, 40M configurations

noise

0 50 100 150 200 250 300
0.00

0.01

0.02

0.03

0.04

c

Ρ

Τ�32
Τ�16
Τ�8
Τ�4

�2 0 2 4 6 8
0.0

0.2

0.4

0.6

0.8

1.0

1.2

log�c�

Ρ
Τ�32
Τ�16
Τ�8
Τ�4

C ln C

Tuesday, August 7, 2012



D. B. Kaplan ~ INT Lattice QCD ~ 8/7/12

In unitary fermion case, found:

• Could compute probability distribution for correlator in mean 
field theory, and show why it was nearly log-normal

• Could exploit that it was nearly log-normal and use 
statistical methods to greatly improve signal/noise

Cumulant expansion method - Results
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Gray = unprocessed data
Blue = processed data
Red = extracted mass plateau

Noise, sign problems, and statistics. 
M. G. Endres, D. B. Kaplan, J.-W. Lee, A. N. Nicholson
Phys.Rev.Lett. 107 (2011) 201601
arXiv:1106.0073

Tuesday, August 7, 2012

http://inspirehep.net/record/902350
http://inspirehep.net/record/902350
http://inspirehep.net/author/Endres%2C%20Michael%20G.?recid=902350&ln=en
http://inspirehep.net/author/Endres%2C%20Michael%20G.?recid=902350&ln=en
http://inspirehep.net/author/Kaplan%2C%20David%20B.?recid=902350&ln=en
http://inspirehep.net/author/Kaplan%2C%20David%20B.?recid=902350&ln=en
http://inspirehep.net/author/Lee%2C%20Jong-Wan?recid=902350&ln=en
http://inspirehep.net/author/Lee%2C%20Jong-Wan?recid=902350&ln=en
http://inspirehep.net/author/Nicholson%2C%20Amy%20N.?recid=902350&ln=en
http://inspirehep.net/author/Nicholson%2C%20Amy%20N.?recid=902350&ln=en
http://arXiv.org/abs/arXiv:1106.0073
http://arXiv.org/abs/arXiv:1106.0073


D. B. Kaplan ~ INT Lattice QCD ~ 8/7/12

QCD will behave very differently:
Noise depends critically on the pion!
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QCD will behave very differently:
Noise depends critically on the pion!

WANTED:
• Tractable model with chiral symmetry breaking
• Reliable analytical computation of correlator probability distributions
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QCD will behave very differently:
Noise depends critically on the pion!

WANTED:
• Tractable model with chiral symmetry breaking
• Reliable analytical computation of correlator probability distributions

FOUND: Large-N NJL model in d=3
Fascinating model because it has two equivalent formulations:  
one with a QCD-like sign problem, one without!

Tuesday, August 7, 2012
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Large-N NJL model in d=3
L = N

�
ψa(/∂ −m)ψa −

C

2
�
(ψaψa)2 + (ψaiγ5ψa)2

��

• a=1,...,N
• d=4 theory dimensionally reduced to d=3
• ψ = 4 component spinor (like d=4)
• γ-matrices = 4x4 (like d=4)
• Symmetry = U(N)V x U(1)A (approximate if m≠0)

Tuesday, August 7, 2012
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Large-N NJL model in d=3
L = N

�
ψa(/∂ −m)ψa −

C

2
�
(ψaψa)2 + (ψaiγ5ψa)2

��

• a=1,...,N
• d=4 theory dimensionally reduced to d=3
• ψ = 4 component spinor (like d=4)
• γ-matrices = 4x4 (like d=4)
• Symmetry = U(N)V x U(1)A (approximate if m≠0)

Two equivalent formulations with auxiliary fields:

L = N

�
1

2C

�
σ2 + π2

�
+ ψa

�
/∂ −m + σ + iπγ5

�
ψa

�

L = N

�
1
C

Tr (VµVµ + AµAµ) + ψa

�
/∂ + i /V + /Aγ5

�
ab

ψb

�

σ/π
A/V

(obtained by Fierz rearrangement of 4-fermion interaction)
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For even N, the σ/π formulation has no sign problem at μ≠0: 

(/∂ + σ + iπγ5 + µγ1)∗ = C(/∂ + σ + iπγ5 + µγ1)C

= real, positivedet(/∂ + σ + iπγ5 + µγ1)N

Tuesday, August 7, 2012
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For even N, the σ/π formulation has no sign problem at μ≠0: 

(/∂ + σ + iπγ5 + µγ1)∗ = C(/∂ + σ + iπγ5 + µγ1)C

= real, positivedet(/∂ + σ + iπγ5 + µγ1)N

...but the equivalent A/V formulation has a QCD-like sign 
problem: det

�
/∂ + i /V + /Aγ5 + µγ1

�N

(Can give a Splittorff-Verbaarschot argument for why it is complex,
relating phase fluctuations of determinant to pion condensation in 2N 
flavor theory, just as in QCD.)

= complex!
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For even N, the σ/π formulation has no sign problem at μ≠0: 

(/∂ + σ + iπγ5 + µγ1)∗ = C(/∂ + σ + iπγ5 + µγ1)C

= real, positivedet(/∂ + σ + iπγ5 + µγ1)N

...but the equivalent A/V formulation has a QCD-like sign 
problem: det

�
/∂ + i /V + /Aγ5 + µγ1

�N

(Can give a Splittorff-Verbaarschot argument for why it is complex,
relating phase fluctuations of determinant to pion condensation in 2N 
flavor theory, just as in QCD.)

= complex!

Same theory, different formulation!
As we will see: having an explicit pion field cures the sign problem
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Program:

Look at these two formulations and compute the probability 
distribution for measurements of a single fermion correlator.

P(x) = N
�

[dφ] e−S[φ] δ(X[φ]− x)

Probability distribution for an observable X(φ) -- e.g. a correlation 
function -- where φ is a stochastic field:

Tuesday, August 7, 2012
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Program:

Look at these two formulations and compute the probability 
distribution for measurements of a single fermion correlator.

P(x) = N
�

[dφ] e−S[φ] δ(X[φ]− x)

Probability distribution for an observable X(φ) -- e.g. a correlation 
function -- where φ is a stochastic field:

Better: look at the characteristic function ΦX(s):

ΦX(s) = e−W (s) = N
�

[dφ] e−S[φ]+isX[φ]
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W (s) = sum of connected diagrams

Program:

Look at these two formulations and compute the probability 
distribution for measurements of a single fermion correlator.

P(x) = N
�

[dφ] e−S[φ] δ(X[φ]− x)

Probability distribution for an observable X(φ) -- e.g. a correlation 
function -- where φ is a stochastic field:

Better: look at the characteristic function ΦX(s):

ΦX(s) = e−W (s) = N
�

[dφ] e−S[φ]+isX[φ]

Tuesday, August 7, 2012



D. B. Kaplan ~ INT Lattice QCD ~ 8/7/12

W (s) = sum of connected diagrams

Program:

Look at these two formulations and compute the probability 
distribution for measurements of a single fermion correlator.

P(x) = N
�

[dφ] e−S[φ] δ(X[φ]− x)

Probability distribution for an observable X(φ) -- e.g. a correlation 
function -- where φ is a stochastic field:

Better: look at the characteristic function ΦX(s):

ΦX(s) = e−W (s) = N
�

[dφ] e−S[φ]+isX[φ]

nth cumulant of X

= −
�

n

(is)n

n!
κn
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• Integrate out fermions
• Minimize effective action for mesons at leading order in 1/N

(dim reg)
• find chiral symmetry breaking <σ>=f at coupling  C=-π/f
• Compute π,σ propagators

I.  The σ/π theory (chiral limit)

Gσ(k) = −
�
−f

π
+

�
4f2 + k2

�
cot−1 (2f/k) + 2fk

2πk

�−1

,

Gπ(k) = −
�
k cot−1 (2f/k)

2π

�−1

.

• Compute cumulants for the single fermion correlator:

E.g. Γ = (1 + γ1)/2
XΓ = �p = 0, t = T |TrΓ

�
/∂ + f + σ + iπγ5

�−1 |p = 0, t = 0�

Tuesday, August 7, 2012



D. B. Kaplan ~ INT Lattice QCD ~ 8/7/12

Graphs:

XΓ[φ] = + + ...+ +

−Tr ln(/∂ + f + σ + iπγ5) = + ...+

Can show: 
• κn = sum of graphs with n white vertices
• these graphs proportional to N-(n-1+L), L= # loops

Tuesday, August 7, 2012
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Leading in 1/N:

κ1

κ2

κ3 +

κ4 ++

Subleading     : ...

κ1

κ2

κ3 +

κ4 ++

Full σ/π propagators

=

t=0

t=T

Tuesday, August 7, 2012
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Preliminary results for σ/π formulation
• κn fall off as e-nfT/N(n-1) , f=fermion mass... pion mass doesn’t appear
• No Lepage problem because no pion propagating in the “s-channel”
• 1/N corrections go as T/N:  1/N expansion breaks down at large T
• Cumulants κ’n for log[X] fall off as N-(n-1)

• κ’2 grows proportional to T
• We think corrections to κ’n go as 1/N, not T/N

Would imply that the fermion correlator X has a long-tailed 
distribution, close to log-normal, similar to what was seen for 
unitary fermions

Tuesday, August 7, 2012
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II.  The A/V theory (chiral limit)
No mean field for chiral symmetry breaking: solve Schwinger-
Dyson eq. instead (exact in large N). Power counting looks just 
like large-N QCD, but no nonlinear meson couplings before 
fermions integrated out.

To see π,σ mesons, must solve 4-pt function 

M
M

i

l k

j

= +

i

l k

j i

l k

j

Aµ , Vµ

Aµ , Vµ

(k/2 + p) ↑ (k/2− p) ↑

k/2 ↑ k/2 ↑ and find...

Tuesday, August 7, 2012
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= σ, π M’ = σ, πM

t=0

t=T

= Gσ(k), Gπ(k) found in σ/π formulation

Can now compute cumulants for the complex fermion 
correlator XΓ(T) in the A/V theory:

Φ(s) = e−W (s) = N
�

[dφ] e−S[φ]+i(sX[φ]+s̄X̄[φ])

W (s) = −
∞�

m,n=1

(is)m(is̄)n

m!n!
κm,n
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k t=0

t=T

i i’

i’i’

i

ij’ j’ k’

j j j

j’

κ2,0 κ3,0 κ2,1

k’

k

k t=0

t=T

i i’

i’i’

i

ij’ j’ k’

j j j

j’

κ2,0 κ3,0 κ2,1

k’

k
κ1,0

κ1,1

Find Lepage-Savage scaling  (fermion mass f plays role of baryon mass)

Same as in QCD

The culprit:  s-channel pions

= = σ, π M’ = σ, πM

t=0

t=T

κm,n ∝ e−(|m−n|f+ (m+n)
2 mπ)T .
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A/V formulation, 
QCD-like sign problem

σ/π  formulation,
no sign problem 

Distribution of fermion correlator at late time T

might be tractable
with cumulant expansion very hard

Same theory; σ/π formulation has explicit pion 
which does not behave as a fermion bound state
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Speculations about QCD?

• Sign problem is not a “fermion sign problem” - it is directly 
attributable to chiral symmetry breaking and the existence 
of a light pion which is a q q* bound state

• If there is a way to include a mean field for the pion in 
QCD without changing the theory*, sign problem might be 
ameliorated or solved.  

* Adding fundamental pion must also involve adding 
meson in t-channel to make gluon attraction between 
qq* weaker, so pion does not appear as bound state.  
Looks like quark model. Can this be done exactly 
without causing more problems??
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Main conclusion to take away:

Since there exists a theory with a QCD-like sign 
problem at finite density which has another 
formulation without a sign problem

...and we understand why...

... maybe there is hope for QCD 
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