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1. Introduction
 Core-collapse supernovae are one of the most energetic explosions in the 
universe. The explosion mechanism of them is a 
long-lasting problem in the astrophysics for 

more than 40 years. The “delayed explosion 
scenario”, in which the neutrino heating process 
is essencial, is the most promising mechanism. 
In this scenario, the neutrino heating induced by 
the copious neutrinos emitted from proto-
neutron star (PNS) dominates the neutrino 
cooling in the gain region (between the shock 
wave and gain radius; see figure 1).  In order to 
calculate this process, we should solve neutrino 
radiative transfer with hydrodynamic equations. 
By solving these equations simultaneously, we 
have recognized that 1D (spherically 
symmetric) simulations could not reproduce the 
explosion despite the existence of neutrino 
heating. However, recent studies suggest that 
multi-dimensional effects (e.g., convection, 
Standing Accretion Shock Instability (SASI)) 
help the neutrino heating and have possibility to 
produce successful explosion. We have 
developed a numerical code that solves the 
neutrino-radiation hydrodynamics in 1D and 2D (axial symmetry) (see Suwa et al. 
2010, 2011 for details).

PNS

shock front

gain radius

2. Method
Basic equations:
      We solve following hydrodynamic equations using ZEUS-2D (Stone & Norman 
1992),

where P, v, e, !, Q", d/dt, are the gas pressure including the radiation pressure from 
neutrino’s, the fluid velocity, the total energy density, the gravitational potential, the 
neutrino heating/cooling rate, and Lagrange derivative, respectively. We employ 
Lattimer & Swesty (1991) equation of state with incompressibility K=180 MeV.

Neutrino transfer:
       We solve the neutrino radiative transfer for electron-type  neutrinos and anti-
neutrinos using Isotropic Diffusion Source Approximation (IDSA) scheme, which is 
developed in Liebendörfer et al. (2009).

Progenitor and grid setting:
       We employ 15 solar mass star by Woosley and Weaver (1995) as an initial 
model. The simulations are performed on a grid of 300 logarithmically spaced radial 
zones from the center up to 5000 km and 128 equidistant angular zones covering 0 < 
! < ". For neutrino transport, we use 20 logarithmically spaced energy bins reaching 
from 3 to 300 MeV.

Validity of the code:
        We have checked that numerical results of our code is identical with those of 
AGILE in spherical symmetry (see Suwa et al. 2011). In addition, the total energy 
conservation remains within 3x1049 erg, which is ~0.03% of gravitational binding 
energy (~1053 erg) that is sufficient and required accuracy for supernova physics.
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ABSTRACT
In this paper we present one- and two-dimensional numerical simulation of core-collapse supernova

including neutrino radiation transfer. We aim to examine the influence of the equation of state (EOS)
for the dense nuclear matter. We employ two sets of EOSs, that is, those by Lattimer and Swesty (LS)
and Shen et al. We reconfirm that both EOSs do not produce an explosion in spherical symmetry,
which is consistent with previous works. In addition, we perform simulations with amplified charged
current to induce explosion and find that Shen EOS is harder to obtain explosion than any LS EOSs.
In two-dimensional simulation, we find that LS EOSs can produce explosions, but Shen EOS does
not. This difference comes from the stiffness of EOSs.
Subject headings:

1. INTRODUCTION

Core-collapse supernovae are one of the most violent
explosions in the universe. The explosion is triggered by
the enormous gravitational energy released by the tran-
sition from the massive stellar core to a neutron star
(NS). The most central part of these events reaches as
dense as the nuclear density, ρnuc ≈ 3 × 1014 g cm−3 so
that the equation of state (EOS) of nuclear matter is sig-
nificantly important to uncover the dynamical features.
Phenomenologically, there are (at least) two parameters
describing the characteristics of EOSs, that is, the in-
compressibility and the symmetry energy. The incom-
pressibility is important quantity above nuclear density,
while the symmetry energy affects the thermodynamical
quantities, especially the pressure, for the neutron-rich
matter. As for the NS, the incompressibility changes the
maximum mass and the symmetry energy varies both the
maximum mass and radius.

The comparison study using some EOSs are done by
some authors in spherical symmetry (e.g., Thompson
et al. 2003; Sumiyoshi et al. 2005; Fischer et al. 2010;
O’Connor & Ott 2011; Hempel et al. 2011). In addi-
tion, there are several studies of the EOS dependences for
multi-dimensional (multi-D) simulations (Kotake et al.
2004; Marek & Janka 2009; Scheidegger et al. 2010) fo-
cusing on the prompt phase just after the core bounce.
However, there is no study about the EOS dependence on
the successful exploding models. The successful explod-
ing models obtained by the neutrino-heating mechanism
(so-called “delayed explosion scenario”) are all done by
EOS of Lattimer & Swesty (1991) with the incompress-
ibility K = 180 MeV, which is a little bit soft EOS (Buras
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et al. 2006; Marek & Janka 2009; Suwa et al. 2010). In
addition, Marek & Janka (2009) performed 2D simula-
tion using stiffer EOS by Hillebrandt et al. (1984), and
found that softer EOS is preferred for successful explo-
sion. However, their simulation with stiffer EOS is only
done in shorter timescale than softer EOS, so that the
final decision is not completed7. Further, they employed
only two EOSs, which have different incompressibility
and symmetry energy. Thus, the meaning of “stiff” is
not clear because both parameters can make the higher
pressure for the same density than the different parame-
ter set.

In this study, we perform 1D and 2D simulations using
four EOSs with energy-dependent neutrino-radiation-
hydrodynamic code (Suwa et al. 2010, 2011). We employ
three variants of Lattimer & Swesty (LS) EOS (Lattimer
& Swesty 1991) for incompressibility of K =180, 220,
and 375 MeV, and Shen EOS (Shen et al. 1998), which
has the different incompressibility and symmetry energy
from any LS EOSs. With these EOSs, we can figure out
the impacts of EOS in more systematic way.

This paper is organized as following...

2. NUMERICAL METHODS

2.1. Hydrodynamics
The basic evolution equations are written as follows,

dρ

dt
+ ρ∇ · v = 0, (1)

ρ
dv
dt

= −∇P − ρ∇Φ (2)

de∗

dt
+ ∇ · [(e∗ + P )v] = −ρv ·∇Φ + Qν , (3)

% Φ = 4πGρ, (4)

where P,v, e∗, Φ, Qν , d
dt , are the gas pressure including

the radiation pressure from neutrino’s, the fluid velocity,
the total energy density, the gravitational potential, the

7 In fact, there is an objection, which indicates that the harder
EOS is better for the explosion (see Pejcha & Thompson 2011).
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3. Results
Spherical collapse (1D simulation):
      The evolution can be separated into the phases of collapse, bounce, prompt 
shock propagation, neutrino burst, and accretion phase, which in some cases 
accompanied by a transient shock expansion. Our 1D simulation does not yield a 
prompt or delayed explosion, which is consistent with previous works. This is 
because the neutrino cooling rate is large to decrease the kinetic energy of shock 
wave and the heating rate is not high enough to relaunch the stalled shock.

Axisymmetric collapse and explosion (2D simulation):
    Our 2D simulations result in 

successful explosions driven by the 
neutrino heating aided by SASI and 
convection. SASI is an instability of 
shock wave, which deforms the 
morphology of the shock wave from 
sphere (l=0) to unipolar (l=1), 
bipolar (l=2), etc. The convection 
induce the non-radial motion 
between the shock wave and the 
gain radius, in which the entropy 
profile is convectively unstable. In 
figure 2, the density (left panel) and 
the entropy (right panel) profiles are 
shown. The shock wave is  
deformed due to SASI and 
propagates outside the iron core 
(~1000km radius). The high entropy 
region has butterfly like shape due to 
the convective motion.

     The mass trajectories of 1D 

(grey) and 2D (orange) are shown 
in figure 3. In addition, the shock 
trajectories of 1D (black) and 2D 
(red) are also presented. 
Apparently, the 1D simulation fails 
to explode, while the 2D 
simulation succeeds to push the 
shock wave out of the iron core. 
     The problem of our results are 
the smallness of the explosion 

energy, which does not reach as 
large as 1051 erg (canonical 
observational explosion energy), but 
1050 erg. In addition, the mass 
accretion onto the proto-neutron star 
does not cease even after the launch 
of the shock wave (see figure 3). In 

order to solve these problem, we suggest the possibility of the corrective neutrino 
oscillation to energetize the weak expanding shock wave (Suwa et al. 2011).
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Fig. 3. Snapshots of the density (left half) and the entropy (right half) for models M13-2D (left panel) and M13-rot (right panel) at the epoch when the
shock reaches to 1000 km, corresponding to !470 ms after a bounce in both cases.

Fig. 4. Time evolution of the diagnostic energy versus postbounce
time for 2D models with and without rotation.

the 2D models with and without rotation. Although the diag-
nostic energies depend on the numerical resolutions quantita-
tively, they show a continuous increase for the rotating models.
The diagnostic energies for the models without rotation, on the
other hand, peak at around 180 ms when the neutrino-driven
explosion sets in (see also figure 1), and show a decrease later
on. With values of order 1049 erg it is not yet clear whether
these models will also eventually lead to an explosion.

The reason for the greater explosion energy for models with
rotation is due to the bigger mass of the exploding material.
This is because a north–south symmetric (` = 2) explosion can
expel more material than a unipolar explosion can. In fact,
the mass enclosed inside the gain radius is shown to be larger
for the rotating models (e.g., table 1). The explosion energies

when we terminated the simulation were less than .1050erg for
all of the models. For the rotating models, we are tempted to
speculate that they could become as high as ! 1051 erg within
the next 500 ms by a linear extrapolation. However, in order
to unquestionably identify the robust feature of an explosion
in the models, a longer-term simulation with improved input
physics would be needed.

Our numerical results are qualitatively consistent with the
results of Marek and Janka (2009) in the sense that in
a relatively early postbounce phase the model with rotation
shows a more clear trend of explosion than the nonrotating
models do.

4. Summary and Discussion

Performing 2D core-collapse simulations of a 13 Mˇ star
with spectral neutrino transport via the isotropic diffusion
source approximation, we found a strong dependence of the
expansion of the shock radius and the likelihood for an explo-
sion on the initial rotation rate. In all cases the shock was
driven outward by the neutrino-heating mechanism aided by
multi-D effects, such as the SASI and convection. We have
shown a preponderance of a bipolar explosion for 2D models
with rotation. We have pointed out that the explosion energy
can become larger for models with bipolar explosions.

The conclusion with respect to the effects of rotation
obtained in this study differs from that of Marek and Janka
(2009), who suggested that the rotation has a negative
impact on the explosion. They obtained the expansion of
the shock wave only for the rotating model (M15LS-rot),
while the nonrotating model did not show an expansion due
to the short simulation time (see figure 6 in their paper).
Therefore, because they could not compare the expanding

Abstract
 Core-collapse supernovae are violent explosion of massive stars at their end of life. The standard model of the supernova explosion is so-called ``delayed explosion 
scenario'', in which the neutrino heating plays an important role. In order to investigate whether this model works properly, we must solve radiation hydrodynamic equations 
incorporating the neutrino radiative transfer with detailed microphysics. By performing axisymmetric hydrodynamic simulations of core-collapse supernovae with spectral 
neutrino transport based on the isotropic diffusion source approximation scheme, we support the assumption that the neutrino-heating mechanism aided by the standing 
accretion shock instability and convection can initiate an explosion of 15 M⦿ stars. In this poster, we present our recent works.

Figure 1 The schematic picture of 
the radial profiles of neutrino 
cooling (blue) and heating (red). 
Above the gain radius, the neutrino 
heating dominates the cooling.

Figure 2 The density (left) and entropy (right) 
profile at 470 ms after the core bounce.

Figure 3 The mass trajectories as functions of 
time for 1D (grey) and 2D (orange). Thick 
lines in red (2D) and black (1D) show the 
position of shock waves, noting for 2D that the 
maximum (top) and average (bottom) shock 
positions are shown. 2D simulation results in 
the shock expansion up to ~1000km.
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1. Introduction
 Core-collapse supernovae are one of the most energetic explosions in the 
universe. The explosion mechanism of them is a 
long-lasting problem in the astrophysics for 

more than 40 years. The “delayed explosion 
scenario”, in which the neutrino heating process 
is essencial, is the most promising mechanism. 
In this scenario, the neutrino heating induced by 
the copious neutrinos emitted from proto-
neutron star (PNS) dominates the neutrino 
cooling in the gain region (between the shock 
wave and gain radius; see figure 1).  In order to 
calculate this process, we should solve neutrino 
radiative transfer with hydrodynamic equations. 
By solving these equations simultaneously, we 
have recognized that 1D (spherically 
symmetric) simulations could not reproduce the 
explosion despite the existence of neutrino 
heating. However, recent studies suggest that 
multi-dimensional effects (e.g., convection, 
Standing Accretion Shock Instability (SASI)) 
help the neutrino heating and have possibility to 
produce successful explosion. We have 
developed a numerical code that solves the 
neutrino-radiation hydrodynamics in 1D and 2D (axial symmetry) (see Suwa et al. 
2010, 2011 for details).
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2. Method
Basic equations:
      We solve following hydrodynamic equations using ZEUS-2D (Stone & Norman 
1992),

where P, v, e, !, Q", d/dt, are the gas pressure including the radiation pressure from 
neutrino’s, the fluid velocity, the total energy density, the gravitational potential, the 
neutrino heating/cooling rate, and Lagrange derivative, respectively. We employ 
Lattimer & Swesty (1991) equation of state with incompressibility K=180 MeV.

Neutrino transfer:
       We solve the neutrino radiative transfer for electron-type  neutrinos and anti-
neutrinos using Isotropic Diffusion Source Approximation (IDSA) scheme, which is 
developed in Liebendörfer et al. (2009).

Progenitor and grid setting:
       We employ 15 solar mass star by Woosley and Weaver (1995) as an initial 
model. The simulations are performed on a grid of 300 logarithmically spaced radial 
zones from the center up to 5000 km and 128 equidistant angular zones covering 0 < 
! < ". For neutrino transport, we use 20 logarithmically spaced energy bins reaching 
from 3 to 300 MeV.

Validity of the code:
        We have checked that numerical results of our code is identical with those of 
AGILE in spherical symmetry (see Suwa et al. 2011). In addition, the total energy 
conservation remains within 3x1049 erg, which is ~0.03% of gravitational binding 
energy (~1053 erg) that is sufficient and required accuracy for supernova physics.
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1. INTRODUCTION

Core-collapse supernovae are one of the most violent
explosions in the universe. The explosion is triggered by
the enormous gravitational energy released by the tran-
sition from the massive stellar core to a neutron star
(NS). The most central part of these events reaches as
dense as the nuclear density, ρnuc ≈ 3 × 1014 g cm−3 so
that the equation of state (EOS) of nuclear matter is sig-
nificantly important to uncover the dynamical features.
Phenomenologically, there are (at least) two parameters
describing the characteristics of EOSs, that is, the in-
compressibility and the symmetry energy. The incom-
pressibility is important quantity above nuclear density,
while the symmetry energy affects the thermodynamical
quantities, especially the pressure, for the neutron-rich
matter. As for the NS, the incompressibility changes the
maximum mass and the symmetry energy varies both the
maximum mass and radius.

The comparison study using some EOSs are done by
some authors in spherical symmetry (e.g., Thompson
et al. 2003; Sumiyoshi et al. 2005; Fischer et al. 2010;
O’Connor & Ott 2011; Hempel et al. 2011). In addi-
tion, there are several studies of the EOS dependences for
multi-dimensional (multi-D) simulations (Kotake et al.
2004; Marek & Janka 2009; Scheidegger et al. 2010) fo-
cusing on the prompt phase just after the core bounce.
However, there is no study about the EOS dependence on
the successful exploding models. The successful explod-
ing models obtained by the neutrino-heating mechanism
(so-called “delayed explosion scenario”) are all done by
EOS of Lattimer & Swesty (1991) with the incompress-
ibility K = 180 MeV, which is a little bit soft EOS (Buras
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et al. 2006; Marek & Janka 2009; Suwa et al. 2010). In
addition, Marek & Janka (2009) performed 2D simula-
tion using stiffer EOS by Hillebrandt et al. (1984), and
found that softer EOS is preferred for successful explo-
sion. However, their simulation with stiffer EOS is only
done in shorter timescale than softer EOS, so that the
final decision is not completed7. Further, they employed
only two EOSs, which have different incompressibility
and symmetry energy. Thus, the meaning of “stiff” is
not clear because both parameters can make the higher
pressure for the same density than the different parame-
ter set.

In this study, we perform 1D and 2D simulations using
four EOSs with energy-dependent neutrino-radiation-
hydrodynamic code (Suwa et al. 2010, 2011). We employ
three variants of Lattimer & Swesty (LS) EOS (Lattimer
& Swesty 1991) for incompressibility of K =180, 220,
and 375 MeV, and Shen EOS (Shen et al. 1998), which
has the different incompressibility and symmetry energy
from any LS EOSs. With these EOSs, we can figure out
the impacts of EOS in more systematic way.

This paper is organized as following...

2. NUMERICAL METHODS

2.1. Hydrodynamics
The basic evolution equations are written as follows,

dρ

dt
+ ρ∇ · v = 0, (1)

ρ
dv
dt

= −∇P − ρ∇Φ (2)

de∗

dt
+ ∇ · [(e∗ + P )v] = −ρv ·∇Φ + Qν , (3)

% Φ = 4πGρ, (4)

where P,v, e∗, Φ, Qν , d
dt , are the gas pressure including

the radiation pressure from neutrino’s, the fluid velocity,
the total energy density, the gravitational potential, the

7 In fact, there is an objection, which indicates that the harder
EOS is better for the explosion (see Pejcha & Thompson 2011).
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3. Results
Spherical collapse (1D simulation):
      The evolution can be separated into the phases of collapse, bounce, prompt 
shock propagation, neutrino burst, and accretion phase, which in some cases 
accompanied by a transient shock expansion. Our 1D simulation does not yield a 
prompt or delayed explosion, which is consistent with previous works. This is 
because the neutrino cooling rate is large to decrease the kinetic energy of shock 
wave and the heating rate is not high enough to relaunch the stalled shock.

Axisymmetric collapse and explosion (2D simulation):
    Our 2D simulations result in 

successful explosions driven by the 
neutrino heating aided by SASI and 
convection. SASI is an instability of 
shock wave, which deforms the 
morphology of the shock wave from 
sphere (l=0) to unipolar (l=1), 
bipolar (l=2), etc. The convection 
induce the non-radial motion 
between the shock wave and the 
gain radius, in which the entropy 
profile is convectively unstable. In 
figure 2, the density (left panel) and 
the entropy (right panel) profiles are 
shown. The shock wave is  
deformed due to SASI and 
propagates outside the iron core 
(~1000km radius). The high entropy 
region has butterfly like shape due to 
the convective motion.

     The mass trajectories of 1D 

(grey) and 2D (orange) are shown 
in figure 3. In addition, the shock 
trajectories of 1D (black) and 2D 
(red) are also presented. 
Apparently, the 1D simulation fails 
to explode, while the 2D 
simulation succeeds to push the 
shock wave out of the iron core. 
     The problem of our results are 
the smallness of the explosion 

energy, which does not reach as 
large as 1051 erg (canonical 
observational explosion energy), but 
1050 erg. In addition, the mass 
accretion onto the proto-neutron star 
does not cease even after the launch 
of the shock wave (see figure 3). In 

order to solve these problem, we suggest the possibility of the corrective neutrino 
oscillation to energetize the weak expanding shock wave (Suwa et al. 2011).
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Fig. 3. Snapshots of the density (left half) and the entropy (right half) for models M13-2D (left panel) and M13-rot (right panel) at the epoch when the
shock reaches to 1000 km, corresponding to !470 ms after a bounce in both cases.

Fig. 4. Time evolution of the diagnostic energy versus postbounce
time for 2D models with and without rotation.

the 2D models with and without rotation. Although the diag-
nostic energies depend on the numerical resolutions quantita-
tively, they show a continuous increase for the rotating models.
The diagnostic energies for the models without rotation, on the
other hand, peak at around 180 ms when the neutrino-driven
explosion sets in (see also figure 1), and show a decrease later
on. With values of order 1049 erg it is not yet clear whether
these models will also eventually lead to an explosion.

The reason for the greater explosion energy for models with
rotation is due to the bigger mass of the exploding material.
This is because a north–south symmetric (` = 2) explosion can
expel more material than a unipolar explosion can. In fact,
the mass enclosed inside the gain radius is shown to be larger
for the rotating models (e.g., table 1). The explosion energies

when we terminated the simulation were less than .1050erg for
all of the models. For the rotating models, we are tempted to
speculate that they could become as high as ! 1051 erg within
the next 500 ms by a linear extrapolation. However, in order
to unquestionably identify the robust feature of an explosion
in the models, a longer-term simulation with improved input
physics would be needed.

Our numerical results are qualitatively consistent with the
results of Marek and Janka (2009) in the sense that in
a relatively early postbounce phase the model with rotation
shows a more clear trend of explosion than the nonrotating
models do.

4. Summary and Discussion

Performing 2D core-collapse simulations of a 13 Mˇ star
with spectral neutrino transport via the isotropic diffusion
source approximation, we found a strong dependence of the
expansion of the shock radius and the likelihood for an explo-
sion on the initial rotation rate. In all cases the shock was
driven outward by the neutrino-heating mechanism aided by
multi-D effects, such as the SASI and convection. We have
shown a preponderance of a bipolar explosion for 2D models
with rotation. We have pointed out that the explosion energy
can become larger for models with bipolar explosions.

The conclusion with respect to the effects of rotation
obtained in this study differs from that of Marek and Janka
(2009), who suggested that the rotation has a negative
impact on the explosion. They obtained the expansion of
the shock wave only for the rotating model (M15LS-rot),
while the nonrotating model did not show an expansion due
to the short simulation time (see figure 6 in their paper).
Therefore, because they could not compare the expanding
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Figure 1 The schematic picture of 
the radial profiles of neutrino 
cooling (blue) and heating (red). 
Above the gain radius, the neutrino 
heating dominates the cooling.

Figure 2 The density (left) and entropy (right) 
profile at 470 ms after the core bounce.

Figure 3 The mass trajectories as functions of 
time for 1D (grey) and 2D (orange). Thick 
lines in red (2D) and black (1D) show the 
position of shock waves, noting for 2D that the 
maximum (top) and average (bottom) shock 
positions are shown. 2D simulation results in 
the shock expansion up to ~1000km.
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Core-collapse supernovae
One of the most energetic explosion in the universe
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Nuclear equation of state
Initial condition
progenitor structure (mixing, wind...)

rotation / magnetic field
3

Iwakami+ 08, Nordhaus+ 10, Hanke+ 11, 
Takiwaki+ 12
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Nomoto & Hashimoto 88, Woosley & 
Weaver 95, Woosley+ 02, Limongi & Chieffi 
06, Woosley & Heger 07, Yoshida+ 12

Raffelt & Smirnov 07, Duan+ 10, 
Dasgupta+ 10

Our Goal: Produce Successful Explosion! of ~1051 erg
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1D simulations: fail to explode
Rammp & Janka 00

Sumiyoshi+ 05Thompson+ 03

Liebendörfer+ 01

By including all available physics to simulations, we 
concluded that the explosion cannot be obtained in 1D!
(The exception is an 8.8 M⦿ star; Kitaura+ 06)
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Neutrino-driven explosion

5

Recently, we have successful exploding models driven by neutrino heating 
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small explosion energy (~1049-1050 erg)

continuous accretion <=> The remnant is NOT a NS

Problems of 2D simulations

6
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Figure 10. Same as Figure 2 but for our two-dimensional explosion simulation of an 11.2 M! progenitor star. Note that the mass-shell spacing outside of the red
dashed line at an enclosed mass of 1.25 M! (marking the composition interface between the silicon layer and the oxygen-enriched Si shell) is reduced to steps of
0.0125 M! instead of 0.025 M!.

plane later than in the polar directions (see the panels for
t = 250 ms and 275 ms after bounce in Figure 12). Therefore
a wedgelike region around the equator remains for some time,
where silicon and sulfur are still present with higher abundances
between the shock and the oxygen layer, while the matter swept
up by the shock consists mostly of iron-group nuclei and α-
particles. The mass-shell plot of Figure 10, which is constructed
from the laterally averaged two-dimensional data at each radius,
is misleading by the fact that this preshock material appears to be
located behind the angle-averaged shock radius (at post-bounce
times 270 ms ! t ! 300 ms). We note that the penetration into
the oxygen-rich infalling shells, beginning at t ∼ 250 ms p.b.,
does not have any obvious supportive or strengthening effect on
the outgoing shock.

In Figure 13, we provide information about the conditions
and neutrino energy deposition in the gain layer of the 11.2 M!
model. As in the 15 M! case, the mass in the gain layer increases
when the shock begins its outward expansion. At the same
time, the infall (advection) timescale of matter between the
shock and the gain radius increases, but continues to be well
defined. Again, as in the 15 M! explosion model, this suggests
the presence of ongoing accretion of gas through the gain layer to
the neutron star (which can also be concluded from the continued
contraction of mass shells in this region in Figure 10). Shortly
after the (net) neutrino-heating rate has reached a pronounced
peak of about 7.5 × 1051 erg s−1 at t ≈ 70 ms, it makes
a rapid drop to around 3 × 1051 erg s−1. This decline is a
consequence of the decay of the neutrino luminosities at the
time when the mass infall rate onto the shock and the neutron
star decreases. The decrease occurs when the steep negative
density gradient (and positive entropy step) near the composition
interface between the silicon layer and the oxygen-enriched Si
layer of the progenitor star (near 1.3 M!) arrives at the shock (at
t ≈ 100 ms after bounce). Nevertheless, the heating timescale
shrinks essentially monotonically, which points to an evolution
of the matter in the gain layer toward an unbound state, i.e.,
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Figure 11. Left panel: mean shock radius (arithmetical average over all
lateral directions, dashed line) and maximum and minimum shock positions
as functions of post-bounce time for our two-dimensional explosion simulation
of an 11.2 M! progenitor. Right panel: “explosion energy” of the 11.2 M! star,
defined as the total energy (internal plus kinetic plus gravitational) of all mass
in the gain layer with positive radial velocity, as a function of post-bounce time.

the absolute value of the total gas energy in the numerator of
Equation (5) goes to zero.

3.4. Explosion Energy

In both our 11.2 M! and 15 M! explosions, the energy of
the matter in the gain layer with positive radial velocities
(“explosion energy”) reaches ∼2.5 × 1049 erg at the end of
the computed evolutions and rises with a very steep gradient
(Figures 9 and 11). Therefore, reliable estimates of the final
explosion energy cannot be given at this time. For that to be
possible, the simulations would have to be continued for many
hundred milliseconds more (which is numerically a challenging
task and currently impossible for us with the sophisticated
and computationally expensive neutrino transport and chosen
resolution). This is obvious from the neutrino-driven explosion

L52 Y. Suwa et al. [Vol. 62,

Fig. 3. Snapshots of the density (left half) and the entropy (right half) for models M13-2D (left panel) and M13-rot (right panel) at the epoch when the
shock reaches to 1000 km, corresponding to !470 ms after a bounce in both cases.

Fig. 4. Time evolution of the diagnostic energy versus postbounce
time for 2D models with and without rotation.

the 2D models with and without rotation. Although the diag-
nostic energies depend on the numerical resolutions quantita-
tively, they show a continuous increase for the rotating models.
The diagnostic energies for the models without rotation, on the
other hand, peak at around 180 ms when the neutrino-driven
explosion sets in (see also figure 1), and show a decrease later
on. With values of order 1049 erg it is not yet clear whether
these models will also eventually lead to an explosion.

The reason for the greater explosion energy for models with
rotation is due to the bigger mass of the exploding material.
This is because a north–south symmetric (` = 2) explosion can
expel more material than a unipolar explosion can. In fact,
the mass enclosed inside the gain radius is shown to be larger
for the rotating models (e.g., table 1). The explosion energies

when we terminated the simulation were less than .1050erg for
all of the models. For the rotating models, we are tempted to
speculate that they could become as high as ! 1051 erg within
the next 500 ms by a linear extrapolation. However, in order
to unquestionably identify the robust feature of an explosion
in the models, a longer-term simulation with improved input
physics would be needed.

Our numerical results are qualitatively consistent with the
results of Marek and Janka (2009) in the sense that in
a relatively early postbounce phase the model with rotation
shows a more clear trend of explosion than the nonrotating
models do.

4. Summary and Discussion

Performing 2D core-collapse simulations of a 13 Mˇ star
with spectral neutrino transport via the isotropic diffusion
source approximation, we found a strong dependence of the
expansion of the shock radius and the likelihood for an explo-
sion on the initial rotation rate. In all cases the shock was
driven outward by the neutrino-heating mechanism aided by
multi-D effects, such as the SASI and convection. We have
shown a preponderance of a bipolar explosion for 2D models
with rotation. We have pointed out that the explosion energy
can become larger for models with bipolar explosions.

The conclusion with respect to the effects of rotation
obtained in this study differs from that of Marek and Janka
(2009), who suggested that the rotation has a negative
impact on the explosion. They obtained the expansion of
the shock wave only for the rotating model (M15LS-rot),
while the nonrotating model did not show an expansion due
to the short simulation time (see figure 6 in their paper).
Therefore, because they could not compare the expanding
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plane later than in the polar directions (see the panels for
t = 250 ms and 275 ms after bounce in Figure 12). Therefore
a wedgelike region around the equator remains for some time,
where silicon and sulfur are still present with higher abundances
between the shock and the oxygen layer, while the matter swept
up by the shock consists mostly of iron-group nuclei and α-
particles. The mass-shell plot of Figure 10, which is constructed
from the laterally averaged two-dimensional data at each radius,
is misleading by the fact that this preshock material appears to be
located behind the angle-averaged shock radius (at post-bounce
times 270 ms ! t ! 300 ms). We note that the penetration into
the oxygen-rich infalling shells, beginning at t ∼ 250 ms p.b.,
does not have any obvious supportive or strengthening effect on
the outgoing shock.

In Figure 13, we provide information about the conditions
and neutrino energy deposition in the gain layer of the 11.2 M!
model. As in the 15 M! case, the mass in the gain layer increases
when the shock begins its outward expansion. At the same
time, the infall (advection) timescale of matter between the
shock and the gain radius increases, but continues to be well
defined. Again, as in the 15 M! explosion model, this suggests
the presence of ongoing accretion of gas through the gain layer to
the neutron star (which can also be concluded from the continued
contraction of mass shells in this region in Figure 10). Shortly
after the (net) neutrino-heating rate has reached a pronounced
peak of about 7.5 × 1051 erg s−1 at t ≈ 70 ms, it makes
a rapid drop to around 3 × 1051 erg s−1. This decline is a
consequence of the decay of the neutrino luminosities at the
time when the mass infall rate onto the shock and the neutron
star decreases. The decrease occurs when the steep negative
density gradient (and positive entropy step) near the composition
interface between the silicon layer and the oxygen-enriched Si
layer of the progenitor star (near 1.3 M!) arrives at the shock (at
t ≈ 100 ms after bounce). Nevertheless, the heating timescale
shrinks essentially monotonically, which points to an evolution
of the matter in the gain layer toward an unbound state, i.e.,
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Figure 11. Left panel: mean shock radius (arithmetical average over all
lateral directions, dashed line) and maximum and minimum shock positions
as functions of post-bounce time for our two-dimensional explosion simulation
of an 11.2 M! progenitor. Right panel: “explosion energy” of the 11.2 M! star,
defined as the total energy (internal plus kinetic plus gravitational) of all mass
in the gain layer with positive radial velocity, as a function of post-bounce time.

the absolute value of the total gas energy in the numerator of
Equation (5) goes to zero.

3.4. Explosion Energy

In both our 11.2 M! and 15 M! explosions, the energy of
the matter in the gain layer with positive radial velocities
(“explosion energy”) reaches ∼2.5 × 1049 erg at the end of
the computed evolutions and rises with a very steep gradient
(Figures 9 and 11). Therefore, reliable estimates of the final
explosion energy cannot be given at this time. For that to be
possible, the simulations would have to be continued for many
hundred milliseconds more (which is numerically a challenging
task and currently impossible for us with the sophisticated
and computationally expensive neutrino transport and chosen
resolution). This is obvious from the neutrino-driven explosion

No. 6] Explosion Geometry of Supernovae L51

essential for an increased efficiency of the neutrino heating
in multi-D models.

A more detailed analysis of the timescale is shown in
figure 2. The right half shows !adv=!heat, which is the ratio
of the advection to the neutrino-heating timescale. For the
2D model (right panel), it can be shown that the condition of
!adv=!heat & 1 is satisfied behind the aspherical shock, which
is deformed predominantly by the SASI, while the ratio is
shown to be smaller than unity in the whole region behind the

Fig. 1. Time evolution of Models M13-1D and M13-2D, visualized
by mass shell trajectories in thin gray and orange lines, respectively.
Thick lines in red (for model M13-2D) and black (for model M13-1D)
show the position of shock waves, noting for 2D that the maximum
(top) and average (bottom) shock positions are shown. The red dashed
line represents the position of the gain radius, which is similar to the
1D case (not shown).

spherical standing accretion shock (left panel:1D). Note that
!heat is estimated locally by ebind=Q" , where ebind is the local
specific binding energy (the sum of internal plus kinetic plus
gravitational energies) and Q" is the specific heating rate by
neutrinos, and that !adv is given by [r ! rgain(#)]=jvr (r , #)j,
where rgain is the gain radius and vr is the radial velocity.
By comparing left halfs of two panels, the entropy for the
2D model is shown to be larger than that for the 1D model.
This is also evidence that the neutrino heating works more effi-
ciently in multi-D.

We now move on to a discussion about models with rotation.
Both for model M13-rot and for its high-resolution counterpart,
model M13-rot-hr, we obtain neutrino-driven explosions (see,
t1000 and Edia in table 1). The rapid rotation chosen for this
study mainly affects the explosion dynamics in the postbounce
phase, which we discuss in the following.

For the rotating model, the dominant mode of the shock
deformation after a bounce is almost always the ` = 2 mode,
although the ` = 1 mode can be as large as the ` = 2 mode
when the SASI enters the nonlinear regime (& 200 ms after
a bounce). In contrast to this rotation-induced ` = 2 defor-
mation, the ` = 1 mode tends to be larger than the ` = 2 mode
for the 2D models without rotation in the saturation phase. As
shown in figure 3, this leads to different features in the shock
geometry, namely a preponderance of the unipolar explosion
for the 2D models without rotation (left panel), and a bipolar
(north–south symmetric) explosion with rotation (right panel).

Since it is impossible to calculate precise explosion energies
at this early stage, we define a diagnostic energy that refers to
the integral of the energy over all zones that have a positive
sum of the specific internal, kinetic, and gravitational energies.
Figure 4 shows a comparison of the diagnostic energies for

Fig. 2. Snapshots of the distribution of entropy (left half) and the ratio of the advection to the heating timescales (right half) for models of M13-1D
(left panel) and M13-2D (right panel) at 200 ms after a bounce.
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How to solve these problems?

7



Core-Collapse Supernovae: Models and Observable Signals @ U. of Washington /262012/7/6

A possibility: the collective oscillation of neutrinos

Because of the mass of neutrinos, 
the flavor oscillates in propagation

The spectrum can be different at the 
emission and absorption site.

Especially, νμ/τ→νe is important

Reaction rate: σ∝E2

Average energy: νμ/τ>νe

NS60CH22-Duan ARI 14 July 2010 2:10

Spectral swap

2ω
δm2

Eν   = –2ω
δm2

Eν  = +

ƒ v

ve ' initial
vµ ' initial
ve ' !nal
vµ ' !nal

a b

∞
Ω0 0

0 20 40 60
E (MeV)

1

P vv

ω

Figure 6
Illustration of the stepwise spectral swap phenomenon in the two-flavor mixing case with !m2 < 0 (inverted
neutrino mass hierarchy) that was discovered by Duan et al. (70). (a) The stepwise swapping of νe and νµ

energy spectra about Es ! 9 MeV in a single-angle scheme. The spectra of ν̄e and ν̄µ are nearly fully
swapped in this calculation. (b) The corresponding survival probability Pνν , which is a step-like function of
ω. For the normal neutrino mass hierarchy case, the step-like structure of Pνν (ω) is pushed rightward to
$0 > 0. Because Es = | !m2

2$0
| splits a neutrino spectrum into two parts with different flavors, this

phenomenon is also sometimes termed spectral split. Reprinted with permission from Reference 124.
Copyright 2009, American Institute of Physics.

Just as in the conventional adiabatic MSW flavor transformation case (Figure 2), in the adia-
batic precession solution "Pω follows "̃H ω, whose direction (and magnitude) changes as µ decreases.
This induces neutrino flavor transformation. Specifically, as µ → 0, "̃H ω → (ω − $0) "B, where
$0 = $(µ = 0). This means that the adiabatic collective precession mode converts the initial
νe into the mass state |ν1〉 or |ν2〉, depending on whether ω is smaller or larger than $0 (70).
This phenomenon, known as the stepwise spectral swap or spectral split, is most dramatic when
θv & 1 (Figure 6). The swap/split energy Es = |!m2

2$0
| can be determined from the constancy of

"D · "B (74).

4.3. Precession Solution in the Three-Flavor Mixing Scenario
The neutrino polarization vector defined in Equation 6 can be easily generalized to the three-flavor
mixing scenario by replacing the Pauli matrices with the Gell-Mann matrices &a (a = 1, 2, . . . , 8)
(83, 123). However, because an eight-dimensional polarization vector, or Bloch vector, cannot be as
easily visualized as its three-dimensional counterpart, we discuss the collective precession mode by
using the matrix formalism. To this end, we define the polarization matrix Pω = 1

2

∑8
a=1 (Pω,a&a ),

where Pω,a is the ath component of the Bloch vector "Pω. We note that here the definition of
the Bloch vector "Pω follows the same sign convention for antineutrinos as in Equation 6. The
polarization matrix obeys the EoM

iṖω = [ωL BL + ωH BH + µD, Pω], 21.

where D =
∫ ∞

−∞ Pωdω is the total polarization matrix. In Equation 21, ωL = ± δm2

2E and BL = − 1
2 &3

(in the mass basis) correspond to the small mass splitting, which we define as δm2 ≡ m2
2 − m2

1 !
!m2

). Also in Equation 21, ωH = ω = ±!m2

2E and BH = − 1√
3
&8 (in the mass basis) correspond to

the large mass splitting, which we define as !m2 = m2
3 − 1

2 (m2
1 + m2

2) ! ±!m2
atm. For simplicity
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Figure 9. This figure shows the ν̄e (thin lines) and “νµ” (thick lines) emergent
luminosity spectra for the 11 M! progenitor evolution depicted in Fig. 8. The
luminosity spectra (logarithm base ten) are in units of 1054 ergs s−1 MeV−1 and
the neutrino energy (abscissa) is in units of MeV. There is no appreciable flux prior
to shock breakout for these species. To avoid clutter, we here depict only a few νµ

spectra to ∼50 milliseconds after bounce. (These curves represent the sum of the νµ,
ν̄µ, ντ , and ν̄τ luminosity spectra.) However, the ν̄e spectra are shown until about
110 milliseconds after bounce. During the phases shown, both sets of luminosities are
always increasing. Note that the νµ spectra are significantly harder than either the
ν̄e or the νe spectra. This is a consequence of of the fact that the νµs do not have
appreciable charged-current cross sections (eqs. 10 and 11), enabling one to probe
more deeply into the hot core with these species.

Duan+ 10
Burrows & Thompson 02
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Numerical simulation
Axisymmetric simulation (ZEUS-2D; Stone & Norman 92)

Hydrodynamics + Neutrino transfer

Isotropic Diffusion Source Approximation (Liebendörfer+ 09)

electron-type neutrino/antineutrino

progenitor: 13 M⦿ (Nomoto & Hashimoto 88)

Collective oscillation parameters: Rν, <εν>

9

(Lindquist 1966; Castor 1972; Mezzacappa & Bruenn 1993)

df

cdt
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�

Impact of the collective oscillation on core-collapse supernova explosion 5

where

Lν = 4πr2c
2π

(hc)3

∫ ∞

0
dεν

∫ +1

−1
dµ µε3νfν(εν , µ), (23)

〈
ε2ν

〉
=

∫ ∞
0 dεν

∫ +1
−1 dµε5νfν(εν , µ)

∫ ∞
0 dεν

∫ +1
−1 dµε3νfν(εν , µ)

, (24)

〈
µ
〉

=

∫ ∞
0 dεν

∫ +1
−1 dµµε3νfν(εν , µ)

∫ ∞
0 dεν

∫ +1
−1 dµε3νfν(εν , µ)

. (25)

The neutrino luminosity for r → ∞ (i.e.,
〈
µ
〉
→ 1) can

be written as

Lν = 2.62×1052

( 〈
εν

〉

15 MeV

)4 (
Rν

30 km

)2

erg s−1. (26)

Here, the average energy and average squared energy of
neutrinos with zero degeneracy are

〈
εν

〉
= 3.15kBTν and〈

ε2ν
〉

= 20.8(kBTν)2 with Tν being the temperature at
the neutrinosphere. Hereafter, we consider

〈
εν

〉2
Lν as

a heating rate instead of
〈
ε2ν

〉
Lν because the model pa-

rameter is not
√〈

ε2ν
〉

but
〈
εν

〉
. However,

〈
ε2ν

〉
and

〈
εν

〉

can be easily connected as
〈
ε2ν

〉
= 2.1

〈
εν

〉2. Fig. 4 shows
E∞

diag as a function of
〈
εν

〉2
Lν . Red (ts =100 ms), green

(ts =150 ms), and blue (ts =200 ms) points clearly have
a correlation with

〈
εν

〉2
Lν . There are critical

〈
ενX

〉2
LνX

depending on ts. Orange and light-blue regions represent
the non-exploding region for red and blue points, respec-
tively. It can be seen that the minimum E∞

diag decreases
with increasing ts. This is because the mass outside the
shock wave also gets smaller so that the minimum energy
to explode the star gets smaller, too. In addition, the ear-
lier ts leads the larger Ediag with the same

〈
ενX

〉2
LνX for

exploding models by the same reason. It should be noted
that the larger ts leads the larger minimum

〈
ενX

〉2
LνX

for the explosion. Therefore, in order to obtain the larger
E∞

diag, the earlier the collective oscillation is neccesary.
Saturation energy: As shown in Figure 2, there is

the saturation value of Ediag for expoding models (E∞
diag).

This is due to the density decrease induced by the neu-
trino driven wind (seen in the bottom panel of Figure
1). Figure 5 shows the heating rate and the density dis-
tribution of N13R30E13T100S for 10 ms and 250 ms af-
ter ts (=100 ms after the bounce). As the shock wave
propagates outward, the ram pressure to the PNS de-
creases, leading the density decrease above the PNS (see
the blue line in Figurer 5). Therefore, the heating rate
gets smaller and the Ediag saturates.

Neutron star mass: The mass of the remnant
(NS/BH) is the important indicator for the SN explo-
sion. The last two lines in Table 1 indicate the integrated
masses of the region of ρ ≥ 1010 g cm−3 at t = ts and
t = ∞. The latter one is estimated by the fit using

M10(t) = M∞
10 (1 + e−ct+d), (27)

where c and d are fitting parameters. note that
M t=ts

10 becomes larger with the larger ts. As for
nonexploding models, we obtained increasing remnant
mass, of course. Basically exploding modes result
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in M∞
10 < M t=ts

10 because of the neutrino driven
wind after the onset of the explosion with some
exceptions (i.e., N13R20E15T150S, N13R20E15T200S,
N13R30E13T100S, and N13R50E11T100S) that show in-
creasing of M10 after ts because of weak explosion and
have maximum value. After that they show slow decrease
so that the maximum values are shown in Table 1. M∞

10 s
are difficult to determine for these models because of the
limitation of simulation time (! 500 ms after bounce).
Because of the smallness of the core mass of this pro-
genitor, N13, the remnant masses of exploding models
(especially for models with E∞

diag " 1051 erg) are consid-
erably small as 1.1-1.2 M#, while observations suggest
that the typical mass of NSs is ∼ 1.4M# [ref].

3.1.3. The dependence on the progenitor
In addition to the model N13 calculated by Nomoto

& Hashimoto (1988), we also investigate the progeni-
tor dependence using model calculated by Woosley &
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Collective oscillation

critical heating rate

explosion energy~1051 erg

PNS (~1M⦿)
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Explosion energy and remnant mass

11
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It is possible to produce strong explosion (Eexp>1051erg!) by collective 
oscillation/spectral swapping.

2D effects leads to even higher explosion energy.

The remnant mass is reasonable (~1 M⦿) as well.
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2D effect

12

Impact of the collective oscillation on core-collapse supernova explosion 9

Figure 8. Time evolution of the entropy distribution. Top: NH13 without the collective oscillation for 100, 200, 300, and 450 ms after
the bounce from left to right. Bottom: NH13R30E13T100A for 100, 150, 200, 250 ms after the bounce (corresponding to 0, 50, 100, 150
ms after the onset of the spectral swapping.)

NH13 that is the same tendency obtained in the previous
section.

The remnant mass of investigated models are listed in
the last line of Table 3. The masses with ρ > 1010 g cm−3

is slightly smaller than ones of 1D (compare Table 3 with
Tables 1 and 2). The final masses, M∞

10 , are also smaller
than 1D due to more efficient heating by neutrinos and
larger mass ejection.

4. SUMMARY AND DISCUSSION

We performed a series of one- and two-dimensional hy-
drodynamic simulations of core-collapse supernovae with

spectral neutrino transport via the isotropic diffusion
source approximation. We investigated the impact of
the collective oscillation of neutrinos using three param-
eters as the onset time of the collective oscillation, the
radius of neutrinosphere, and the average energy of neu-
trinos. We systematically studied the shock evolution
and the matter ejection due to the neutrino heating en-
hanced by the collective oscillation, and investigated the
critical heating rate for the successful explosion. In ad-
dition, we investigated the progenitor dependence of the
critical heating rate. Then we found the following:

Collective

No collective

10 SUWA ET AL.

Table 3
2D simulations

Model Dimension Rν kBT−1
ν Lν ts Explosion E∞

diag Mt=ts
10 M∞

10

[km] [MeV−1] [1052erg s−1] [ms] [1051 erg] [M#] [M#]

NH13nocollective 2D — — — — Yes ∼ 0.1 (oscillating) — —
NH13R30E11T100A 2D 30 0.2865 (11MeV) 0.76 100 No — 1.18 —
NH13R30E12T100A 2D 30 0.2626 (12MeV) 1.07 100 Yes 0.45 1.18 < 1.23
NH13R30E13T100A 2D 30 0.2424 (13MeV) 1.48 100 Yes 1.03 1.18 < 1.18
NH13R30E15T100A 2D 30 0.2101 (15MeV) 2.62 100 Yes 2.33 1.18 1.10
WHW15nocollective 2D — — — — No — — —
WHW15R30E13T100A 2D 30 0.2424 (13MeV) 1.48 100 No — — —
WHW15R30E14T100A 2D 30 0.2251 (14MeV) 1.99 100 Yes 1.96 1.48 < 1.52
WHW15R30E15T100A 2D 30 0.2101 (15MeV) 2.62 100 Yes 3.79 1.48 1.34
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Figure 9. Time evolution of mass shells for NH13nocollective
(thin-gray lines) and NH13R30E13T100A (thin-orange lines).
Black and red thick lines represent the shock wave position at the
north pole.

1. The critical heating rate is strict for one-
dimensional cases. Below the critical heating rate
the shock stalls due to photodissociation of iron
and neutrino cooling, while above the critical heat-
ing rate the shock continues to expand and pierce
the iron core. As for two-dimensional simulations,
the critical heating rate is relatively softened and
gets smaller than 1D because the multi-D hydro-
dynamical motion enhances the heating efficiency
by neutrino.

2. The diagnostic energy (corresponding to the so-
called explosion energy) can yield as large as 1051

erg, which is typical energy obtained by observa-
tions, by the collective oscillation. The faster on-
set of collective oscillation leads the larger diag-
nostic energy because the mass of gain layer (be-
tween the shock radius and the gain radius), which
captues neutrinos radiated from the PNS, is larger.
In 2D simulations, the diagnostic energy becomes
even larger due to the enhanced heating rate again.

3. The remnant (neutron star) mass can be deter-
mined by the mass ejection driven by neutrino
heating. The final (baryonic) mass of a NS ranges
1.1-1.5 M! depending on the initial (progenitor)
mass of the core.

As for our numerical computations, we shall address a
few of our assumptions. For the neutrino radiation trans-

fer, we omitted the cooling of heavy lepton neutrinos
and the inelastic neutrino scattering by electrons, which
may suppress the explosion. However, we think that the
enhanced heating rate induced by the collective oscilla-
tion will be valid even if these effects are included, when〈
ε2νe

〉
Lνe <

〈
ε2νx

〉
Lνx . The critical heating rate for the

successful explosion would be changed by inclusion of νx
cooling. In addition, we employed the ray-by-ray approx-
imation. This approach may lead to an overestimation of
the directional dependence of the neutrino anisotropies.
Apparently the full-angle transport will give us the cor-
rect answer (see Ott et al. 2008; Brandt et al. 2010), but
its beyond the scope of this study. Moreover, due to the
coordinate symmetry axis, the SASI develops preferen-
tially along the axis; it could thus provide a more favor-
able condition for the explosion. As several exploratory
simulations have been done recently (e.g., Iwakami et al.
2008; Scheidegger et al. 2008; Nordhaus et al. 2010), 3D
supernova models are indeed necessary.

Here, we briefly describe the oscillation parameters cor-
responding our investigation in this paper. For simplicity
we concentrate on the inverted neutrino mass hierarchy.
Following Duan et al. (2010), the conditions for the neu-
trino collective oscillation can be written in the following
two.

1. The bipolar regime: The neutrino number density
where the collective oscillation sets in is written as

nν̄e(Rcoll)!
1

(
√

1 + χ − 1)2
∆m2

√
2GF

〈
εν̄e

〉

!1.4 × 1029cm−3

(
0.2
χ

)2
(

15 MeV〈
εν̄e

〉
)

,(26)

where χ is the fractional excess of neutrinos over
antineutrinos, ∆m2 is the characteristic mass-
squared splitting (∼ 2.4 × 10−3 eV2 is used in
this estimate), and GF is Fermi coupling constant.
This value is easily obtained inside the shock wave
(r ∼200-300 km) because

nν̄e =
Lν̄e

4πr2c
〈
εν̄e

〉

∼1.1 × 1029 cm−3

(
Lν̄e

1050 erg s−1

)(
100 km

r

)2
(

15 MeV〈
εν̄e

〉
)

,(27)

therefore, even if Lν̄e is as small as 1050 erg s−1,
the collective oscillation would occur. In addition,
χ, which is often treated as a parameter (typically

YS, Kotake, Takiwaki, Liebendörfer, Sato, ApJ, 738, 165 (2011)
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Important note

The matter density would suppress the collective oscillation
However, after the onset of the explosion the swapped spectrum might 
enhance the heating rate and amplify the explosion stronger
Numerical simulations that include the neutrino collective oscillations in a 
self-consistent way are required to pin down this problem!

13

Chakraborty+ 11 (1D, 10.8 M⦿) Dasgupta+ 12 (2D, 15 M⦿)
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Important note-2

In the current state-of-
the-art simulation 
suggests that the average 
energies of νe and νX 
are similar

In this case the spectral 
swapping between these 
two flavors do not affect 
the heating rate

How about unknown 
interaction inclusion?
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FIG. 7: Neutrino signals from general relativistic 2D simulations of core collapse and explosion of 11.2M! (upper plot) and
15M! (lower plot) stars shown in Fig. 6 [147]. The left panels of each plot show luminosities (i.e., total neutrino-energy loss
rates of the PNS; upper panels) and mean energies (defined by the ratio of total neutrino energy-loss rate to number-loss rate,
Ėν/Ṅν ; lower panels) with black lines for νe, red for ν̄e, and blue for one kind of heavy-lepton neutrino νx. The right panels
display the corresponding relative hemispheric differences after core bounce (the infall remains spherical). All quantities are
measured in the lab frame at large distance. Note that the fluctuations, sudden jumps, and north-south differences at t > 300ms
in the upper plot are caused by violent, time-dependent, anisotropic downflows and corresponding changes of the accretion rate
of the PNS.

integration over all directions, and their true magnitude (percents to tens of percents) can be better read off the right
panel, where relative hemispheric differences are displayed.
The SASI and convective modulation of the neutrino emission was not only seen in 2D simulations with RbR

neutrino transport, but also with multi-angle treatment ([112]; cf. Sect. III B for a discussion of methods). It may be
detectable for a Galactic SN at a fiducial distance of 10 kpc with IceCube or future megaton-class instruments [215].
First 3D simulations with approximative neutrino transport suggest that the variation amplitudes could be smaller
than in 2D [96], but more and better 3D models with multi-group transport are needed for reliable information.
Another remarkable property of the neutrino signals in Figs. 5 and 7 is the close similarity and even crossing of

the mean energies of ν̄e and νx [107, 214]. Instead of the previous notion that νx are significantly more energetic
than νe and ν̄e, i.e., instead of a neutrino-energy hierarchy of 〈ενe〉 < 〈εν̄e〉 < 〈ενx〉 with typically 〈ενx〉 ! 18–20MeV,
state-of-the-art models now yield 〈ενe〉 < 〈εν̄e〉 ∼ 〈ενx〉 and 〈ενx〉 " 13–16MeV (Figs. 5, 7, and ref. [214]; also ref. [79],
where rms energies are given, however). The exact value depends on the time and EoS: A softer EoS lead to a more
compact and hotter PNS and thus higher mean energies [214].
While during the later accretion phase the order of 〈εν̄e〉 and 〈ενx〉 can be reversed (Fig. 7), one obtains a mild

Janka (2012) arXiv:1206.2503, from B. Müller’s simulation
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Systematics in supernova simulations

Dimensionality of hydrodynamics
General relativity
Neutrino physics
Scheme to solve Boltzmann equation

Interaction rate

Collective oscillation

Nuclear equation of state
Initial condition
progenitor structure (mixing, wind...)

rotation / magnetic field
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Iwakami+ 08, Nordhaus+ 10, Hanke+ 11, 
Takiwaki+ 12

Liebendörfer+01, Müller+ 12, Kuroda+ 12,

Ott+ 08, Shibata+ 11, Sumiyoshi & Yamada 12

Langanke+ 03, Arcones+ 08, Lentz+ 12

Lattimer & Swesty 91, H. Shen+ 98, G. 
Shen+ 10, Furusawa+ 11, Hempel+ 12

Nomoto & Hashimoto 88, Woosley & 
Weaver 95, Woosley+ 02, Limongi & Chieffi 
06, Woosley & Heger 07, Yoshida+ 12

Duan+ 10

Nuclear equation of state

Our Goal: Produce Successful Explosion! of ~1051 erg
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Finite temperature EOSs
Lattimer & Swesty (LS) (1991)
based on compressible liquid drop model

variants with K=180, 220, and 375 MeV

H.Shen et al. (1998, 2011)
relativistic mean field theory (TM1)

including hyperon component (~2011)

16

incompressibility
K [MeV]

symmetry energy
J (S) [MeV]

slope of symmetry energy
L [MeV]

LS 180, 220, 375 29.3 ---

HShen 281 36.9 111

HW 263 32.9 ---

GShen 271.5 (NL3)
230.0 (FSU)

37.29 (NL3)
32.59 (FSU)

118.2 (NL3)
60.5 (FSU)

Hempel 318 (TMA)
230 (FSU)

30.7 (TMA)
32.6 (FSU)

90 (TMA)
60 (FSU)

Hillebrandt & Wolff (1985)
Hartree-Fock calculation

G.Shen et al. (2010, 2011)
relativistic mean field theory (NL3, FSUGold)

Hempel et al. (2012)
relativistic mean field theory (TM1, TMA, 
FSUGold)

New equations of state in core-collapse supernova simulations 5

avoid the minor inconsistency to also use the table of
Geng et al. (2005), which is based on the TMA parame-
terization. For FSUgold we take a mass table which was
calculated by X. Roca-Maza, which was also applied in
Roca-Maza and Piekarewicz (2008). This table contains
1512 even-even nuclei, from the proton to the neutron
drip, with 14 ≤ A ≤ 348 and 8 ≤ Z ≤ 100. Odd nuclei
are not included in this table. The nuclei were calcu-
lated only with spherical symmetry and the pairing is
introduced through a BCS approach with constant ma-
trix elements. The constant matrix element for neutrons
has been fitted to reproduce the experimental binding in
the tin isotopic chain and the constant matrix element
for protons to the experimental binding in the N = 82
isotonic chain.
To describe nuclei in the supernova environment, we

not only need binding energies, but have to account for
medium and temperature effects. For the screening of the
Coulomb field of the nuclei in the uniform background of
electrons we use the most basic expression: for each nu-
cleus we assume a spherical Wigner-Seitz (WS) cell at
zero temperature. More elaborated approaches for the
Coulomb energy of a multi-component plasma at finite
temperature can e.g. be found in Nadyozhin and Yudin
(2005); Potekhin et al. (2009); Potekhin and Chabrier
(2010). However, we leave this for future studies as the
Coulomb energy becomes only important at low temper-
atures so that the simplest expression is sufficient for our
purposes.
Finite temperature leads to the population of excited

states of the nuclei. Here we use the temperature depen-
dent degeneracy function of Fái and Randrup (1982). It
is the same analytic expression as in the original reference
of the HS model (Hempel and Schaffner-Bielich 2010),
but now we consider only excitation energies below the
binding energy of the corresponding nucleus, in order to
represent that the excited states still have to be bound
(see, e.g., Röpke (1984)). We note that the inclusion of
excited states up to infinite energies had only a minor
influence on the composition but would lead to an un-
physically large contribution of the excited states to the
energy density and entropy at very large temperatures.
We describe nuclear matter as a chemical mixture of

the different nuclear species and nucleons. As we distin-
guish between nuclei and the surrounding interacting nu-
cleons we still have to specify how the system is composed
of the different particles. Our thermodynamic model is
built on two main assumptions: First, we assume for un-
bound nucleons that they are not allowed to be situated
inside of nuclei, whereas nuclei are described as uniform
hard spheres at saturation density n0

B. Second, for nu-
clei (with mass number A ≥ 2) we assume that they must
not overlap with any other baryon in the system (nuclei
or unbound nucleons). Thus we take the volume which
is available for the nucleons to be the part of the total
volume of the system which is not excluded by nuclei.
This is described by the filling factor of the nucleons

ξ = 1−
∑

A,Z

A nA,Z/n
0
B , (3)

(here and in the following, we mean A ≥ 2). The free
volume in which a nucleus can move is the total volume
minus the volume filled by nuclei and nucleons. This is

incorporated via the free volume fraction

κ=1− nB/n
0
B , (4)

with the total baryon number density nB, which includes
the contributions of unbound neutrons and protons:

nB =nn + np +
∑

A,Z

A nA,Z . (5)

Based on these two main assumptions, the EOS is
derived in a consistent way, using the non-relativistic
Maxwell-Boltzmann description for nuclei and the full
Fermi-Dirac integrals for nucleons (solved with the rou-
tines from Aparicio (1998) and Gong et al. (2001)). We
obtain modifications of all thermodynamic quantities due
to the excluded volume. Here we give the thermody-
namic potential, the free energy density f , as an exam-
ple:

f =
∑

A,Z

f0
A,Z(T, nA,Z) +

∑

A,Z

fCoul
A,Z

−T
∑

A,Z

nA,Z ln(κ)

+ξf0
RMF (T, nn/ξ, np/ξ) , (6)

The first term in Eq. (6) is the summed ideal gas ex-
pression of the nuclei. The Coulomb free energy of the
nuclei appears in addition. The second line in Eq. (6) is
the direct contribution from the excluded volume. Be-
cause of this term, as long as nuclei are present, the free
energy density goes to infinity when approaching satu-
ration density, because the free volume of nuclei goes to
zero, κ → 0. Thus, nuclei will always disappear before
saturation density is reached. The RMF contribution of
the nucleons f0

RMF is weighted with their filling factor ξ,
as the free energy is an extensive quantity. If nuclei are
absent, ξ = 1, and we get the unmodified RMF descrip-
tion, as it should be. The excluded volume correction for
the nuclei represents a hard-core repulsion of the nuclei
at large densities close to saturation density. Instead the
modification of the free energy of the unbound nucleons
is purely geometric and just describes that the nucleons
fill only a fraction of the total volume. In this sense, the
two aforementioned model assumptions for the excluded
volume are essential, as they lead to the desired limiting
behavior of the EOS.

2.4. EOS characteristics & constraints

Table 2 lists some characteristic saturation properties
of uniform bulk nuclear matter for the three different
RMF parameterizations. We also include the LS EOS
with the compressibility of K = 180 MeV in the table.
The quantities shown in Table 2 correspond to the co-
efficients of the following power-series expansion of the
binding energy per baryon at T = 0 around the satura-
tion point:

E(x,β)=−E0 +
1

18
Kx2 +

1

162
K ′x3 + ...

+β2

(

J +
1

3
Lx+ ...

)

+ ... , (7)

with x = nB/n0
B−1 denoting the relative deviation from

the saturation density, and the asymmetry parameter β
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Equation of state
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The “standard” equations of state (EOS) in supernova community
・Lattimer & Swesty EOS (liquid drop)
・Shen EOS (relativistic mean field)
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Studies on EOS dependence

There are several works, which investigated the 
EOS dependence with 1D simulation

Since 1D simulations fail to produce explosion, 
the representable physical quantities in these 
studies are

BH formation time

neutrino luminosity/spectrum evolution

How about the explosion? Does it produce 1051 erg 
explosion?

18

much difference in the early dynamics of shock wave.
Clear differences appear in the recession of shock wave
and the shrinkage of central core after tpb ! 100 ms when
the hyper-accretion phase sets in. It should be noted that
the accretion rate for the present model of 40M"
(#1M"=s at tpb ! 0:4 s) is considerably higher than that
(#0:2M"=s) for the canonical 15M" model for superno-
vae. This fact results in much faster contraction of central
cores in the former.

In model LS, the shock wave recedes quickly down to
#20 km. The central core contracts rapidly as its mass
increases toward the maximum value for hot and lepton-
rich configurations in stable equilibrium. At tpb ! 0:56 s, a
dynamical collapse finally sets in and the central core
shrinks on a dynamical time scale. By this time, the en-
closed baryon mass and gravitational mass inside the shock
wave reach 2:10M" and 1:99M", respectively. Within the
next #8 ms, the central core becomes compact enough to
form an apparent horizon at #5 km, which marks the
formation of black hole.

In model SH, on the other hand, the shock wave recedes
rather slowly over #1 s. The dynamical collapse starts
when the enclosed baryon mass reaches 2:66M" (gravita-
tional mass 2:38M") at tpb ! 1:34 s. This remarkable dif-
ference in the durations of the hyper-accretion phase
preceding the black hole formation is worth particular
emphasis. It originates mainly from the difference in the
maximum mass of the hot and lepton-rich core in stable
equilibrium and, to lesser extent, from the difference in the
accretion rates. Hence, if observed, this will provide us
with invaluable information on the stiffness of EOS.

This novel difference is most clearly reflected in the
duration of neutrino emissions as demonstrated in Fig. 2,

where the average energies and luminosities of neutrinos
are shown as a function of time (tpb). The end points in the
figure correspond to the formations of apparent horizon,
i.e., the births of black hole. Note, however, that the ma-
jor decline of neutrino emission will occur a fraction of
millisecond later when the neutrino sphere is swallowed
by the horizon and will be recognized at the boundary
(#6000 km) another #20 ms later, when neutrinos outside
the neutrino sphere have traversed the distance at the light
velocity. Unfortunately, we cannot follow this termination
of neutrino emission owing to numerical problems. We will
have to implement a scheme to avoid both coordinate and
real singularities to handle this problem [see, e.g., [9,10] ].
However, it is stressed that this problem does not matter in
this Letter. The point here is that the longer-term neutrino
emissions during the hyper-accretion phase is more
revealing.

The time profile of luminosities right after bounce is
similar to the ones in ordinary supernovae having the
neutronization burst of !e and the rise of !!e, !"=#, and
!!"=#. Luminosities afterward are dominated by the contri-
butions from the accreted matter, which is heated up by the
shock wave and further by compression onto the proto-
neutron star surface. Since the accreted matter contains a
lot of electrons and positrons, they annihilate with each
other to create pairs of neutrino and antineutrino of all
species. They are also captured by nucleons to produce
electron-type neutrinos and antineutrinos. These latter pro-
cesses are responsible for the dominance of !e and !!e as
well as their similarity in the luminosity.

The difference in the reactions also leads to the differ-
ence in the radial positions of neutrino sphere and, hence,
to the hierarchy of average energies shown in Fig. 2. The
average energy of !"=# and !!"=# is particularly a good
indicator of the difference of temperatures in two models,
having, for example, a higher average energy at tpb # 0:5 s
in model LS owing to the faster contraction. It is remark-
able that the luminosities and average energies increase by
a factor of 2 or more toward the formation of black hole,

FIG. 2. Average energies (upper) and luminosities (lower) of
!e (solid line), !!e (dashed line), and !"=# (dot-dashed line) as a
function of time (tpb) in two models LS (thin line) and SH (thick
line).
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Fig. 2. Luminosities and mean energies during the post bounce phase of
a core collapse simulation of a 40 M! progenitor model from Woosley
& Weaver (1995). Comparing eos1 (thick lines) and eos2 (thin lines).

the low density and low temperature regime is coupled to the
EoS for hot and dense nuclear matter above temperatures of
T = 0.5 MeV, where nuclei are assumed to be in nuclear sta-
tistical equilibrium (NSE). In addition, there are free nucleons
and light nuclei. The transition from NSE to bulk nuclear matter
(free nucleons only) above the neutron drip line is handled via
the EoSs intrinsically.

In the following paragraphs, we compare the soft EoS from
Lattimer & Swesty (1991) (eos1) with the compressibility of
180 MeV with the stiff EoS from Shen et al. (1998) (eos2) with
the compressibility of 281 MeV during the accretion phase of
a core collapse simulation of the 40 M! progenitor model from
Woosley & Weaver (1995) before black hole formation.

Eos1 is based on the liquid drop model including surface
effects, while eos2 uses a relativistic mean field approach and
Thomas-Fermi approximation. In addition, the nuclear part of
eos2, given as a table, is coupled to an electron-positron EoS,
developed by Timmes & Arnett (1999) and Timmes & Swesty
(2000). Eos1, distributed as a subroutine, already contains the
electron-positron contributions. Both EoSs depend on the three
independent variables temperature, electron fraction and matter
density.

Figure 2 compares the neutrino luminosities in graph (a) and
the mean neutrino energies in graph (b) as a function of time
after bounce for eos1 and eos2. The larger electron-neutrino lu-
minosity slightly before and at bounce is due to the different
thermodynamic conditions achieved at bounce as illustrated in
Fig. 3. These different conditions are a direct hydrodynamic con-
sequence of the more compact bouncing core using eos1 (see
the higher central density in graph (a)), which results in a larger
central deleptonization in graph (b). The corresponding entropy
and temperature profiles are shown in graphs (c) and (d) respec-
tively. At intermediate densities and temperatures, heavy nuclei
appear with slightly larger average atomic charge and number
using eos1 (see graph (e)). On the other hand, the fractions of
light nuclei in graph (f) differ quite a lot. During the postbounce
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Fig. 3. Bounce conditions for the core collapse simulation of a 40 M!
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phase, the simulation using the soft EoS eos1 is characterized by
a short accretion time of "500 ms and thus a rapid PNS contrac-
tion before becoming gravitationally unstable and collapsing to
a black hole.

Figure 4 illustrates the last stable configuration before the
PNSs (identified via the νe-spheres) become gravitationally un-
stable. Graphs (a) and (b) compare the velocity and the density
profiles respectively with respect to the enclosed baryon mass.
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Fig. 16.— Evolution of the central density for the collapse of
the 40 M! progenitor model from Woosley and Weaver (1995),
comparing the different EOS under investigation.

TABLE 6
Selected quantities at the onset of the collapse to the

black hole.

EOS tpb
a ρ b T c M d

[s] [1015 g/cm3] [MeV ] [M!]
LS 0.4355 1.314 31.050 2.198
STOS 1.0302 0.769 49.705 2.864
HS (TMA) 0.7380 0.943 46.708 2.626
HS (FSUgold) 0.5661 1.149 50.119 2.458

Notes:
atime post bounce
bbaryon density in the center
ctemperature in the center
dbaryon mass enclosed inside the shock

and a maximum mass of 2.626 M!. The stiffest EOS
(TM1) leads to black hole formation at tpb ! 1.0302 s
with a maximum mass of about 2.864 M!. Consequently,
for LS and FSUgold the expected ordering established
in the literature so far is not found in our simulations.
Although the hierarchy between the maximum mass of
cold neutron stars and short/long accretion times be-
fore black hole formation holds within the class of RMF
models studied here, it breaks down including the non-
relativistic LS EOS, which behaves less stable than the
FSUgold EOS.
We want to examine this result further. By looking at

Table 6 one sees that the time until black hole formation
and the enclosed baryon mass have the same ordering.
This is not surprising, as a longer accretion time leads to
larger baryon masses enclosed inside the bounce shock.
On the other hand the central densities at the onset of
the collapse are lower for the EOS which have a later
collapse. This can also be seen in Fig. 16, where LS
shows a very fast compression in the center, followed by
FSUgold, then TMA and finally STOS with the slowest
compression. This behavior illustrates the stiffness of the
EOS for the conditions encountered here. Interestingly,
for the central temperatures at the onset of the collapse
to the black hole, which are listed in Table 6, we find
roughly 50 MeV for all three RMF EOS, whereas it is
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Fig. 17.— Selected quantities at the onset of the col-
lapse to a black hole of the 40 M! progenitor model from
Woosley and Weaver (1995), comparing the different EOS under
investigation.

much lower for the non-relativistic LS EOS.
The hydrodynamic state corresponding to the last sta-

ble configuration is further illustrated in Fig. 17. The
similar behavior of the central temperatures of the RMF
EOS and the different behavior of LS can be seen clearly.
It can be related to the adiabatic index in the inner-
most region for the conditions encountered here, which
is also shown in Fig. 17. One sees that all RMF mod-
els behave very similar in the high density region below
MB ∼ 0.2 M!, but the adiabatic index of LS is signif-
icantly larger. Contrary, the peak temperatures around
M = 0.8 M! are different for all four models. Interest-
ingly, they show the same ordering like the central den-
sities at core bounce in Table 5, namely LS, HS (FSUg-

Hempel+ 11
RMF
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Numerical simulation
EOS: LS180, (LS220,) LS375, and Shen

Axisymmetric simulation (ZEUS-2D; Stone & Norman 92)

Hydrodynamics + Neutrino transfer

Isotropic Diffusion Source Approximation (Liebendörfer+ 09)

electron-type neutrino/antineutrino

progenitor: 15 M⦿ (Woosley & Weaver 95)
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(Lindquist 1966; Castor 1972; Mezzacappa & Bruenn 1993)
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Results in 1D simulation
Evolution of shock radius YS, Takiwaki, Kotake, Fischer, Liebendörfer, Sato arXiv:1206.6101
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Entropy evolution
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LS180 Shen
YS, Takiwaki, Kotake, Fischer, Liebendörfer, Sato arXiv:1206.6101
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Shock radius
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LS180 and LS375 succeed the explosion
Shen EOS fails

maximum

minimum

average

YS, Takiwaki, Kotake, Fischer, Liebendörfer, Sato arXiv:1206.6101
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Mass in gain region
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Dispersion of the moment
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Fig. 14.—

early phase (tpb !100 ms after the bounce) LS180 has
larger amplitude than Shen. After that the amplitudes
are similar for these EOSs for 100 ! tpb ! 300 ms. As for
LS180, the shock wave begins to expand for tpb ∼ 300 ms
so that the amplitude is decreasing after that time, while
Shen shows the increasing amplitude because the shock is
only oscillating without expansion. Finally, LS180 shows
the shock expansion with the dominance of ! = 1 mode
(red line). On the other while, Shen shows the decreasing
amplitude for tpb " 500 ms and the morphology of the
shock wave is approaching to the spherical, by which one
can easily see the failure of the explosion. It should be
noted that the mode analysis by the shock radius is not
a proper indicator of the explosion.

Next, we discuss the EOS dependence of SASI activ-
ity (acoustic-vorticity cycle). We show the deviation of
pressure for LS180 and Shen in Figure 15, which is de-
termined as follows:

{
1
2

∫ π
0

[
M(r, θ) −M(r)

]2 sin θdθ
}1/2

M(r)
, (8)

where

M(r, θ) ≡ ρ(r, θ)v2
r(r, θ) + P (r, θ), (9)

M(r) ≡ 1
2

∫ π

0
M(r, θ) sin θdθ. (10)

M corresponds to total pressure including the ram pres-
sure of infalling material and should be conserved beyond
and behind the shock at the shock frame (i.e., the mo-
mentum part of Rankine-Hugoniot equation). Therefore,
M is a useful indicator for the shock expansion, that is,
if M is larger behind the shock than beyond the shock,
the shock wave propagates outward, and vice versa. In
fact, the dispersion of M is significantly small (∼ 0.1)
irrespective to the radius before 100 ms after the bounce
(especially for Shen; see Figure 15). After that the pres-
sure perturbation increases in the shocked region and the
shock wave pushed outward. As for LS180, the pressure
perturbation continues to glow and from ∼ 200-300 ms
after the bounce a strong pressure wave gives momen-
tum to the shock, which is absent for Shen. As a result,
the pressure behind the shock wave overwhelms the ram
pressure beyond the shock so that the shock begins to
propagate outward and never recedes. In addition, it is
obvious that the pressure wave is produced around the

surface of the protoneutron star (thick dashed line), at
which the vorticity is reflected.

ADD SEVERAL SNAPSHOTS

ADD TIME EVOLUTION OF VORTICITY
PROPAGATION

CONVECTION

DENSITY SCALE HIGHT IN 2D DATA

HEATING AND COOLING TIMESCALE

ANTESONIC CONDITION

In Figure 18, we show the time evolution of the NS ra-
dius. One can see that Shen has smaller radius than LS
EOSs at the early phase. At ∼ 200 ms after the bounce,
that of LS180 gets smaller than Shen, but LS375 still
remains larger than Shen. The explosions of LS180 and
LS375 are initiated at ∼ 300 ms after the bounce, when
the radius of NS of Shen locates between those of LS180
and LS375. Thus, the radius of NS, which is often used
as a guidepost of the energy budget available from core
collapse, is not a good indicator for the successful ex-
plosion, and the same is equally true of the compactness
(GMNS/c2RNS).

In Figure 19, we show the prompt convection activity.
The top panel present the tim evolution of the kinetic en-
ergy of the lateral (θ) direction,

∫
ρv2

θ/2 dV . LS180 and
LS375 show the larger amplitude than Shen for tpb ! 50
ms, which is triggered by the prompt convection. In the
bottom panel, which shows (

∫
v2

θd cos θ)1/2, the convec-
tive motion is apparent for LS180 (top half in this panel)
for 30 km! r ! 100 km at that time, which is weak for
the case of Shen (bottom half). After the prompt con-
vection, both LS180 and LS375 still have larger kinetic
energy than Shen.

In Figure 20, we show the ante-sonic condition pro-
posed by Pejcha & Thompson (2011), which indicates
that if max(c2

s/v2
esc) " 0.2,11 where cs is the sound speed

11 This critical value depends on the microphysics.

cf.

YS, Takiwaki, Kotake, Fischer, Liebendörfer, Sato arXiv:1206.6101
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early phase (tpb !100 ms after the bounce) LS180 has
larger amplitude than Shen. After that the amplitudes
are similar for these EOSs for 100 ! tpb ! 300 ms. As for
LS180, the shock wave begins to expand for tpb ∼ 300 ms
so that the amplitude is decreasing after that time, while
Shen shows the increasing amplitude because the shock is
only oscillating without expansion. Finally, LS180 shows
the shock expansion with the dominance of ! = 1 mode
(red line). On the other while, Shen shows the decreasing
amplitude for tpb " 500 ms and the morphology of the
shock wave is approaching to the spherical, by which one
can easily see the failure of the explosion. It should be
noted that the mode analysis by the shock radius is not
a proper indicator of the explosion.

Next, we discuss the EOS dependence of SASI activ-
ity (acoustic-vorticity cycle). We show the deviation of
pressure for LS180 and Shen in Figure 15, which is de-
termined as follows:
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0

[
M(r, θ) −M(r)

]2 sin θdθ
}1/2

M(r)
, (8)

where

M(r, θ) ≡ ρ(r, θ)v2
r(r, θ) + P (r, θ), (9)

M(r) ≡ 1
2

∫ π

0
M(r, θ) sin θdθ. (10)

M corresponds to total pressure including the ram pres-
sure of infalling material and should be conserved beyond
and behind the shock at the shock frame (i.e., the mo-
mentum part of Rankine-Hugoniot equation). Therefore,
M is a useful indicator for the shock expansion, that is,
if M is larger behind the shock than beyond the shock,
the shock wave propagates outward, and vice versa. In
fact, the dispersion of M is significantly small (∼ 0.1)
irrespective to the radius before 100 ms after the bounce
(especially for Shen; see Figure 15). After that the pres-
sure perturbation increases in the shocked region and the
shock wave pushed outward. As for LS180, the pressure
perturbation continues to glow and from ∼ 200-300 ms
after the bounce a strong pressure wave gives momen-
tum to the shock, which is absent for Shen. As a result,
the pressure behind the shock wave overwhelms the ram
pressure beyond the shock so that the shock begins to
propagate outward and never recedes. In addition, it is
obvious that the pressure wave is produced around the

surface of the protoneutron star (thick dashed line), at
which the vorticity is reflected.
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In Figure 18, we show the time evolution of the NS ra-
dius. One can see that Shen has smaller radius than LS
EOSs at the early phase. At ∼ 200 ms after the bounce,
that of LS180 gets smaller than Shen, but LS375 still
remains larger than Shen. The explosions of LS180 and
LS375 are initiated at ∼ 300 ms after the bounce, when
the radius of NS of Shen locates between those of LS180
and LS375. Thus, the radius of NS, which is often used
as a guidepost of the energy budget available from core
collapse, is not a good indicator for the successful ex-
plosion, and the same is equally true of the compactness
(GMNS/c2RNS).

In Figure 19, we show the prompt convection activity.
The top panel present the tim evolution of the kinetic en-
ergy of the lateral (θ) direction,

∫
ρv2

θ/2 dV . LS180 and
LS375 show the larger amplitude than Shen for tpb ! 50
ms, which is triggered by the prompt convection. In the
bottom panel, which shows (

∫
v2

θd cos θ)1/2, the convec-
tive motion is apparent for LS180 (top half in this panel)
for 30 km! r ! 100 km at that time, which is weak for
the case of Shen (bottom half). After the prompt con-
vection, both LS180 and LS375 still have larger kinetic
energy than Shen.

In Figure 20, we show the ante-sonic condition pro-
posed by Pejcha & Thompson (2011), which indicates
that if max(c2

s/v2
esc) " 0.2,11 where cs is the sound speed

11 This critical value depends on the microphysics.
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early phase (tpb !100 ms after the bounce) LS180 has
larger amplitude than Shen. After that the amplitudes
are similar for these EOSs for 100 ! tpb ! 300 ms. As for
LS180, the shock wave begins to expand for tpb ∼ 300 ms
so that the amplitude is decreasing after that time, while
Shen shows the increasing amplitude because the shock is
only oscillating without expansion. Finally, LS180 shows
the shock expansion with the dominance of ! = 1 mode
(red line). On the other while, Shen shows the decreasing
amplitude for tpb " 500 ms and the morphology of the
shock wave is approaching to the spherical, by which one
can easily see the failure of the explosion. It should be
noted that the mode analysis by the shock radius is not
a proper indicator of the explosion.

Next, we discuss the EOS dependence of SASI activ-
ity (acoustic-vorticity cycle). We show the deviation of
pressure for LS180 and Shen in Figure 15, which is de-
termined as follows:
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0
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M(r, θ) −M(r)

]2 sin θdθ
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, (8)

where

M(r, θ) ≡ ρ(r, θ)v2
r(r, θ) + P (r, θ), (9)

M(r) ≡ 1
2

∫ π

0
M(r, θ) sin θdθ. (10)

M corresponds to total pressure including the ram pres-
sure of infalling material and should be conserved beyond
and behind the shock at the shock frame (i.e., the mo-
mentum part of Rankine-Hugoniot equation). Therefore,
M is a useful indicator for the shock expansion, that is,
if M is larger behind the shock than beyond the shock,
the shock wave propagates outward, and vice versa. In
fact, the dispersion of M is significantly small (∼ 0.1)
irrespective to the radius before 100 ms after the bounce
(especially for Shen; see Figure 15). After that the pres-
sure perturbation increases in the shocked region and the
shock wave pushed outward. As for LS180, the pressure
perturbation continues to glow and from ∼ 200-300 ms
after the bounce a strong pressure wave gives momen-
tum to the shock, which is absent for Shen. As a result,
the pressure behind the shock wave overwhelms the ram
pressure beyond the shock so that the shock begins to
propagate outward and never recedes. In addition, it is
obvious that the pressure wave is produced around the
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In Figure 18, we show the time evolution of the NS ra-
dius. One can see that Shen has smaller radius than LS
EOSs at the early phase. At ∼ 200 ms after the bounce,
that of LS180 gets smaller than Shen, but LS375 still
remains larger than Shen. The explosions of LS180 and
LS375 are initiated at ∼ 300 ms after the bounce, when
the radius of NS of Shen locates between those of LS180
and LS375. Thus, the radius of NS, which is often used
as a guidepost of the energy budget available from core
collapse, is not a good indicator for the successful ex-
plosion, and the same is equally true of the compactness
(GMNS/c2RNS).

In Figure 19, we show the prompt convection activity.
The top panel present the tim evolution of the kinetic en-
ergy of the lateral (θ) direction,

∫
ρv2

θ/2 dV . LS180 and
LS375 show the larger amplitude than Shen for tpb ! 50
ms, which is triggered by the prompt convection. In the
bottom panel, which shows (

∫
v2

θd cos θ)1/2, the convec-
tive motion is apparent for LS180 (top half in this panel)
for 30 km! r ! 100 km at that time, which is weak for
the case of Shen (bottom half). After the prompt con-
vection, both LS180 and LS375 still have larger kinetic
energy than Shen.

In Figure 20, we show the ante-sonic condition pro-
posed by Pejcha & Thompson (2011), which indicates
that if max(c2

s/v2
esc) " 0.2,11 where cs is the sound speed

11 This critical value depends on the microphysics.

YS, Takiwaki, Kotake, Fischer, Liebendörfer, Sato arXiv:1206.6101
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Summary and discussion

We perform axisymmetric simulations of a core-
collapse supernova driven by the neutrino 
heating and investigate the dependence on the 
equation of state
Lattimer & Swesty EOS: explosion

Shen EOS: failure
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In order to make the complete understanding of EOS impacts, a more 
systematic study is strongly required!
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We perform 1D and 2D simulations in a parametric manner focusing on the 
impact of the collective oscillation, which changes the neutrino spectrum
The spectral swapping could amplify the explosion

2D effects lead to stronger explosion

The possibility of spectral swapping is still under debate
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Appendix: 3D simulation with neutrino transfer
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Takiwaki, Kotake, YS, ApJ, 749, 98 (2012)

320(r)x64(θ)x128(φ)
x20(Eν)


