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Objec'ves:	  

•  Does	  turbulence	  develop	  from	  the	  SASI?	  
- What	  are	  the	  characteris'cs	  of	  SASI-‐driven	  turbulence?	  
- Does	  turbulence	  result	  in	  nonlinear	  SASI	  satura'on?	  (e.g.,	  Guilet	  et	  al.	  2010,	  ApJ,	  713,	  1350)	  

•  Does	  SASI-‐driven	  turbulence	  result	  in	  magne'c	  field	  amplifica'on?	  
- What	  are	  the	  characteris'cs	  of	  SASI-‐driven	  magne'c	  field	  amplifica'on?	  

•  Do	  amplified	  magne'c	  fields	  change	  characteris'cs	  of	  the	  SASI?	  
-  Implica'ons	  for	  the	  explosion	  mechanism	  of	  CCSNe?	  

•  Do	  SASI	  +	  B-‐fields	  impact	  observables	  associated	  with	  CCSNe?	  
-  Implica'ons	  for	  proto-‐neutron	  star	  magne'c	  fields?	  

Endeve,	  Cardall,	  Budiardja,	  &	  Mezzacappa	  (2010),	  ApJ,	  713,	  1219	  
Endeve,	  Cardall,	  Budiardja,	  Beck,	  Bejnood,	  Toedte,	  Mezzacappa,	  &	  Blondin	  (2012),	  ApJ,	  751,	  26	  
Endeve,	  Cardall,	  Budiardja,	  Mezzacappa,	  &	  Blondin	  (2012),	  Physica	  Scripta,	  in	  press	  (arXiv:1203:3748)	  
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Methods:	  
•  High-‐resolu'on	  magnetohydrodynamic	  (MHD)	  simula'ons	  
- Mul'ple	  models	  (vary	  rota'on	  rate	  and	  ini'al	  field	  strength)	  
- Grids	  up	  to	  12803	  zones	  
- CPU	  'me	  at	  OLCF	  provided	  by	  DoE	  through	  the	  INCITE	  program	  

•  Idealized	  semi-‐analy'c	  ini'al	  condi'on	  
- Blondin	  &	  Mezzacappa	  (2007),	  Nature,	  445,	  58	  +	  weak	  B-‐field	  

- Analysis	  includes	  Fourier	  decomposi'on	  
- Kine'c,	  Magne'c,	  and	  Enstrophy	  spectra	  

Endeve,	  Cardall,	  Budiardja,	  &	  Mezzacappa	  (2010),	  ApJ,	  713,	  1219	  
Endeve,	  Cardall,	  Budiardja,	  Beck,	  Bejnood,	  Toedte,	  Mezzacappa,	  &	  Blondin	  (2012),	  ApJ,	  751,	  26	  
Endeve,	  Cardall,	  Budiardja,	  Mezzacappa,	  &	  Blondin	  (2012),	  Physica	  Scripta,	  in	  press	  (arXiv:1203:3748)	  
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Misc. Equations

1. Magnetohydrodynamics

1.1. Basic Concepts of Scheme
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accuracy, although in practice most algorithms are restricted to
second order. Avariety of authors are exploring the use of higher
than second-order accurate time and spatial integration (Londrillo
&Del Zanna 2000), especially in the context of WENO schemes
(Balsara & Shu 2000; Tchekhovskoy et al 2007). Higher order
schemes improve the accuracy primarily in smooth flow, not
in shocks or discontinuities, and are more difficult to combine
with AMR. Based on a set of 1D hydrodynamic test problems,
Greenough & Rider (2003) conclude that a second-order Godunov
scheme provides more accuracy per computational cost than a
fifth-order WENO scheme. Although it is clear that higher order
schemes will have advantages for some applications, in Athena
we shall restrict ourselves to second-order accuracy in both space
and time.

3.2. Magnetic Field: Finite Areas

The last three components of equations (11)Y(15) are the finite-
volume form of the induction equation, which could be used to
integrate the volume-averaged components of the magnetic field.
Instead, in Athena we use an integral form of the induction equa-
tion that is based on area rather than volume averages. In GS05,
we have argued that area averaging is the most natural represen-
tation of the integral form of the induction equation. This form
conserves the magnetic flux through each grid cell, and as a con-
sequence automatically preserves the divergence free constraint
on the field (Evans & Hawley 1988).

Integration of equation (4) over the three orthogonal faces of
the cell located at (i! 1/2; j; k), (i; j! 1/2; k), and (i; j; k ! 1/2),
respectively, gives
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are the area-averaged components of the magnetic field centered
on each of these faces, and
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are the components of the electric field E ¼ !v < B (the electro-
motive force [EMF]) averaged along the appropriate line element.
Note this discretization requires a staggered grid; that is, the area-
averaged components of the magnetic field are located at the
faces (not the centers) of the cells. Figure 1 shows the relative
locations of the cell-centered volume-averaged variables (Ui; j;k),
the face-centered area-averaged components of the magnetic field
(Bx; i!1/2; j;k ;By;i; j!1/2;k ;Bz;i; j;k!1/2) the face-centered area-averaged
fluxes (Fi!1/2; j;k ;Gi; j!1/2;k ;Hi; j;k!1/2), and the edge-centered line-
averaged EMFs (Ex; i; j!1/2;k!1/2, etc.).
There are many advantages to using a discretization of the in-

duction equation based on area rather than volume averages (GS05).
The most important is that the finite-volume representation, i.e.,

Fig. 1.—Left: Centering of volume-averaged conserved variablesU and area-averaged components of magnetic fieldB on the grid.Right: Centering of time- and area-averaged
components of the fluxes of U, and the time- and line-averaged EMFs on the grid.

STONE ET AL.140 Vol. 178

Second-‐order	  semi-‐discrete	  finite	  volume	  method	  

•  Second-‐order	  in	  space	  through	  slope-‐limited	  linear	  interpola'on	  

•  HLL-‐type	  approximate	  Riemann	  solver	  	  flux	  +	  electric	  fields	  

•  Constrained	  transport	  for	  divergence-‐free	  B-‐field	  update	  

•  Second-‐order	  in	  'me	  through	  TVD	  Runge-‐Kuha	  'me	  integra'on	  

Finite	  volume	  method	  solves	  integral	  form	  of	  ideal	  MHD	  equa'ons	  

Kurganov	  et	  al.	  (2001),	  SIAM,	  J.Sci.Comput.,	  23,	  707	  
Londrillo	  &	  Del	  Zanna	  (2004),	  JCP,	  195,	  17	  
Endeve	  et	  al.	  (2012),	  J.	  Phys.:	  Conf.	  Ser.,	  in	  press	  (arXiv:1203:3385)	  
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Table 1. L1-error and convergence rate for the circularly polarized Alfvén wave test.

TW (tf = 1) SW (tf = 1) TW (tf = 5) SW (tf = 5)

Nx L1(Bz) Rate L1(Bz) Rate L1(Bz) Rate L1(Bz) Rate

32 1.373E-01 − 2.279E-01 − 4.974E-01 − 7.361E-01 −
64 5.196E-02 −1.40 8.629E-02 −1.40 1.395E-01 −1.83 2.144E-01 −1.78
128 1.433E-02 −1.86 2.535E-02 −1.77 5.053E-02 −1.46 8.700E-02 −1.30
256 3.625E-03 −1.98 6.842E-03 −1.89 1.483E-02 −1.77 2.754E-02 −1.66
512 9.085E-04 −2.00 1.760E-03 −1.96 3.945E-03 −1.91 7.782E-03 −1.82
1024 2.242E-04 −2.02 4.491E-04 −1.97 1.015E-03 −1.96 2.059E-03 −1.92

with a total variation diminishing (TVD) Runge-Kutta method (e.g., [44])

〈W〉! = 〈W〉n + L [〈W〉n]

〈W〉n+1 = 〈W〉n + (L [〈W〉n] + L [〈W〉!]) /2, (11)

which is a convex combination of two forward Euler steps. The spatial operators and sources
are here represented by L[〈W〉]. The time step is determined from the Courant-Friedrichs-Lewy
(CFL) condition: ∆t = C × min [∆tx,∆ty,∆tz], where, for example, ∆tx = ∆x/max[α+

x ,α−
x ],

C ≤ 1 is the Courant number, and the minimum is taken among all computational cells in V .
We point out that our MHD scheme is similar to the MC-HLL-UCT scheme described in [33]

and the MHD scheme in the NIRVANA code [54]. (See also the semidiscrete central-upwind
schemes developed for hyperbolic conservation laws and Hamilton-Jacobi equations in [27].)

2.1.1. Numerical tests To demonstrate the correctness of our implementation of the MHD
solver we present results from two well-known test problems, the circularly polarized Alfvén
wave and the Orszag-Tang vortex, computed in two spatial dimensions. Both tests use periodic
boundary conditions everywhere. The Courant number is set to C = 0.4, the slope limiting
parameter is set to ϑ = 1.4, and adiabatic exponent γ = 5/3.

Circularly polarized (CP) Alfvén wave This test problem has been used by many authors
(e.g., [51, 33, 45]). In particular, Tóth [51] used this test in an extensive comparison study
of multidimensional MHD schemes. The CP Alfvén wave is an analytic nonlinear solution to
the MHD equations. As such it provides a means to verify the formal order of the scheme
through convergence testing. The wave propagates with an angle α = tan−1(2) ≈ 63.4◦ relative
to the x-axis. The problem is set up with constant background density ρ0 = 1 and pressure
P0 = 0.1. The velocity (magnetic field) components are ux(Bx) = u‖(B‖) cos α − u⊥(B⊥) sin α,
uy(By) = u‖(B‖) sin α + u⊥(B⊥) cos α, and uz(Bz) = A sin(2πx‖), with u⊥ = B⊥ = A sin(2πx‖)
and x‖ = x cos α + y sin α. The background magnetic field parallel to the direction of wave
propagation is B‖ = 1 (i.e., the Alfvén speed vA is unity). The parallel velocity u‖ is set
to zero for the traveling wave (TW) test and −1 for the standing wave (SW) test. The
wave amplitude is A = 0.01. Periodic boundary conditions can be used if the domain is
[x, y] ∈ [0, 1/ cos α] × [0, 1/ sin α] (Lx/Ly = 2, and we use Nx = 2Ny for square cells).

Convergence results from the CP Alfvén wave test (TW and SW tests), run for one (t = 1)
and five (t = 5) grid crossings, are listed in Table 1. The L1-error norm is L1(Bz) =

∑

|Bz(t =
0) − Bz(t = tf )|/

∑

|Bz(t = 0)|, where the sums extend over all cells. The tests demonstrate
second-order convergence with increasing resolution. The SW errors are larger (almost a factor 2)
than the TW errors. (The convergence rate is given by log(L1(Bz, Nx)/L1(Bz, Nx/2))/ log(2).)

Figure 1. Results from running the Orszag-Tang vortex test with GenASiS. The upper panels
shows the fluid pressure at times t = 0.5 (left) and t = 1.0 (right) for a model computed
with 40962 cells. In the two lower panels we plot the thermal pressure versus x at t = 0.5 for
y = 0.4277 (left) and y = 0.3125 (right) (cf. [45]). Profiles are plotted for runs with varying
spatial resolutions: Nx × Ny = 1282 (· · · · · ·), 2562 (- - - -), 5122 (— · —), and 40962 (——).

Note that the expression for the gravitational power does not depend on the particular Riemann
solver, while the force (with Eq. (15)) does. For a different Riemann solver, Eq. (15) should be
replaced with the face density consistent with that solver.

3. Simulations of SASI-induced magnetic field amplification
In this section we describe high-resolution MHD simulations with GenASiS, exploring the
capacity of nonlinear SASI-driven flows to amplify magnetic fields. With an idealized model
we seek to investigate the character of SASI-induced magnetic field amplification. Interesting
questions to explore include: does the presence of magnetic fields impact the evolution of the

Figure 1. Results from running the Orszag-Tang vortex test with GenASiS. The upper panels
shows the fluid pressure at times t = 0.5 (left) and t = 1.0 (right) for a model computed
with 40962 cells. In the two lower panels we plot the thermal pressure versus x at t = 0.5 for
y = 0.4277 (left) and y = 0.3125 (right) (cf. [45]). Profiles are plotted for runs with varying
spatial resolutions: Nx × Ny = 1282 (· · · · · ·), 2562 (- - - -), 5122 (— · —), and 40962 (——).

Note that the expression for the gravitational power does not depend on the particular Riemann
solver, while the force (with Eq. (15)) does. For a different Riemann solver, Eq. (15) should be
replaced with the face density consistent with that solver.

3. Simulations of SASI-induced magnetic field amplification
In this section we describe high-resolution MHD simulations with GenASiS, exploring the
capacity of nonlinear SASI-driven flows to amplify magnetic fields. With an idealized model
we seek to investigate the character of SASI-induced magnetic field amplification. Interesting
questions to explore include: does the presence of magnetic fields impact the evolution of the

Second-‐order	  convergence	  for	  smooth	  problems:	  Circularly	  polarized	  Alfven	  wave	  

First-‐order	  convergence	  for	  problems	  with	  discon'nui'es:	  Orzag-‐Tang	  vortex	  
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Turbulence	  from	  Spiral	  SASI	  Modes	  

Subsonic	  

•  SASI	  Spiral	  modes	  emerge	  favorably	  
•  Turbulence	  driven	  by	  supersonic	  shear	  flows	  
•  Postshock	  flow:	  Supersonic	  driving	  component	  

+subsonic	  turbulent	  (volume	  filling)	  component	  

Supersonic	  flows	  contribute	  mostly	  
to	  the	  wings	  of	  the	  PDF	  for	  vx	  
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100	  km	  

•  Turbulence	  develops	  from	  secondary	  
instabili'es	  (e.g.,	  KH)	  in	  the	  shear	  layer	  
induced	  by	  the	  spiral	  SASI	  mode	  

•  Non-‐radial	  and	  turbulent	  kine'c	  energy	  grows	  
rapidly	  during	  nonlinear	  SASI	  development	  

•  Radial	  and	  non-‐radial	  kine'c	  energy	  in	  
equipar''on	  during	  turbulent,	  saturated	  state	  
(similar	  to	  turbulence	  from	  neutrino-‐driven	  
convec'on;	  Murphy	  et	  al.	  arXiv:1205.3491)	  

Total	  
Kine'c	  energy	  

Radial	  

Non-‐radial	  

Turbulent	  

Turbulence	  from	  Spiral	  SASI	  Modes	  

Significant	  post-‐shock	  
turbulence	  at	  satura'on	  
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f̂(k) =
1

VL
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VL
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(i.e.,	  kine'c	  energy,	  specific	  kine'c	  energy,	  enstrophy,	  and	  magne'c	  energy	  spectra)	  

For	  any	  vector	  field	  we	  compute	  Fourier	  amplitudes	  (using	  FFTW	  library)	  

� ∞

0
ê dk =

1
2

�

VL

|f |2 dV

Define	  the	  spectral	  energy	  density	  in	  k-‐space	  shell	  
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Total	  
Kine'c	  energy	  

Radial	  

Non-‐radial	  

Turbulent	  

Growing	  power	  in	  low-‐order	  SASI	  modes	  

êu × k5/3

Quasi-‐steady	  state	  with	  Kolmogorov	  spectrum	  

•  SASI	  satura'on	  coincides	  with	  development	  of	  turbulence	  
•  Quasi-‐steady	  state	  with	  Kolmogorov	  spectrum	  develops	  
- Accre'on-‐powered	  large-‐scale	  flows	  cascade	  to	  smaller	  scales	  and	  dissipate	  (numerically)	  	  
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•  Kine'c	  energy	  Spectrum	  extends	  to	  larger	  k-‐values	  for	  higher	  resolu'on	  
- Numerical	  dissipa'on	  causes	  spectrum	  to	  decrease	  faster	  than	  k-‐5/3	  

•  No	  impact	  on	  satura'on	  level	  of	  kine'c	  energy	  	  
	  (earlier	  onset	  of	  nonlinear	  SASI	  for	  lowest	  resolu'on	  model)	  



Non-‐Helical	  Turbulence	  from	  SASI	  

SASI-‐driven	  turbulence:	  B-‐field	  amplificaAon	  via	  efficient	  small-‐scale	  dynamo	  
- Similar	  to	  convec'vely	  driven	  turbulence	  (Brandenburg	  et	  al.	  1996,	  J.	  Fluid	  Mech.,	  306,	  325)	  

Kine'c	  helicity	  may	  increase	  with	  sufficient	  differen'al	  rota'on	  

����
� +∞

−∞
hkin PDF(hkin) dhkin

���� < 10−3

hkin =
u · ω

urms ωrms

Important	  for	  magne'c	  field	  amplifica'on!	  
Non-‐helical	  turbulence:	  small-‐scale	  dynamo	  
(Haugen	  et	  al.	  2004)	  
Helical	  Turbulence:	  Large-‐scale	  dynamo	  	  
(inverse	  cascade;	  Meneguzzi	  et	  al.	  1981,	  
Brandenburg	  2001,	  Blackman	  2012)	  

Rela've	  kine'c	  helicity	  

Net	  kine'c	  helicity	  small	  in	  SASI	  simula'ons	  

PDF:	  rela've	  kine'c	  helicity	  
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•  B-‐fields	  grow	  exponen'ally	  
- B0=1010	  G:	  steady	  growth,	  τ≈65	  ms,	  	  B0=1013	  G:	  growth	  tapers	  off,	  Emag≈5x1047	  erg	  
- Growth	  rate	  underes'mated	  by	  numerical	  simula'ons!	  

– 2 –

2. Simulation Results

Ekin =

∫

VSh

ρ
u · u

2
dV

Emag =

∫

VSh

B · B

2µ0
dV

Post-‐shock	  magne'c	  energy	  

ET
mag =

� ∞

kT
êmag dk

λ < 2π/kT ≈ 60 km

Total	  magne'c	  energy	  

Growth	  due	  to	  turbulent	  small-‐scale	  dynamo	  
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Magne'c	  field	  magnitude	  



Satura'on	  of	  Magne'c	  Energy	  
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emag/ekin=(vA/u)2	  

• Magne'c	  field	  displays	  spa'al	  and	  temporal	  intermihency	  



Spectral	  Evolu'on	  of	  Magne'c	  Energy	  
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Turbulent	  kine'c	  energy	  

– 2 –
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Turbulent	  rms	  velocity	  
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êkin dk

urms =

(
2Etur

kin

MSh

)1/2

≈ 4 × 103 km s−1

êkin(k) =
1

2

∫

k−shell

∑

j

|
√̂

ρuj|2k2 dΩk
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∂Fi(U)

∂U

λ1 ≤ . . . ≤ λN

λ1

λ7

λ1(7) [UL(R) − U!] = [F(UL(R)) − F(U!)]

F(U!) =
λ7F(UL) − λ1F(UR) + λ1λ7(UR − UL)

λ7 − λ1

2. Simulation Results
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∞
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∫
∞

0 kêmag(k) dk
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ΣJ×B ≈ 400 s−1

(
urms

4000 km s−1

) (
λ̄mag

20 km

)−1

λrms =

(
〈B2〉

〈|∇B|2〉

)1/2
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MagnePc	  spaPal	  scale	  (resoluPon	  dependent)	  

τ ∼ λ̄mag/urms ≈ 5 ms
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•  B-‐field	  amplified	  by	  ``stretching”	  

Oh	  (1998),	  Phys.	  Plasmas,	  5,	  1636	  

– 2 –

2. Simulation Results
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•  Growth	  rate	  (inverse	  turnover	  'me)	  
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stretching	   compression	  

-  Mismatch	  with	  simula'ons	  (15	  s-‐1)!	  
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•  Finite	  volume	  scheme	  mimics	  
effect	  of	  finite	  conduc'vity	  to	  
stabilize	  solu'on	  near	  
discon'nui'es	  and	  sharp	  gradients	  

•  Decrease	  in	  flux	  tube	  thickness	  
halted	  by	  resis've	  dissipa'on	  

•  Limits	  field	  amplifica'on	  

• Magne'c	  energy	  growth	  rate	  
severely	  underes'mated	  	  
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Êenc(k) =

∫ k
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êmag(k) =
1

2µ0

∫

k−shell

∑

j

|B̂j|2k2 dΩk

ΣJ×B ≈ 400 s−1

(
urms

4000 km s−1

) (
λ̄mag

20 km

)−1

λrms =

(
〈B2〉

〈|∇B|2〉

)1/2

Σ ≈ ΣJ×B ×

[

1 − R−1
m

(
λ̄mag

λd

)2
]
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•  Finite	  volume	  scheme	  mimics	  effect	  
of	  finite	  conduc'vity	  to	  stabilize	  
solu'on	  near	  discon'nui'es	  and	  
sharp	  gradients	  

•  Contributes	  significantly	  to	  magne'c	  
energy	  growth	  rate	  

The Astrophysical Journal, 751:26 (28pp), 2012 May 20 Endeve et al.

The constraint on numerical resolution in order to properly de-
scribe turbulent flows may still be computationally prohibitive,
especially when additional (necessary) physics components are
added to the models. This may be partially circumvented with
the use of adaptive mesh refinement techniques and improved
numerical algorithms. Local (or semi-global) simulations (e.g.,
Obergaulinger et al. 2009), adopting physical conditions and
forcing functions relevant to the supernova environment (i.e.,
derived from global multi-physics simulations), may also be
necessary to study turbulent magnetic field evolution and its
impact on supernova dynamics in more detail. More investiga-
tions, using both local and global simulations, are needed to
better understand the role of magnetic fields in CCSNe.

In summary, we conclude from our simulations that magnetic
fields in CCSNe may be amplified exponentially by turbulence
on a millisecond timescale, i.e., much shorter than the time
between core bounce/shock formation and initiation of the
explosion. Details of the impact on explosion dynamics by
SASI-amplified magnetic fields remain unclear, but on energetic
grounds alone the role of these magnetic fields is likely sub-
dominant. The simulations further suggest that small-scale
neutron star magnetic fields in the 1014–1015 G range may be
formed, which may be sufficient to power some of the energetic
activity that defines AXPs and SGRs.

This research was supported by the Office of Advanced Sci-
entific Computing Research and the Office of Nuclear Physics,
U.S. Department of Energy. This research used resources of the
Oak Ridge Leadership Computing Facility at the Oak Ridge Na-
tional Laboratory provided through the INCITE program. We
are grateful for support from members of the National Center
for Computational Sciences during the execution and analysis
of the simulations, especially Bronson Messer. We also thank
an anonymous referee for comments that helped us improve the
manuscript.

APPENDIX

DISSIPATION OF MAGNETIC ENERGY IN THE
NUMERICAL SIMULATIONS

Here we briefly describe the dominant source of magnetic
energy dissipation in our numerical simulations. We evolve
the MHD equations with a second-order, semi-discrete, central-
upwind, finite-volume scheme for hyperbolic conservation laws,
combined with the constrained transport (CT) method of Evans
& Hawley (1988) for divergence-free magnetic field evolution
(see Kurganov et al. 2001; Londrillo & Del Zanna 2004, and
references therein; in particular, the MC-HLL-UCT scheme in
Londrillo & Del Zanna 2004). Furthermore, we adopt the HLL
Riemann solver (Harten et al. 1983) to compute the fluxes and
electric fields needed to evolve the system of MHD equations.
The HLL Riemann solver considers only the fastest left-
and right-propagating characteristic waves of the underlying
hyperbolic system (fast magnetosonic waves for MHD). This
approximation results in diffusive evolution of intermediate
waves (e.g., slow magnetosonic, Alfvén, and entropy waves)
and is the main source of dissipation in our simulations.

The discretization of the computational domain results in
cubic computational cells with sides ∆x = ∆y = ∆z =
∆l = L/N . We adopt standard finite-volume index notation
to associate variables with the cells in the Cartesian grid:
the coordinates of the geometric center of a cell with index
triplet (i, j, k) are denoted (xi, yj , zk). Finite-volume variables

centered on the geometric center are also assigned the index
triplet. Superscripts n and n + 1 denote time states, and the time
step ∆t increments time from tn to tn+1. For example, the volume-
averaged (in angle brackets) x-component of the velocity in the
cell at time tn is denoted 〈ux〉ni,j,k . Magnetic field components are
centered on the faces of computational cells in the CT method.
For example, the x-component of the area-averaged magnetic
field, centered on the outer face of cell (i, j, k) with coordinates
(xi+1/2, yj , zk) at time tn, is denoted 〈Bx〉ni+1/2,j,k . (For uniform
grid spacing we have xi+1/2 = xi + ∆x/2.)

An integration of the magnetic induction equation over the
cell face with normal parallel to the x-coordinate direction and
time interval ∆t results in (after application of Stoke’s theorem
and replacing time integrals of electric field components with the
rectangle rule) the time-explicit finite-volume update formula
for the area-averaged x-component of the magnetic field

〈Bx〉n+1
i+ 1

2 ,j,k
= 〈Bx〉ni+ 1

2 ,j,k
+

∆t

∆z

(
〈Ey〉ni+ 1

2 ,j,k+ 1
2
− 〈Ey〉ni+ 1

2 ,j,k− 1
2

)

− ∆t

∆y

(
〈Ez〉ni+ 1

2 ,j+ 1
2 ,k

− 〈Ez〉ni+ 1
2 ,j− 1

2 ,k

)
, (A1)

where the face-averaged magnetic field is

〈Bx〉ni+ 1
2 ,j,k

= 1
∆y∆z

∫ y
j+ 1

2

y
j− 1

2

∫ z
k+ 1

2

z
k− 1

2

Bx

(
xi+ 1

2
, y, z, tn

)
dy dz,

(A2)
and the line-averaged z-component of the electric field (centered
on the cell-edge) is

〈Ez〉ni+ 1
2 ,j+ 1

2 ,k
= 1

∆z

∫ z
k+ 1

2

z
k− 1

2

Ez

(
xi+ 1

2
, yj+ 1

2
, z, tn

)
dz. (A3)

Updated formulae for the other magnetic field components
are obtained in an analogous manner. The update given by
Equation (A1) is exactly the forward Euler method and results in
first-order temporal accuracy. We obtain second-order temporal
accuracy with a Runge–Kutta method (e.g., Shu 1997).

The key to stable and accurate magnetic field evolution with
the CT method is the specification of the edge-centered electric
field components. The z-component of the edge-centered elec-
tric field with spatial coordinates (xi+1/2, yj+1/2, zk) is computed
with an HLL-type formula (cf. Londrillo & Del Zanna 2004)

〈Ez〉np =
α+

x α+
y

[
ESW

z

]n

p
+ α+

x α−
y

[
ENW

z

]n

p
+ α−

x α+
y

[
ESE
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p
+ α−

x α−
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x

) (
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)

+
α+

x α−
x(

α+
x + α−

x

)
([

BE
y

]n

p
−

[
BW

y

]n

p

)

−
α+

y α−
y(

α+
y + α−

y

)
([

BN
x

]n

p
−

[
BS

x

]n

p

)
, (A4)

where α±
x = max(0,±λ±,SW

x ,±λ±,NW
x ,±λ±,SE

x ,±λ±,NE
x ), and

λ±
x = ux ± c

f
x are the characteristic wave speeds associated

with the fast magnetosonic modes. The maximum is taken over
wave speeds computed in the four cells sharing the edge in-
dexed (i + 1/2, j + 1/2, k), which are denoted with superscripts
SW, cell (i, j, k); NW, cell (i, j + 1, k); SE, cell (i + 1, j, k);
and NE, cell (i + 1, j + 1, k), respectively. (We have sim-
plified the notation in Equation (A4) by replacing the sub-
script indices i + 1/2, j + 1/2, k with p.) For example, for
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HLL	  electric	  field:	  
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•  Double	  grid	  resolu'on	  	  Magne'c	  energy	  increases	  by	  a	  factor	  ≈	  102	  
- Growth	  rate	  also	  sensi've	  to	  spa'al	  resolu'on	  



Impact	  of	  B-‐fields	  on	  Post-‐shock	  Flows	  
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•  Small-‐scale	  B-‐fields	  impact	  small-‐scale	  flows	  
•  No	  impact	  on	  large	  scale	  dynamics	  detected	  
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Implica'ons	  for	  Proto-‐neutron	  Star	  Magne'za'on	  
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No	  RotaPon	  

Slow	  RotaPon	  

Faster	  RotaPon	  

Inferred	  PNS	  B-‐field	  [log(B/G)]	  

•  SASI	  may	  result	  in	  PNS	  B-‐fields	  exceeding	  1014	  G	  
•  Sensi'vity	  to	  numerical	  resolu'on	  applies	  	  
- models	  with	  weak	  ini'al	  fields	  saturate	  due	  to	  finite	  grid	  
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Summary	  

22	  

•  Nonlinear	  SASI	  drives	  vigorous	  turbulence	  below	  the	  shock	  

•  Development	  of	  turbulence	  seems	  to	  result	  in	  SASI	  satura'on	  
- Turbulence	  feeds	  on	  power	  in	  low-‐order	  SASI	  modes	  	  

• Weak	  magne'c	  fields	  amplified	  exponen'ally	  

•  Strong	  magne'c	  fields	  emerge	  and	  impact	  flows	  on	  small	  spa'al	  scales	  

•  SASI-‐induced	  B-‐fields	  not	  likely	  to	  play	  principal	  role	  in	  the	  explosion	  of	  CCSNe	  
- Kine'c	  energy	  of	  explosion	  	  	  	  	  	  ≈	  1×1051	  
- Post-‐shock	  kine'c	  energy	  	  	  	  	  	  	  	  ≈	  5×1049	  
- Turbulent	  kine'c	  energy	  	  	  	  	  	  	  	  	  	  ≈	  5×1048	  (only	  about	  10%	  accessed	  by	  B-‐fields)	  

•  SASI-‐induced	  magne'c	  fields	  may	  contribute	  nontrivially	  to	  PNS	  magne'za'on	  
- Magne'c	  energy	  accreted	  onto	  the	  PNS	  >	  1048	  erg	  
- Es'mates	  suggest	  small	  scale	  B-‐fields	  in	  the	  1014-‐1015	  G	  range	  



Are	  B-‐Fields	  Relevant	  for	  Non-‐rota'ng	  CCSNe?	  
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•  Idealized	  simula'ons	  offer	  proof	  of	  principle	  for	  efficient	  B-‐field	  amplifica'on	  

• Must	  follow	  up	  with	  mul'-‐physics	  simula'ons	  
-  Explicitly	  include	  PNS	  
-  Neutrino	  radia'on	  transport	  
-  Does	  the	  spiral	  SASI	  mode	  play	  a	  central	  role?	  
-  Other	  field-‐amplifica'on	  mechanisms	  also	  at	  play	  (α-‐Ω	  dynamo,	  MRI)	  

•  Effects	  of	  finite	  grid	  resolu'on	  represents	  a	  challenge	  for	  global	  simula'ons	  
- Magne'c	  energy	  growth	  rates	  underes'mated	  
- Flux-‐rope	  thickness	  (i.e.,	  field	  strength)	  limited	  by	  size	  of	  grid	  cells	  
- What	  happens	  at	  larger/realis'c	  Rm	  (1016)?	  
- Does	  modest	  rota'on	  result	  in	  helical	  dynamo	  and	  large-‐scale	  B-‐fields?	  
- Can	  we	  construct	  useful	  local	  simula'ons	  with	  guidance	  from	  global	  simula'ons?	  

•  Details	  on	  evolu'on	  and	  impact	  of	  magne'c	  fields	  in	  CCSNe	  remain	  uncertain	  

Computa'onal	  cost	  increases	  drama'cally!	  



24	  



Post-‐Shock	  Kine'c	  Energy	  from	  2D	  Mul'-‐Physics	  Runs	  
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