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•Pre-collapse dynamics: O+O and Si shell 
interaction (a major issue!)

•A Turbulence Model to replace mixing-
length theory (MLT) for evolutionary time 
scales

•Rotation and convection: a bifurcation in 
progenitor evolution (first results)

Topics:
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C, Ne and O burning 
versus

C, Ne, O and Si burning

•Map same1D model onto a 2D grid

•Use the same microphysics

•Allow time derivatives to be nonzero

•What happens? Are 1D models OK?
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• We need 3D simulations to confirm these 2D results (a major 
computational challenge; Meakin and Arnett, in progress)

• We need full 4 pi steradian geometry to get the lowest order 
modes

• Contrary to conventional wisdom, progenitor models are a 
MAJOR uncertainty for core collapse! (e.g., the compactness 
parameter of O’Conner & Ott 2012; see also Ugliano et al 
2012)
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Toward a 3D 
Turbulence theory:

•numerically simulate turbulent convection 
in a realistic stellar model (O burning shell 
in a collapse progenitor)

•theoretically analyze the numerical data

•synthesize a theory which is useable in a 
stellar evolution code (replaces MLT) for 
long term evolution
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•anelastic and low-mach solvers give an 
increase in time step of only 10-100 for 
realistic progenitors due to accuracy 
limitations (good but not big enough for 
evolution)

•implicit solvers (Viallet) are also limited

•evolutionary time steps require 
reformulation to “step over” turbulent 
variations (Lorenz attractor)
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• Kolmogorov damping balances buoyancy (to fix velocity scale 
and remove adjustable alpha parameter)

• turbulent braking layers enclose Schwarzschild convection 
zones (overshoot)

• Fluctuations, cells and Lorenz strange attractor (dynamic 
systems theory)

• Turbulent heating (thermodynamic consistency)

New results:
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Rotation and Convection: 
a beginning
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Case 1: Deep interior
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Initial state after spin-up

Relaxed state 

triangles denote top and bottom convective 
boundary (and shear layer)

Arnett & Meakin, 2009, IAU265
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Case 2: Surface
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No. 1, 1998 DIFFERENTIAL ROTATION IN THE SOLAR ENVELOPE 401

FIG. 5.ÈAs a companion to inversions for rotation rate )/2n with radius and latitude for four inversion methods : (a) 2dRLS; (b) 2dSOLA;Fig. 3,
(c) 1d]1dSOLA; (d) 1.5dRLS.

see that for latitudes of up to about 60¡, there is a very
considerable degree of consistency between the results from
di†erent methods. The methods do not always agree to
within the error bars ; but there is no reason to expect that
they necessarily should, because at any point the solution of

TABLE 2

THE COEFFICIENTS FROM A FIT OF TO THE INFERREDEQUATION (17)
ROTATION RATE AT RADIUS 0.995R, ACCORDING TO THE

FOUR METHODS ILLUSTRATED IN FIGURE 3.
ALSO SHOWN IS THE ROTATION RATE

FROM ET AL.ULRICH (1988).

A/2n B/2n C/2n
Method (nHz) (nHz) (nHz)

2dRLS . . . . . . . . . . . . . . . . . . . . . . . . . . . . 455.8 [51.2 [84.0
2dSOLA . . . . . . . . . . . . . . . . . . . . . . . . . . 455.4 [52.4 [81.1
1d]1dSOLA . . . . . . . . . . . . . . . . . . . . . 455.4 [54.1 [75.1
1.5dRLS . . . . . . . . . . . . . . . . . . . . . . . . . . . 455.1 [47.3 [85.9
Ulrich et al. . . . . . . . . . . . . . . . . . . . . . . . 451.5 [65.3 [66.7

each method is a di†erently weighted average of the under-
lying angular velocity (cf. The error bars indicate only° 1).
how the particular methodÏs solution would vary with a
di†erent realization of the data errors : they do not
(unfortunately) give a probabilistic range in which the true
value of the angular velocity is likely to lie. The maximum
value of ), nHz, is found on the)max \ 467.3È470.1
equator, at r ^ 0.93RÈ0.94R ; the ranges represent the
spread in these values between the results of di†erent inver-
sion methods. Near the base of the convection zone (which
is located at about 0.71R) there is a comparatively sharp
transition to the radiative interior, where ) varies little, if at
all, around a value of about 430 nHz. There is also a shear
layer, quite pronounced at lower latitudes, near the surface.
We turn to this aspect of the rotation Ðrst.

5.2. Subsurface Rotation Shear
The solutions in indicate the presence of a radialFigure 3

shear in the outer parts of the convection zone, predomi-
nantly at low latitudes. Evidence for such a shear has been

Schou, et al., 1998,  ApJ

Angular Frequency/Period
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•Balbus & Weiss (2009, MNRAS) show that 
this behavior does NOT require a magnetic 
field, but may be a result of purely 
hydrodynamic, turbulent flow.
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Case 3: Red Giant
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Figure 11. We display at mid-convection zone for cases RG1 (left) and RG2 (right), the angular velocity as a function of latitude for four different temporal intervals
along with the average over the full temporal range sampled (solid line). For RG1 we display four consecutives 1 rotation period averages, and for RG2 we have chosen
the temporal intervals corresponding to Figure 14 with either one or two meridional circulation cells. We clearly note that the angular velocity profile for RG1 is stable
except near the polar regions, whereas the oscillating behavior of RG2 lead to significant departure of the angular velocity profiles at each instant with respect to the
longest average.

The profiles achieved by models RG1 and RG1t are very similar
both in shape and amplitude. Similarly, the profiles obtained for
models RG2 and RG2t are also almost identical. This indicates
that the distribution of specific angular momentum (and of the
mean radial angular velocity) achieved in the simulations is
not influenced by the turbulent state (e.g., Reynolds number)
of the simulations up to the values that we have been able
to compute. This is a quite different behavior compared to the
solar convection, where lowering the diffusivities while keeping
Pr constant in order to increase Re by a factor of 2 leads to
some modification of the angular velocity profile (see Figure 4
of Brun & Toomre 2002). On the other hand, the specific
angular momentum distribution achieved in our convective shell
strongly depends on the bulk rotation considered. For models
RG1 and RG1t with a bulk rotation a tenth of the solar value, the
profile presents a positive slope throughout the computational
domain. In these models, due to the cylindrical profile of Ω (see
Figure 10), the radial contrast at high latitudes is smaller than at
the equator so that these latitudes contribute to soften the mean
radial profile presented in Figure 12.

The specific angular momentum profile for the slower cases
RG2 and RG2t is radically different, with a change of slope
below r ≈ 0.2 R∗ and a negative slope in the outer part of the
computational domain. This is directly related to the shellular
rotation existing in these simulations. At small radii, the angular
velocity is large, and although its radial mean profile has a
negative slope, the contribution of the increasing radius (i.e., the
specific angular momentum scales as Ωr2) maintains a positive
slope for the specific angular momentum j. Moving toward the
top of the domain, the mean radial angular velocity dramatically
drops at all latitudes in these slowly rotating simulations (the
total variation of Ω(r) at all latitudes is of more than 2 orders of
magnitude; see Figure 10), decreasing faster than the increase
of the radius, and leading to the observed change of slope. Near
the top of the convective shell the absolute retrograde rotation
seen in Figure 10 leads to a second change of slope in the mean
radial profile of specific angular momentum.

Let us finally note that none of our simulations approach
the extreme cases of uniform mean radial specific angular
momentum or uniform mean radial angular velocity, as have
been assumed in the modeling of angular momentum transport
in the convective envelopes in one-dimensional stellar evolution
models.

Figure 12. Specific angular momentum profiles throughout the computational
domain for the four simulations. These profiles are obtained by averaging the vφ

component of the velocity field over latitude, longitudes, and time. The averages
are computed over the last rotation period for cases RG1 and RG1t, and over
two-thirds of a rotation for case RG2t. Overplotted are the profiles that would
be obtained if the angular velocity profiles were uniform over the convective
shell with values of 1/10th and 1/50th of the solar value.
(A color version of this figure is available in the online journal.)

4.2. Structure of Meridional Flows

Another important large-scale flow established in rotating
convective envelopes is the mean (axisymmetric) meridional
circulation (i.e., the flow in the r–θ plane). This flow is main-
tained by small imbalance between latitudinal pressure gradi-
ent, Coriolis force acting on the differential rotation, Reynolds
stresses, and buoyancy forces in the purely hydrodynamical
case (e.g., Miesch 2005; Brun & Rempel 2008). In the Sun,
this relatively weak flow (with respect to the solar differential
rotation) is thought to play an important role in setting the solar
cycle (Jouve & Brun 2007). It also plays important role for the
redistribution of angular momentum, even though it only con-
tains about 0.5% of the total kinetic energy (Brun & Toomre
2002). By contrast, in our RGB simulations we find that the
kinetic energy contained in the meridional circulation (MCKE)

Red Giant:  Brun & Palacios, 2009,  ApJ, 702, 1078

slow

fast

uniform

uniform

It is unclear how the ASH energy non-conservation 
in stratified environments affects this result (Brown et al, 2012).
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• We see a variety of behavior!

• It seems to depend upon Rossby number (ratio of inertial to 
Coriolis force), and perhaps stratification

• above j~10^14 cm^2/sec, rotation will dominate convective 
mixing, giving a bifurcation in behavior (and a new class of 
progenitors)

• The insights from 3D simulations should be applied to 
calculations of stellar evolution

• We must regard our understanding of the evolution to core 
collapse as incomplete at best  
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