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Outline

• Extremely Weakly Interacting Particles (EWIPs)

• Cosmic Relic Abundances (Th.Relic, Th.Prod.)

• Calculation of the Collision Term (Hard + Soft)

• Phenomenological Implications (TD, DM, BBN)
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Extensions of the Standard Model
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Fig. 3. Summary of astrophysical
and cosmological axion limits as dis-
cussed in the text. The black sensitiv-
ity bars indicate the search ranges of
the CAST solar axion search and the
ADMX search for galactic dark matter
axions. Light-grey exclusion bars are
very model dependent

The requirement that the neutrino signal of SN 1987A was not excessively
shortened by axion losses pushes the limits down to ma ! 10 meV. However,
this limit involves many uncertainties that are difficult to quantify so that
it is somewhat schematic. The CAST search for solar axions [46] covers new
territory in the parameter plane of ma and gaγγ , but a signal would represent
a conflict with the SN 1987A limit. While this limit certainly suggests that
axions more plausibly have masses relevant for cold dark matter, a single
argument, measurement or observation is never conclusive.

In the DFSZ model, the limits from white-dwarf cooling based on the
axion-electron interaction and those from SN 1987A from the axion-nucleon
interaction are quite similar. Therefore, axion emission could still play an
important role as an energy-loss channel of both SNe and white dwarfs and
for other evolved stars, e.g. asymptotic giant stars.

In summary, axions provide a show-case example for the fascinating inter-
play between astrophysics, cosmology and particle physics to solve some of
the deepest mysteries at the interface between inner space and outer space.

Astrophysical Axion Bounds

Bounds from Axion Searches

Cosmological Axion Bounds
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Fig. 3. Summary of astrophysical
and cosmological axion limits as dis-
cussed in the text. The black sensitiv-
ity bars indicate the search ranges of
the CAST solar axion search and the
ADMX search for galactic dark matter
axions. Light-grey exclusion bars are
very model dependent

The requirement that the neutrino signal of SN 1987A was not excessively
shortened by axion losses pushes the limits down to ma ! 10 meV. However,
this limit involves many uncertainties that are difficult to quantify so that
it is somewhat schematic. The CAST search for solar axions [46] covers new
territory in the parameter plane of ma and gaγγ , but a signal would represent
a conflict with the SN 1987A limit. While this limit certainly suggests that
axions more plausibly have masses relevant for cold dark matter, a single
argument, measurement or observation is never conclusive.

In the DFSZ model, the limits from white-dwarf cooling based on the
axion-electron interaction and those from SN 1987A from the axion-nucleon
interaction are quite similar. Therefore, axion emission could still play an
important role as an energy-loss channel of both SNe and white dwarfs and
for other evolved stars, e.g. asymptotic giant stars.

In summary, axions provide a show-case example for the fascinating inter-
play between astrophysics, cosmology and particle physics to solve some of
the deepest mysteries at the interface between inner space and outer space.

Astrophysical Axion Bounds

Bounds from Axion Searches

Cosmological Axion Bounds
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FIG. 4. The axion density parameter from thermal processes
for TR = 106 GeV (solid), 107 GeV (dashed) and 108 GeV
(dash-dotted) and the one from the misalignment mechanism
for θi = 1, 0.1, and 0.01 (dotted). The density parameters
for thermal relic axions, photons, and cold dark matter are
indicated respectively by the gray dotted line (Ωeq

a h2), the
gray thin line (Ωγh

2), and the gray horizontal bar (ΩCDMh2).

this critical TR value allows us to extract an estimate of
the axion decoupling temperature TD. We find that our
numerical results are well described by

TD ≈ 9.6× 106GeV

(
fPQ

1010GeV

)2.246

. (15)

In a previous study [3], the decoupling of axions that
were in thermal equilibrium in the QGP was calculated.
When following [3] but including (14), we find that the
temperature at which the axion yield from thermal pro-
cesses started to differ by more than 5% from Y eq

a agrees
basically with (15). The axion interaction rate Γ equals
H already at temperatures about a factor four below (15)
which however amounts to a different definition of TD.
Axion density parameter—Since also thermally pro-

duced axions have basically a thermal spectrum, we find
that the density parameter from thermal processes in the
primordial plasma can be described approximately by

ΩTP/eq
a h2 #

√
〈pa,0〉2 +m2

a Y
TP/eq
a s(T0)h

2/ρc (16)

with present averagemomentum 〈pa,0〉 = 2.701Ta,0 given
by the present axion temperature Ta,0 = 0.332T0 #
0.08 meV, where T0 # 0.235 meV is the present cosmic
microwave background temperature, h # 0.7 is Hubble’s
constant in units of 100 km/Mpc/s and ρc/[s(T0)h2] =
3.6 eV. A comparison of Ta,0 with the axion mass

ma # 0.6 meV (1010 GeV/fPQ) shows that this axion
population is still relativistic today for fPQ ! 1011GeV.
In Fig. 4 the solid, dashed, and dash-dotted lines show

ΩTP/eq
a h2 for TR = 106, 107, and 108GeV, respectively.

In the fPQ region to the right (left) of the respective kink,

in which TR < TD (TR > TD) holds, ΩTP (eq)
a h2 applies

which behaves as ∝ f−3
PQ (f−1

PQ) for ma ' Ta,0 and as

∝ f−2
PQ (f0

PQ) forma ( Ta,0. The gray dotted curve shows

Ωeq
a h2 for higher TR with TR > TD and also indicates

an upper limit on the thermally produced axion density.
Even Ωeq

a h2 stays well below the cold dark matter density
ΩCDMh2 # 0.1 (gray horizontal bar) and also below the
photon density Ωγh2 # 2.5× 10−5 (gray thin line) [5] in
the allowed fPQ range (2). There, also the current hot
dark matter limits are safely respected [12].
In cosmological settings with TR > TD, also axions

produced non-thermally before axion decoupling (e.g., in
inflaton decays) will be thermalized resulting in Ωeq

a h2.
The axion condensate from the misalignment mechanism
however is not affected—independent of the hierarchy be-
tween TR and TD—since thermal axion production in the
QGP is negligible at T " 1 GeV. Thus, the associated
density ΩMIS

a h2 ∼ 0.15 θ2i (fPQ/1012GeV)7/6 [1, 2, 13] can

coexist with ΩTP/eq
a h2 and is governed by the misalign-

ment angle θi as illustrated by the dotted lines in Fig. 4.
Thereby, the combination of the axion cold dark mat-
ter condensate with the axions from thermal processes,

Ωah2 = ΩMIS
a h2 + ΩTP/eq

a h2, give the analog of a Lee–
Weinberg curve. Taking into account the relation be-
tween fPQ and ma, this is exactly the type of curve that
can be inferred from Fig. 4. Here our calculation of ther-
mal axion production in the QGP allows us to cover for
the first time also cosmological settings with TR < TD.
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FIG. 1: Upper limits on the reheating temperature TR as a
function of the axino mass mea in scenarios with axino cold
dark matter for fa = 1011, 1012, 1013, and 1014 GeV (as la-
beled). For (mea, TR) combinations within the gray bands, the
thermally produced axino density ΩTP

ea h2 is within the nomi-
nal 3σ range (1). For given fa, the region above the associated
band is disfavored by ΩTP

ea h2 > 0.126.

III. THE CHARGED SLEPTON LOSP CASE

While the TR limits discussed above are independent
of the LOSP, we turn now to the phenomenologically
attractive case in which the LOSP is a charged slepton
l̃1. To be specific, we focus on the τ̃1 LOSP case under
the simplifying assumption that the lighter stau is purely
‘right-handed,’ τ̃1 = τ̃R, which is a good approximation
at least for small tan β. The χ̃0

1–τ̃1 coupling is then dom-
inated by the bino coupling. For further simplicity, we
also assume that the lightest neutralino is a pure bino:
χ̃0

1 = B̃.
We consider SUSY hadronic axion models in which

the interaction of the axion multiplet Φ with the heavy
KSVZ quark multiplets Q1 and Q2 is described by the
superpotential

WPQ = yΦQ1Q2 (3)

with the quantum numbers given in Table I and the
Yukawa coupling y. From the 2-component fields of Ta-
ble I, the 4-component fields describing the axino and the
heavy KSVZ quark are given, respectively, by

ã =

(
χ

χ̄

)

and Q =

(
q1

q̄2

)

. (4)

For the heavy KSVZ (s)quark masses, we use the SUSY
limit M eQ1,2

= MQ = y〈φ〉 = yfa/
√

2 with both y and fa

TABLE I: The axion multiplet Φ, the heavy KSVZ quark mul-
tiplets Q1,2, and the associated quantum numbers considered
in this work.

chiral multiplet U(1)PQ (SU(3)c, SU(2)L)Y

Φ = φ +
√

2χθ + FΦθθ +1 (1, 1)0

Q1 = eQ1 +
√

2q1θ + F1θθ -1/2 (3, 1)+eQ

Q2 = eQ2 +
√

2q2θ + F2θθ -1/2 (3∗, 1)−eQ

taken to be real by field redefinitions. The phenomeno-
logical constraint fa ! 6 × 108 GeV [8–11] thus implies
a large mass hierarchy between the KSVZ (s)quarks and
the weak and the soft SUSY mass scales for y = O(1),

M eQ1,2
, MQ % mZ, mSUSY . (5)

Before proceeding, let us recall axion and axino inter-
actions to clarify the definition of fa =

√
2〈φ〉 in the

considered models. By integrating out the heavy KSVZ
(s)quarks, axion-gluon and axion-photon interactions are
obtained as described by the effective Lagrangians

Lagg =
g2
s

32π2fa
a Ga

µνG̃aµν (6)

Laγγ =
e2Caγγ

32π2fa
a FµνF̃µν , (7)

where Ga
µν and Fµν are the gluon and electromagnetic

field strength tensors, respectively, whose duals are given
by G̃a

µν = εµνρσGaρσ/2 and F̃µν = εµνρσF ρσ/2; e2 =
4πα. After chiral symmetry breaking,

Caγγ = 6e2
Q −

2

3

4 + z

1 + z
(8)

for the models described by (3) and Table I, where z =
mu/md ' 0.56 denotes the ratio of the up and down
quark masses. The corresponding interactions of axinos
with gluons and gluinos g̃ are obtained as described by

Leaegg = i
g2
s

64π2fa

¯̃a γ5 [γµ, γν ] g̃a Ga
µν (9)

and as used in the derivation of (2).
In R-parity conserving settings in which the τ̃R LOSP

is the NLSP, its lifetime τeτ is governed by the decay
τ̃R → τ ã. For the models given by (3) and Table I, the
Feynman diagrams of the dominant contributions to the
2-body stau NLSP decay τ̃R → τ ã are shown in Fig. 2.
Since mτ ) meτ , we work in the limit mτ → 0. The
decay amplitude depends on the parameters of the heavy
(s)quark sector through their masses MQ = yfa/

√
2, the

Yukawa coupling y, and the gauge couplings eeQ. In
fact, in the calculation of the 2-loop diagrams, the hier-
archy (5) allows us to make use of a heavy mass expansion
in powers of 1/fa [39]. In this asymptotic expansion, it
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Thermal axion production in the primordial quark-gluon plasma

Peter Graf and Frank Daniel Steffen
Max-Planck-Institut für Physik, Föhringer Ring 6, D–80805 Munich, Germany

We calculate the rate for thermal production of axions via scattering of quarks and gluons in the
primordial quark-gluon plasma. To obtain a finite result in a gauge-invariant way that is consistent
to leading order in the strong gauge coupling, we use systematic field theoretical methods such
as hard thermal loop resummation and the Braaten–Yuan prescription. The thermally produced
yield, the decoupling temperature, and the density parameter are computed for axions with a mass
below 10 meV. In this regime, with a Peccei–Quinn scale above 6 × 108 GeV, the associated axion
population can still be relativistic today and can coexist with the axion cold dark matter condensate.

PACS numbers: 14.80.Va, 98.80.Cq, 95.35.+d, 95.30.Cq

Introduction—If the Peccei–Quinn (PQ) mechanism is
the explanation of the strong CP problem, axions will
pervade the Universe as an extremely weakly interacting
light particle species. In fact, an axion condensate is still
one of the most compelling explanations of the cold dark
matter in our Universe [1, 2]. While such a condensate
would form at temperatures T ! 1 GeV, additional pop-
ulations of axions can originate from processes at much
higher temperatures. Even if the reheating temperature
TR after inflation is such that axions were never in ther-
mal equilibrium with the primordial plasma, they can be
produced efficiently via scattering of quarks and gluons.
Here we calculate for the first time the associated thermal
production rate consistent to leading order in the strong
gauge coupling gs in a gauge-invariant way. The result
allows us to compute the associated relic abundance and
to estimate the critical TR value below which our con-
siderations are relevant. For a higher value of TR, one
will face the case in which axions were in thermal equi-
librium with the primordial plasma before decoupling at
the temperature TD as a hot thermal relic [1, 3]. The
obtained critical TR value can then be identified with the
axion decoupling temperature TD.
We focus on the model-independent axion (a) interac-

tions with gluons given by the Lagrangian1

La =
g2s

32π2fPQ
aGb

µνG̃
b µν , (1)

with the gluon field strength tensor Gb
µν , its dual G̃

b
µν =

εµνρσGb ρσ/2, and the scale fPQ at which the PQ sym-
metry is broken spontaneously. Numerous laboratory,
astrophysical, and cosmological studies point to

fPQ " 6× 108 GeV , (2)

which implies that axions are stable on cosmological
timescales [4, 5]. Considering this fPQ range, we can

1 The relation of fPQ to the VEV 〈φ〉 that breaks the U(1)PQ sym-
metry depends on the axion model and the associated domain
wall number N : fPQ ∝ 〈φ〉/N ; cf. [1, 2] and references therein.

neglect axion production via ππ → πa in the primordial
hot hadronic gas [6, 7]. Moreover, Primakoff processes
such as e−γ → e−a are not taken into account since they
depend on the axion model and are usually far less effi-
cient in the early Universe [8].

We assume a standard thermal history and refer to
TR as the initial temperature of the radiation-dominated
epoch. While inflation models can point to TR well above
1010 GeV, we focus on the case TR < fPQ such that no
PQ symmetry restoration takes place after inflation.

Related studies exist. The decoupling of axions out
of thermal equilibrium with the primordial quark-gluon
plasma (QGP) was considered in Refs. [1, 3]. While the
same QCD processes are relevant, our study treats the
thermal production of axions that were never in thermal
equilibrium. Moreover, we use hard thermal loop (HTL)
resummation [9] and the Braaten–Yuan prescription [10]
which allow for a systematic gauge-invariant treatment
of screening effects in the QGP. In fact, that prescription
was introduced on the example of axion production in a
hot QED plasma [10]; see also Ref. [11].

Thermal production rate—Let us calculate the thermal
production rate of axions with energies E " T in the hot
QGP. The relevant 2 → 2 scattering processes involv-
ing (1) are shown in Fig. 1. The corresponding squared
matrix elements are listed in Table I, where s = (P1+P2)2

and t = (P1 − P3)2 with P1, P2, P3, and P referring to

TABLE I. Squared matrix elements for axion (a) production
in 2-body processes involving quarks of a single chirality (qi)
and gluons (ga) in the high-temperature limit, T " mi, with
the SU(Nc) color matrices fabc and T a

ji. Sums over initial and
final state spins have been performed.

Label i Process i |Mi|2/

(

g6
s

128π4f2
PQ

)

A ga + gb → gc + a −4 (s2+st+t2)2

st(s+t) |fabc|2

B qi + q̄j → ga + a
(

2t2

s
+ 2t+ s

)

|T a
ji|

2

C qi + ga → qj + a
(

− 2s2

t
− 2s − t

)

|T a
ji|

2

3
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FIG. 1: Upper limits on the reheating temperature TR as a
function of the axino mass mea in scenarios with axino cold
dark matter for fa = 1011, 1012, 1013, and 1014 GeV (as la-
beled). For (mea, TR) combinations within the gray bands, the
thermally produced axino density ΩTP

ea h2 is within the nomi-
nal 3σ range (1). For given fa, the region above the associated
band is disfavored by ΩTP

ea h2 > 0.126.

III. THE CHARGED SLEPTON LOSP CASE

While the TR limits discussed above are independent
of the LOSP, we turn now to the phenomenologically
attractive case in which the LOSP is a charged slepton
l̃1. To be specific, we focus on the τ̃1 LOSP case under
the simplifying assumption that the lighter stau is purely
‘right-handed,’ τ̃1 = τ̃R, which is a good approximation
at least for small tan β. The χ̃0

1–τ̃1 coupling is then dom-
inated by the bino coupling. For further simplicity, we
also assume that the lightest neutralino is a pure bino:
χ̃0

1 = B̃.
We consider SUSY hadronic axion models in which

the interaction of the axion multiplet Φ with the heavy
KSVZ quark multiplets Q1 and Q2 is described by the
superpotential

WPQ = yΦQ1Q2 (3)

with the quantum numbers given in Table I and the
Yukawa coupling y. From the 2-component fields of Ta-
ble I, the 4-component fields describing the axino and the
heavy KSVZ quark are given, respectively, by

ã =

(
χ

χ̄

)

and Q =

(
q1

q̄2

)

. (4)

For the heavy KSVZ (s)quark masses, we use the SUSY
limit M eQ1,2

= MQ = y〈φ〉 = yfa/
√

2 with both y and fa

TABLE I: The axion multiplet Φ, the heavy KSVZ quark mul-
tiplets Q1,2, and the associated quantum numbers considered
in this work.

chiral multiplet U(1)PQ (SU(3)c, SU(2)L)Y

Φ = φ +
√

2χθ + FΦθθ +1 (1, 1)0

Q1 = eQ1 +
√

2q1θ + F1θθ -1/2 (3, 1)+eQ

Q2 = eQ2 +
√

2q2θ + F2θθ -1/2 (3∗, 1)−eQ

taken to be real by field redefinitions. The phenomeno-
logical constraint fa ! 6 × 108 GeV [8–11] thus implies
a large mass hierarchy between the KSVZ (s)quarks and
the weak and the soft SUSY mass scales for y = O(1),

M eQ1,2
, MQ % mZ, mSUSY . (5)

Before proceeding, let us recall axion and axino inter-
actions to clarify the definition of fa =

√
2〈φ〉 in the

considered models. By integrating out the heavy KSVZ
(s)quarks, axion-gluon and axion-photon interactions are
obtained as described by the effective Lagrangians

Lagg =
g2
s

32π2fa
a Ga

µνG̃aµν (6)

Laγγ =
e2Caγγ

32π2fa
a FµνF̃µν , (7)

where Ga
µν and Fµν are the gluon and electromagnetic

field strength tensors, respectively, whose duals are given
by G̃a

µν = εµνρσGaρσ/2 and F̃µν = εµνρσF ρσ/2; e2 =
4πα. After chiral symmetry breaking,

Caγγ = 6e2
Q −

2

3

4 + z

1 + z
(8)

for the models described by (3) and Table I, where z =
mu/md ' 0.56 denotes the ratio of the up and down
quark masses. The corresponding interactions of axinos
with gluons and gluinos g̃ are obtained as described by

Leaegg = i
g2
s

64π2fa

¯̃a γ5 [γµ, γν ] g̃a Ga
µν (9)

and as used in the derivation of (2).
In R-parity conserving settings in which the τ̃R LOSP

is the NLSP, its lifetime τeτ is governed by the decay
τ̃R → τ ã. For the models given by (3) and Table I, the
Feynman diagrams of the dominant contributions to the
2-body stau NLSP decay τ̃R → τ ã are shown in Fig. 2.
Since mτ ) meτ , we work in the limit mτ → 0. The
decay amplitude depends on the parameters of the heavy
(s)quark sector through their masses MQ = yfa/

√
2, the

Yukawa coupling y, and the gauge couplings eeQ. In
fact, in the calculation of the 2-loop diagrams, the hier-
archy (5) allows us to make use of a heavy mass expansion
in powers of 1/fa [39]. In this asymptotic expansion, it
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FIG. 1: Upper limits on the reheating temperature TR as a
function of the axino mass mea in scenarios with axino cold
dark matter for fa = 1011, 1012, 1013, and 1014 GeV (as la-
beled). For (mea, TR) combinations within the gray bands, the
thermally produced axino density ΩTP

ea h2 is within the nomi-
nal 3σ range (1). For given fa, the region above the associated
band is disfavored by ΩTP

ea h2 > 0.126.

III. THE CHARGED SLEPTON LOSP CASE

While the TR limits discussed above are independent
of the LOSP, we turn now to the phenomenologically
attractive case in which the LOSP is a charged slepton
l̃1. To be specific, we focus on the τ̃1 LOSP case under
the simplifying assumption that the lighter stau is purely
‘right-handed,’ τ̃1 = τ̃R, which is a good approximation
at least for small tan β. The χ̃0

1–τ̃1 coupling is then dom-
inated by the bino coupling. For further simplicity, we
also assume that the lightest neutralino is a pure bino:
χ̃0

1 = B̃.
We consider SUSY hadronic axion models in which

the interaction of the axion multiplet Φ with the heavy
KSVZ quark multiplets Q1 and Q2 is described by the
superpotential

WPQ = yΦQ1Q2 (3)

with the quantum numbers given in Table I and the
Yukawa coupling y. From the 2-component fields of Ta-
ble I, the 4-component fields describing the axino and the
heavy KSVZ quark are given, respectively, by

ã =

(
χ

χ̄

)

and Q =

(
q1

q̄2

)

. (4)

For the heavy KSVZ (s)quark masses, we use the SUSY
limit M eQ1,2

= MQ = y〈φ〉 = yfa/
√

2 with both y and fa

TABLE I: The axion multiplet Φ, the heavy KSVZ quark mul-
tiplets Q1,2, and the associated quantum numbers considered
in this work.

chiral multiplet U(1)PQ (SU(3)c, SU(2)L)Y

Φ = φ +
√

2χθ + FΦθθ +1 (1, 1)0

Q1 = eQ1 +
√

2q1θ + F1θθ -1/2 (3, 1)+eQ

Q2 = eQ2 +
√

2q2θ + F2θθ -1/2 (3∗, 1)−eQ

taken to be real by field redefinitions. The phenomeno-
logical constraint fa ! 6 × 108 GeV [8–11] thus implies
a large mass hierarchy between the KSVZ (s)quarks and
the weak and the soft SUSY mass scales for y = O(1),

M eQ1,2
, MQ % mZ, mSUSY . (5)

Before proceeding, let us recall axion and axino inter-
actions to clarify the definition of fa =

√
2〈φ〉 in the

considered models. By integrating out the heavy KSVZ
(s)quarks, axion-gluon and axion-photon interactions are
obtained as described by the effective Lagrangians

Lagg =
g2
s

32π2fa
a Ga

µνG̃aµν (6)

Laγγ =
e2Caγγ

32π2fa
a FµνF̃µν , (7)

where Ga
µν and Fµν are the gluon and electromagnetic

field strength tensors, respectively, whose duals are given
by G̃a

µν = εµνρσGaρσ/2 and F̃µν = εµνρσF ρσ/2; e2 =
4πα. After chiral symmetry breaking,

Caγγ = 6e2
Q −

2

3

4 + z

1 + z
(8)

for the models described by (3) and Table I, where z =
mu/md ' 0.56 denotes the ratio of the up and down
quark masses. The corresponding interactions of axinos
with gluons and gluinos g̃ are obtained as described by

Leaegg = i
g2
s

64π2fa

¯̃a γ5 [γµ, γν ] g̃a Ga
µν (9)

and as used in the derivation of (2).
In R-parity conserving settings in which the τ̃R LOSP

is the NLSP, its lifetime τeτ is governed by the decay
τ̃R → τ ã. For the models given by (3) and Table I, the
Feynman diagrams of the dominant contributions to the
2-body stau NLSP decay τ̃R → τ ã are shown in Fig. 2.
Since mτ ) meτ , we work in the limit mτ → 0. The
decay amplitude depends on the parameters of the heavy
(s)quark sector through their masses MQ = yfa/

√
2, the

Yukawa coupling y, and the gauge couplings eeQ. In
fact, in the calculation of the 2-loop diagrams, the hier-
archy (5) allows us to make use of a heavy mass expansion
in powers of 1/fa [39]. In this asymptotic expansion, it
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Thermal axion production in the primordial quark-gluon plasma

Peter Graf and Frank Daniel Steffen
Max-Planck-Institut für Physik, Föhringer Ring 6, D–80805 Munich, Germany

We calculate the rate for thermal production of axions via scattering of quarks and gluons in the
primordial quark-gluon plasma. To obtain a finite result in a gauge-invariant way that is consistent
to leading order in the strong gauge coupling, we use systematic field theoretical methods such
as hard thermal loop resummation and the Braaten–Yuan prescription. The thermally produced
yield, the decoupling temperature, and the density parameter are computed for axions with a mass
below 10 meV. In this regime, with a Peccei–Quinn scale above 6 × 108 GeV, the associated axion
population can still be relativistic today and can coexist with the axion cold dark matter condensate.

PACS numbers: 14.80.Va, 98.80.Cq, 95.35.+d, 95.30.Cq

Introduction—If the Peccei–Quinn (PQ) mechanism is
the explanation of the strong CP problem, axions will
pervade the Universe as an extremely weakly interacting
light particle species. In fact, an axion condensate is still
one of the most compelling explanations of the cold dark
matter in our Universe [1, 2]. While such a condensate
would form at temperatures T ! 1 GeV, additional pop-
ulations of axions can originate from processes at much
higher temperatures. Even if the reheating temperature
TR after inflation is such that axions were never in ther-
mal equilibrium with the primordial plasma, they can be
produced efficiently via scattering of quarks and gluons.
Here we calculate for the first time the associated thermal
production rate consistent to leading order in the strong
gauge coupling gs in a gauge-invariant way. The result
allows us to compute the associated relic abundance and
to estimate the critical TR value below which our con-
siderations are relevant. For a higher value of TR, one
will face the case in which axions were in thermal equi-
librium with the primordial plasma before decoupling at
the temperature TD as a hot thermal relic [1, 3]. The
obtained critical TR value can then be identified with the
axion decoupling temperature TD.
We focus on the model-independent axion (a) interac-

tions with gluons given by the Lagrangian1

La =
g2s

32π2fPQ
aGb

µνG̃
b µν , (1)

with the gluon field strength tensor Gb
µν , its dual G̃

b
µν =

εµνρσGb ρσ/2, and the scale fPQ at which the PQ sym-
metry is broken spontaneously. Numerous laboratory,
astrophysical, and cosmological studies point to

fPQ " 6× 108 GeV , (2)

which implies that axions are stable on cosmological
timescales [4, 5]. Considering this fPQ range, we can

1 The relation of fPQ to the VEV 〈φ〉 that breaks the U(1)PQ sym-
metry depends on the axion model and the associated domain
wall number N : fPQ ∝ 〈φ〉/N ; cf. [1, 2] and references therein.

neglect axion production via ππ → πa in the primordial
hot hadronic gas [6, 7]. Moreover, Primakoff processes
such as e−γ → e−a are not taken into account since they
depend on the axion model and are usually far less effi-
cient in the early Universe [8].

We assume a standard thermal history and refer to
TR as the initial temperature of the radiation-dominated
epoch. While inflation models can point to TR well above
1010 GeV, we focus on the case TR < fPQ such that no
PQ symmetry restoration takes place after inflation.

Related studies exist. The decoupling of axions out
of thermal equilibrium with the primordial quark-gluon
plasma (QGP) was considered in Refs. [1, 3]. While the
same QCD processes are relevant, our study treats the
thermal production of axions that were never in thermal
equilibrium. Moreover, we use hard thermal loop (HTL)
resummation [9] and the Braaten–Yuan prescription [10]
which allow for a systematic gauge-invariant treatment
of screening effects in the QGP. In fact, that prescription
was introduced on the example of axion production in a
hot QED plasma [10]; see also Ref. [11].

Thermal production rate—Let us calculate the thermal
production rate of axions with energies E " T in the hot
QGP. The relevant 2 → 2 scattering processes involv-
ing (1) are shown in Fig. 1. The corresponding squared
matrix elements are listed in Table I, where s = (P1+P2)2

and t = (P1 − P3)2 with P1, P2, P3, and P referring to

TABLE I. Squared matrix elements for axion (a) production
in 2-body processes involving quarks of a single chirality (qi)
and gluons (ga) in the high-temperature limit, T " mi, with
the SU(Nc) color matrices fabc and T a

ji. Sums over initial and
final state spins have been performed.

Label i Process i |Mi|2/

(

g6
s

128π4f2
PQ

)

A ga + gb → gc + a −4 (s2+st+t2)2

st(s+t) |fabc|2

B qi + q̄j → ga + a
(

2t2

s
+ 2t+ s

)

|T a
ji|

2

C qi + ga → qj + a
(

− 2s2

t
− 2s − t

)

|T a
ji|

2

(or )
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FIG. 4. The axion density parameter from thermal processes
for TR = 106 GeV (solid), 107 GeV (dashed) and 108 GeV
(dash-dotted) and the one from the misalignment mechanism
for θi = 1, 0.1, and 0.01 (dotted). The density parameters
for thermal relic axions, photons, and cold dark matter are
indicated respectively by the gray dotted line (Ωeq

a h2), the
gray thin line (Ωγh

2), and the gray horizontal bar (ΩCDMh2).

this critical TR value allows us to extract an estimate of
the axion decoupling temperature TD. We find that our
numerical results are well described by

TD ≈ 9.6× 106GeV

(
fPQ

1010GeV

)2.246

. (15)

In a previous study [3], the decoupling of axions that
were in thermal equilibrium in the QGP was calculated.
When following [3] but including (14), we find that the
temperature at which the axion yield from thermal pro-
cesses started to differ by more than 5% from Y eq

a agrees
basically with (15). The axion interaction rate Γ equals
H already at temperatures about a factor four below (15)
which however amounts to a different definition of TD.
Axion density parameter—Since also thermally pro-

duced axions have basically a thermal spectrum, we find
that the density parameter from thermal processes in the
primordial plasma can be described approximately by

ΩTP/eq
a h2 #

√
〈pa,0〉2 +m2

a Y
TP/eq
a s(T0)h

2/ρc (16)

with present averagemomentum 〈pa,0〉 = 2.701Ta,0 given
by the present axion temperature Ta,0 = 0.332T0 #
0.08 meV, where T0 # 0.235 meV is the present cosmic
microwave background temperature, h # 0.7 is Hubble’s
constant in units of 100 km/Mpc/s and ρc/[s(T0)h2] =
3.6 eV. A comparison of Ta,0 with the axion mass

ma # 0.6 meV (1010 GeV/fPQ) shows that this axion
population is still relativistic today for fPQ ! 1011GeV.
In Fig. 4 the solid, dashed, and dash-dotted lines show

ΩTP/eq
a h2 for TR = 106, 107, and 108GeV, respectively.

In the fPQ region to the right (left) of the respective kink,

in which TR < TD (TR > TD) holds, ΩTP (eq)
a h2 applies

which behaves as ∝ f−3
PQ (f−1

PQ) for ma ' Ta,0 and as

∝ f−2
PQ (f0

PQ) forma ( Ta,0. The gray dotted curve shows

Ωeq
a h2 for higher TR with TR > TD and also indicates

an upper limit on the thermally produced axion density.
Even Ωeq

a h2 stays well below the cold dark matter density
ΩCDMh2 # 0.1 (gray horizontal bar) and also below the
photon density Ωγh2 # 2.5× 10−5 (gray thin line) [5] in
the allowed fPQ range (2). There, also the current hot
dark matter limits are safely respected [12].
In cosmological settings with TR > TD, also axions

produced non-thermally before axion decoupling (e.g., in
inflaton decays) will be thermalized resulting in Ωeq

a h2.
The axion condensate from the misalignment mechanism
however is not affected—independent of the hierarchy be-
tween TR and TD—since thermal axion production in the
QGP is negligible at T " 1 GeV. Thus, the associated
density ΩMIS

a h2 ∼ 0.15 θ2i (fPQ/1012GeV)7/6 [1, 2, 13] can

coexist with ΩTP/eq
a h2 and is governed by the misalign-

ment angle θi as illustrated by the dotted lines in Fig. 4.
Thereby, the combination of the axion cold dark mat-
ter condensate with the axions from thermal processes,

Ωah2 = ΩMIS
a h2 + ΩTP/eq

a h2, give the analog of a Lee–
Weinberg curve. Taking into account the relation be-
tween fPQ and ma, this is exactly the type of curve that
can be inferred from Fig. 4. Here our calculation of ther-
mal axion production in the QGP allows us to cover for
the first time also cosmological settings with TR < TD.
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FIG. 4. The axion density parameter from thermal processes
for TR = 106 GeV (solid), 107 GeV (dashed) and 108 GeV
(dash-dotted) and the one from the misalignment mechanism
for θi = 1, 0.1, and 0.01 (dotted). The density parameters
for thermal relic axions, photons, and cold dark matter are
indicated respectively by the gray dotted line (Ωeq

a h2), the
gray thin line (Ωγh

2), and the gray horizontal bar (ΩCDMh2).

this critical TR value allows us to extract an estimate of
the axion decoupling temperature TD. We find that our
numerical results are well described by

TD ≈ 9.6× 106GeV

(
fPQ

1010GeV

)2.246

. (15)

In a previous study [3], the decoupling of axions that
were in thermal equilibrium in the QGP was calculated.
When following [3] but including (14), we find that the
temperature at which the axion yield from thermal pro-
cesses started to differ by more than 5% from Y eq

a agrees
basically with (15). The axion interaction rate Γ equals
H already at temperatures about a factor four below (15)
which however amounts to a different definition of TD.
Axion density parameter—Since also thermally pro-

duced axions have basically a thermal spectrum, we find
that the density parameter from thermal processes in the
primordial plasma can be described approximately by

ΩTP/eq
a h2 #

√
〈pa,0〉2 +m2

a Y
TP/eq
a s(T0)h

2/ρc (16)

with present averagemomentum 〈pa,0〉 = 2.701Ta,0 given
by the present axion temperature Ta,0 = 0.332T0 #
0.08 meV, where T0 # 0.235 meV is the present cosmic
microwave background temperature, h # 0.7 is Hubble’s
constant in units of 100 km/Mpc/s and ρc/[s(T0)h2] =
3.6 eV. A comparison of Ta,0 with the axion mass

ma # 0.6 meV (1010 GeV/fPQ) shows that this axion
population is still relativistic today for fPQ ! 1011GeV.
In Fig. 4 the solid, dashed, and dash-dotted lines show

ΩTP/eq
a h2 for TR = 106, 107, and 108GeV, respectively.

In the fPQ region to the right (left) of the respective kink,

in which TR < TD (TR > TD) holds, ΩTP (eq)
a h2 applies

which behaves as ∝ f−3
PQ (f−1

PQ) for ma ' Ta,0 and as

∝ f−2
PQ (f0

PQ) forma ( Ta,0. The gray dotted curve shows

Ωeq
a h2 for higher TR with TR > TD and also indicates

an upper limit on the thermally produced axion density.
Even Ωeq

a h2 stays well below the cold dark matter density
ΩCDMh2 # 0.1 (gray horizontal bar) and also below the
photon density Ωγh2 # 2.5× 10−5 (gray thin line) [5] in
the allowed fPQ range (2). There, also the current hot
dark matter limits are safely respected [12].
In cosmological settings with TR > TD, also axions

produced non-thermally before axion decoupling (e.g., in
inflaton decays) will be thermalized resulting in Ωeq

a h2.
The axion condensate from the misalignment mechanism
however is not affected—independent of the hierarchy be-
tween TR and TD—since thermal axion production in the
QGP is negligible at T " 1 GeV. Thus, the associated
density ΩMIS

a h2 ∼ 0.15 θ2i (fPQ/1012GeV)7/6 [1, 2, 13] can

coexist with ΩTP/eq
a h2 and is governed by the misalign-

ment angle θi as illustrated by the dotted lines in Fig. 4.
Thereby, the combination of the axion cold dark mat-
ter condensate with the axions from thermal processes,

Ωah2 = ΩMIS
a h2 + ΩTP/eq

a h2, give the analog of a Lee–
Weinberg curve. Taking into account the relation be-
tween fPQ and ma, this is exactly the type of curve that
can be inferred from Fig. 4. Here our calculation of ther-
mal axion production in the QGP allows us to cover for
the first time also cosmological settings with TR < TD.
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FIG. 4. The axion density parameter from thermal processes
for TR = 106 GeV (solid), 107 GeV (dashed) and 108 GeV
(dash-dotted) and the one from the misalignment mechanism
for θi = 1, 0.1, and 0.01 (dotted). The density parameters
for thermal relic axions, photons, and cold dark matter are
indicated respectively by the gray dotted line (Ωeq

a h2), the
gray thin line (Ωγh

2), and the gray horizontal bar (ΩCDMh2).

this critical TR value allows us to extract an estimate of
the axion decoupling temperature TD. We find that our
numerical results are well described by

TD ≈ 9.6× 106GeV

(
fPQ

1010GeV

)2.246

. (15)

In a previous study [3], the decoupling of axions that
were in thermal equilibrium in the QGP was calculated.
When following [3] but including (14), we find that the
temperature at which the axion yield from thermal pro-
cesses started to differ by more than 5% from Y eq

a agrees
basically with (15). The axion interaction rate Γ equals
H already at temperatures about a factor four below (15)
which however amounts to a different definition of TD.
Axion density parameter—Since also thermally pro-

duced axions have basically a thermal spectrum, we find
that the density parameter from thermal processes in the
primordial plasma can be described approximately by

ΩTP/eq
a h2 #

√
〈pa,0〉2 +m2

a Y
TP/eq
a s(T0)h

2/ρc (16)

with present averagemomentum 〈pa,0〉 = 2.701Ta,0 given
by the present axion temperature Ta,0 = 0.332T0 #
0.08 meV, where T0 # 0.235 meV is the present cosmic
microwave background temperature, h # 0.7 is Hubble’s
constant in units of 100 km/Mpc/s and ρc/[s(T0)h2] =
3.6 eV. A comparison of Ta,0 with the axion mass

ma # 0.6 meV (1010 GeV/fPQ) shows that this axion
population is still relativistic today for fPQ ! 1011GeV.
In Fig. 4 the solid, dashed, and dash-dotted lines show

ΩTP/eq
a h2 for TR = 106, 107, and 108GeV, respectively.

In the fPQ region to the right (left) of the respective kink,

in which TR < TD (TR > TD) holds, ΩTP (eq)
a h2 applies

which behaves as ∝ f−3
PQ (f−1

PQ) for ma ' Ta,0 and as

∝ f−2
PQ (f0

PQ) forma ( Ta,0. The gray dotted curve shows

Ωeq
a h2 for higher TR with TR > TD and also indicates

an upper limit on the thermally produced axion density.
Even Ωeq

a h2 stays well below the cold dark matter density
ΩCDMh2 # 0.1 (gray horizontal bar) and also below the
photon density Ωγh2 # 2.5× 10−5 (gray thin line) [5] in
the allowed fPQ range (2). There, also the current hot
dark matter limits are safely respected [12].
In cosmological settings with TR > TD, also axions

produced non-thermally before axion decoupling (e.g., in
inflaton decays) will be thermalized resulting in Ωeq

a h2.
The axion condensate from the misalignment mechanism
however is not affected—independent of the hierarchy be-
tween TR and TD—since thermal axion production in the
QGP is negligible at T " 1 GeV. Thus, the associated
density ΩMIS

a h2 ∼ 0.15 θ2i (fPQ/1012GeV)7/6 [1, 2, 13] can

coexist with ΩTP/eq
a h2 and is governed by the misalign-

ment angle θi as illustrated by the dotted lines in Fig. 4.
Thereby, the combination of the axion cold dark mat-
ter condensate with the axions from thermal processes,

Ωah2 = ΩMIS
a h2 + ΩTP/eq

a h2, give the analog of a Lee–
Weinberg curve. Taking into account the relation be-
tween fPQ and ma, this is exactly the type of curve that
can be inferred from Fig. 4. Here our calculation of ther-
mal axion production in the QGP allows us to cover for
the first time also cosmological settings with TR < TD.
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FIG. 4. The axion density parameter from thermal processes
for TR = 106 GeV (solid), 107 GeV (dashed) and 108 GeV
(dash-dotted) and the one from the misalignment mechanism
for θi = 1, 0.1, and 0.01 (dotted). The density parameters
for thermal relic axions, photons, and cold dark matter are
indicated respectively by the gray dotted line (Ωeq

a h2), the
gray thin line (Ωγh

2), and the gray horizontal bar (ΩCDMh2).

this critical TR value allows us to extract an estimate of
the axion decoupling temperature TD. We find that our
numerical results are well described by

TD ≈ 9.6× 106GeV

(
fPQ

1010GeV

)2.246

. (15)

In a previous study [3], the decoupling of axions that
were in thermal equilibrium in the QGP was calculated.
When following [3] but including (14), we find that the
temperature at which the axion yield from thermal pro-
cesses started to differ by more than 5% from Y eq

a agrees
basically with (15). The axion interaction rate Γ equals
H already at temperatures about a factor four below (15)
which however amounts to a different definition of TD.
Axion density parameter—Since also thermally pro-

duced axions have basically a thermal spectrum, we find
that the density parameter from thermal processes in the
primordial plasma can be described approximately by

ΩTP/eq
a h2 #

√
〈pa,0〉2 +m2

a Y
TP/eq
a s(T0)h

2/ρc (16)

with present averagemomentum 〈pa,0〉 = 2.701Ta,0 given
by the present axion temperature Ta,0 = 0.332T0 #
0.08 meV, where T0 # 0.235 meV is the present cosmic
microwave background temperature, h # 0.7 is Hubble’s
constant in units of 100 km/Mpc/s and ρc/[s(T0)h2] =
3.6 eV. A comparison of Ta,0 with the axion mass

ma # 0.6 meV (1010 GeV/fPQ) shows that this axion
population is still relativistic today for fPQ ! 1011GeV.
In Fig. 4 the solid, dashed, and dash-dotted lines show

ΩTP/eq
a h2 for TR = 106, 107, and 108GeV, respectively.

In the fPQ region to the right (left) of the respective kink,

in which TR < TD (TR > TD) holds, ΩTP (eq)
a h2 applies

which behaves as ∝ f−3
PQ (f−1

PQ) for ma ' Ta,0 and as

∝ f−2
PQ (f0

PQ) forma ( Ta,0. The gray dotted curve shows

Ωeq
a h2 for higher TR with TR > TD and also indicates

an upper limit on the thermally produced axion density.
Even Ωeq

a h2 stays well below the cold dark matter density
ΩCDMh2 # 0.1 (gray horizontal bar) and also below the
photon density Ωγh2 # 2.5× 10−5 (gray thin line) [5] in
the allowed fPQ range (2). There, also the current hot
dark matter limits are safely respected [12].
In cosmological settings with TR > TD, also axions

produced non-thermally before axion decoupling (e.g., in
inflaton decays) will be thermalized resulting in Ωeq

a h2.
The axion condensate from the misalignment mechanism
however is not affected—independent of the hierarchy be-
tween TR and TD—since thermal axion production in the
QGP is negligible at T " 1 GeV. Thus, the associated
density ΩMIS

a h2 ∼ 0.15 θ2i (fPQ/1012GeV)7/6 [1, 2, 13] can

coexist with ΩTP/eq
a h2 and is governed by the misalign-

ment angle θi as illustrated by the dotted lines in Fig. 4.
Thereby, the combination of the axion cold dark mat-
ter condensate with the axions from thermal processes,

Ωah2 = ΩMIS
a h2 + ΩTP/eq

a h2, give the analog of a Lee–
Weinberg curve. Taking into account the relation be-
tween fPQ and ma, this is exactly the type of curve that
can be inferred from Fig. 4. Here our calculation of ther-
mal axion production in the QGP allows us to cover for
the first time also cosmological settings with TR < TD.
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FIG. 4. The axion density parameter from thermal processes
for TR = 106 GeV (solid), 107 GeV (dashed) and 108 GeV
(dash-dotted) and the one from the misalignment mechanism
for θi = 1, 0.1, and 0.01 (dotted). The density parameters
for thermal relic axions, photons, and cold dark matter are
indicated respectively by the gray dotted line (Ωeq

a h2), the
gray thin line (Ωγh

2), and the gray horizontal bar (ΩCDMh2).

this critical TR value allows us to extract an estimate of
the axion decoupling temperature TD. We find that our
numerical results are well described by

TD ≈ 9.6× 106GeV

(
fPQ

1010GeV

)2.246

. (15)

In a previous study [3], the decoupling of axions that
were in thermal equilibrium in the QGP was calculated.
When following [3] but including (14), we find that the
temperature at which the axion yield from thermal pro-
cesses started to differ by more than 5% from Y eq

a agrees
basically with (15). The axion interaction rate Γ equals
H already at temperatures about a factor four below (15)
which however amounts to a different definition of TD.
Axion density parameter—Since also thermally pro-

duced axions have basically a thermal spectrum, we find
that the density parameter from thermal processes in the
primordial plasma can be described approximately by

ΩTP/eq
a h2 #

√
〈pa,0〉2 +m2

a Y
TP/eq
a s(T0)h

2/ρc (16)

with present averagemomentum 〈pa,0〉 = 2.701Ta,0 given
by the present axion temperature Ta,0 = 0.332T0 #
0.08 meV, where T0 # 0.235 meV is the present cosmic
microwave background temperature, h # 0.7 is Hubble’s
constant in units of 100 km/Mpc/s and ρc/[s(T0)h2] =
3.6 eV. A comparison of Ta,0 with the axion mass

ma # 0.6 meV (1010 GeV/fPQ) shows that this axion
population is still relativistic today for fPQ ! 1011GeV.
In Fig. 4 the solid, dashed, and dash-dotted lines show

ΩTP/eq
a h2 for TR = 106, 107, and 108GeV, respectively.

In the fPQ region to the right (left) of the respective kink,

in which TR < TD (TR > TD) holds, ΩTP (eq)
a h2 applies

which behaves as ∝ f−3
PQ (f−1

PQ) for ma ' Ta,0 and as

∝ f−2
PQ (f0

PQ) forma ( Ta,0. The gray dotted curve shows

Ωeq
a h2 for higher TR with TR > TD and also indicates

an upper limit on the thermally produced axion density.
Even Ωeq

a h2 stays well below the cold dark matter density
ΩCDMh2 # 0.1 (gray horizontal bar) and also below the
photon density Ωγh2 # 2.5× 10−5 (gray thin line) [5] in
the allowed fPQ range (2). There, also the current hot
dark matter limits are safely respected [12].
In cosmological settings with TR > TD, also axions

produced non-thermally before axion decoupling (e.g., in
inflaton decays) will be thermalized resulting in Ωeq

a h2.
The axion condensate from the misalignment mechanism
however is not affected—independent of the hierarchy be-
tween TR and TD—since thermal axion production in the
QGP is negligible at T " 1 GeV. Thus, the associated
density ΩMIS

a h2 ∼ 0.15 θ2i (fPQ/1012GeV)7/6 [1, 2, 13] can

coexist with ΩTP/eq
a h2 and is governed by the misalign-

ment angle θi as illustrated by the dotted lines in Fig. 4.
Thereby, the combination of the axion cold dark mat-
ter condensate with the axions from thermal processes,

Ωah2 = ΩMIS
a h2 + ΩTP/eq

a h2, give the analog of a Lee–
Weinberg curve. Taking into account the relation be-
tween fPQ and ma, this is exactly the type of curve that
can be inferred from Fig. 4. Here our calculation of ther-
mal axion production in the QGP allows us to cover for
the first time also cosmological settings with TR < TD.
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FIG. 4. The axion density parameter from thermal processes
for TR = 106 GeV (solid), 107 GeV (dashed) and 108 GeV
(dash-dotted) and the one from the misalignment mechanism
for θi = 1, 0.1, and 0.01 (dotted). The density parameters
for thermal relic axions, photons, and cold dark matter are
indicated respectively by the gray dotted line (Ωeq

a h2), the
gray thin line (Ωγh

2), and the gray horizontal bar (ΩCDMh2).

this critical TR value allows us to extract an estimate of
the axion decoupling temperature TD. We find that our
numerical results are well described by

TD ≈ 9.6× 106GeV

(
fPQ

1010GeV

)2.246

. (15)

In a previous study [3], the decoupling of axions that
were in thermal equilibrium in the QGP was calculated.
When following [3] but including (14), we find that the
temperature at which the axion yield from thermal pro-
cesses started to differ by more than 5% from Y eq

a agrees
basically with (15). The axion interaction rate Γ equals
H already at temperatures about a factor four below (15)
which however amounts to a different definition of TD.
Axion density parameter—Since also thermally pro-

duced axions have basically a thermal spectrum, we find
that the density parameter from thermal processes in the
primordial plasma can be described approximately by

ΩTP/eq
a h2 #

√
〈pa,0〉2 +m2

a Y
TP/eq
a s(T0)h

2/ρc (16)

with present averagemomentum 〈pa,0〉 = 2.701Ta,0 given
by the present axion temperature Ta,0 = 0.332T0 #
0.08 meV, where T0 # 0.235 meV is the present cosmic
microwave background temperature, h # 0.7 is Hubble’s
constant in units of 100 km/Mpc/s and ρc/[s(T0)h2] =
3.6 eV. A comparison of Ta,0 with the axion mass

ma # 0.6 meV (1010 GeV/fPQ) shows that this axion
population is still relativistic today for fPQ ! 1011GeV.
In Fig. 4 the solid, dashed, and dash-dotted lines show

ΩTP/eq
a h2 for TR = 106, 107, and 108GeV, respectively.

In the fPQ region to the right (left) of the respective kink,

in which TR < TD (TR > TD) holds, ΩTP (eq)
a h2 applies

which behaves as ∝ f−3
PQ (f−1

PQ) for ma ' Ta,0 and as

∝ f−2
PQ (f0

PQ) forma ( Ta,0. The gray dotted curve shows

Ωeq
a h2 for higher TR with TR > TD and also indicates

an upper limit on the thermally produced axion density.
Even Ωeq

a h2 stays well below the cold dark matter density
ΩCDMh2 # 0.1 (gray horizontal bar) and also below the
photon density Ωγh2 # 2.5× 10−5 (gray thin line) [5] in
the allowed fPQ range (2). There, also the current hot
dark matter limits are safely respected [12].
In cosmological settings with TR > TD, also axions

produced non-thermally before axion decoupling (e.g., in
inflaton decays) will be thermalized resulting in Ωeq

a h2.
The axion condensate from the misalignment mechanism
however is not affected—independent of the hierarchy be-
tween TR and TD—since thermal axion production in the
QGP is negligible at T " 1 GeV. Thus, the associated
density ΩMIS

a h2 ∼ 0.15 θ2i (fPQ/1012GeV)7/6 [1, 2, 13] can

coexist with ΩTP/eq
a h2 and is governed by the misalign-

ment angle θi as illustrated by the dotted lines in Fig. 4.
Thereby, the combination of the axion cold dark mat-
ter condensate with the axions from thermal processes,

Ωah2 = ΩMIS
a h2 + ΩTP/eq

a h2, give the analog of a Lee–
Weinberg curve. Taking into account the relation be-
tween fPQ and ma, this is exactly the type of curve that
can be inferred from Fig. 4. Here our calculation of ther-
mal axion production in the QGP allows us to cover for
the first time also cosmological settings with TR < TD.
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numerical results are well described by

TD ≈ 9.6× 106GeV

(
fPQ

1010GeV

)2.246

. (15)
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were in thermal equilibrium in the QGP was calculated.
When following [3] but including (14), we find that the
temperature at which the axion yield from thermal pro-
cesses started to differ by more than 5% from Y eq
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the allowed fPQ range (2). There, also the current hot
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however is not affected—independent of the hierarchy be-
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QGP is negligible at T " 1 GeV. Thus, the associated
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coexist with ΩTP/eq
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Thereby, the combination of the axion cold dark mat-
ter condensate with the axions from thermal processes,
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a h2, give the analog of a Lee–
Weinberg curve. Taking into account the relation be-
tween fPQ and ma, this is exactly the type of curve that
can be inferred from Fig. 4. Here our calculation of ther-
mal axion production in the QGP allows us to cover for
the first time also cosmological settings with TR < TD.
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the axion decoupling temperature TD. We find that our
numerical results are well described by
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In a previous study [3], the decoupling of axions that
were in thermal equilibrium in the QGP was calculated.
When following [3] but including (14), we find that the
temperature at which the axion yield from thermal pro-
cesses started to differ by more than 5% from Y eq

a agrees
basically with (15). The axion interaction rate Γ equals
H already at temperatures about a factor four below (15)
which however amounts to a different definition of TD.
Axion density parameter—Since also thermally pro-

duced axions have basically a thermal spectrum, we find
that the density parameter from thermal processes in the
primordial plasma can be described approximately by
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with present averagemomentum 〈pa,0〉 = 2.701Ta,0 given
by the present axion temperature Ta,0 = 0.332T0 #
0.08 meV, where T0 # 0.235 meV is the present cosmic
microwave background temperature, h # 0.7 is Hubble’s
constant in units of 100 km/Mpc/s and ρc/[s(T0)h2] =
3.6 eV. A comparison of Ta,0 with the axion mass

ma # 0.6 meV (1010 GeV/fPQ) shows that this axion
population is still relativistic today for fPQ ! 1011GeV.
In Fig. 4 the solid, dashed, and dash-dotted lines show
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a h2 stays well below the cold dark matter density
ΩCDMh2 # 0.1 (gray horizontal bar) and also below the
photon density Ωγh2 # 2.5× 10−5 (gray thin line) [5] in
the allowed fPQ range (2). There, also the current hot
dark matter limits are safely respected [12].
In cosmological settings with TR > TD, also axions

produced non-thermally before axion decoupling (e.g., in
inflaton decays) will be thermalized resulting in Ωeq

a h2.
The axion condensate from the misalignment mechanism
however is not affected—independent of the hierarchy be-
tween TR and TD—since thermal axion production in the
QGP is negligible at T " 1 GeV. Thus, the associated
density ΩMIS

a h2 ∼ 0.15 θ2i (fPQ/1012GeV)7/6 [1, 2, 13] can

coexist with ΩTP/eq
a h2 and is governed by the misalign-

ment angle θi as illustrated by the dotted lines in Fig. 4.
Thereby, the combination of the axion cold dark mat-
ter condensate with the axions from thermal processes,

Ωah2 = ΩMIS
a h2 + ΩTP/eq

a h2, give the analog of a Lee–
Weinberg curve. Taking into account the relation be-
tween fPQ and ma, this is exactly the type of curve that
can be inferred from Fig. 4. Here our calculation of ther-
mal axion production in the QGP allows us to cover for
the first time also cosmological settings with TR < TD.
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LSP Dark Matter: Production, Constraints, Experiments

LSP interaction production constraints experiments

eχ0
1 g, g’ WIMP ← cold indirect detection (EGRET, GLAST, ...)

weak freeze out direct detection (CRESST, EDELWEISS, ...)
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eG
“

p
MPl

”n
therm. prod. ← cold eτ prod. at colliders (LHC, ILC, ...)

extremely weak NLSP decays ← warm + eτ collection

MPl = 2.44 × 1018 GeV ... + eτ decay analysis: m eG, MPl (?), ...
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γ rays
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FIG. 1. The 2 → 2 processes for axion production in the QGP.
Process C exists also with antiquarks q̄i,j replacing qi,j .

the particles in the given order. Working in the limit,
T ! mi, the masses of all particles involved have been ne-
glected. Sums over initial and final spins have been per-
formed. For quarks, the contribution of a single chirality
is given. The results obtained for processes A and C point
to potential infrared (IR) divergences associated with the
exchange of soft (massless) gluons in the t-channel and u-
channel. Here screening effects of the plasma become rel-
evant. To account for such effects, the QCD Debye mass
mD =

√
3mg with mg = gsT

√
Nc + (nf/2)/3 for Nc = 3

colors and nf = 6 flavors was used in Ref. [3]. In con-
trast, our calculation relies on HTL resummation [9, 10]
which treats screening effects more systematically.

Following Ref. [10], we introduce a momentum scale
kcut such that gsT # kcut # T in the weak coupling
limit gs # 1. This separates soft gluons with momentum
transfer of order gsT from hard gluons with momentum
transfer of order T . By summing the respective soft and
hard contributions, the finite rate for thermal production
of axions with E ! T is obtained in leading order in gs,

E
dWa

d3p
= E

dWa

d3p

∣∣∣∣
soft

+ E
dWa

d3p

∣∣∣∣
hard

, (3)

which is independent of kcut; cf. (5) and (7) given below.
In the region with k < kcut, we obtain the soft con-

tribution from the imaginary part of the thermal axion

g

a a

g

FIG. 2. Leading contribution to the axion self-energy for soft
gluon momentum transfer and hard axion energy. The blob on
the gluon line denotes the HTL-resummed gluon propagator.

self-energy with the ultraviolet cutoff kcut,

E
dWa

d3p
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soft

= −
fB(E)

(2π)3
ImΠa(E + iε, #p)|k<kcut

(4)

= EfB(E)
3m2

gg
4
s(N

2
c − 1)T

8192π8f2
PQ

[
ln

(
k2cut
m2

g

)
− 1.379

]
(5)

with the equilibrium phase space density for bosons
(fermions) fB(F)(E) = [exp(E/T )∓ 1]−1. Our derivation
of (5) follows Ref. [10]. The leading order contribution to
ImΠa for k < kcut and E ! T comes from the Feynman
diagram shown in Fig. 2. Because of E ! T , only one
of the two gluons can have a soft momentum. Thus only
one effective HTL-resummed gluon propagator is needed.
In the region with k > kcut, bare gluon propagators

can be used since kcut provides an IR cutoff. From the
results given in Table I weighted with appropriate mul-
tiplicities, statistical factors, and phase space densities,
we then obtain the (angle-averaged) hard contribution

E
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=
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}
(7)

with Euler’s constant γ, Riemann’s zeta function ζ(z),
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Creation of Cosmological Axions

T ~ fa (very early universe)
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a1 = !1 fa

a

V(a)

a

V(a)

!=0
!

T ~ 1 GeV (H ~ 10"9 eV)

• Axion mass turns on quickly
by thermal instanton gas

• Field starts oscillating when
ma ! 3H

• Classical field oscillations
(axions at rest)

• Axion number density in comoving volume conserved

• Axion mass density today:
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Axion Condensate

Axion Dark Matter
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TD >> T: X is never in th. eq. with the prim. plasma

but thermally produced 

10

Cosmic Relic Abundances

• TR > TD:  1+2       3+X

• TR > TD:  1+2       3+X

T > TD: X in thermal eq. with the primordial plasma

T ~ TD: X decouples as a hot thermal relic

Boltzmann eq.

collision term

decoupling temp. of X
reheating temp.

blackboard][details
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Calculation of the Collsion Term

blackboard][details
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FIG. 1. The 2 → 2 processes for axion production in the QGP.
Process C exists also with antiquarks q̄i,j replacing qi,j .

the particles in the given order. Working in the limit,
T ! mi, the masses of all particles involved have been ne-
glected. Sums over initial and final spins have been per-
formed. For quarks, the contribution of a single chirality
is given. The results obtained for processes A and C point
to potential infrared (IR) divergences associated with the
exchange of soft (massless) gluons in the t-channel and u-
channel. Here screening effects of the plasma become rel-
evant. To account for such effects, the QCD Debye mass
mD =

√
3mg with mg = gsT

√
Nc + (nf/2)/3 for Nc = 3

colors and nf = 6 flavors was used in Ref. [3]. In con-
trast, our calculation relies on HTL resummation [9, 10]
which treats screening effects more systematically.

Following Ref. [10], we introduce a momentum scale
kcut such that gsT # kcut # T in the weak coupling
limit gs # 1. This separates soft gluons with momentum
transfer of order gsT from hard gluons with momentum
transfer of order T . By summing the respective soft and
hard contributions, the finite rate for thermal production
of axions with E ! T is obtained in leading order in gs,

E
dWa

d3p
= E

dWa

d3p

∣∣∣∣
soft

+ E
dWa

d3p

∣∣∣∣
hard

, (3)

which is independent of kcut; cf. (5) and (7) given below.
In the region with k < kcut, we obtain the soft con-

tribution from the imaginary part of the thermal axion

g

a a

g

FIG. 2. Leading contribution to the axion self-energy for soft
gluon momentum transfer and hard axion energy. The blob on
the gluon line denotes the HTL-resummed gluon propagator.

self-energy with the ultraviolet cutoff kcut,

E
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= −
fB(E)

(2π)3
ImΠa(E + iε, #p)|k<kcut

(4)

= EfB(E)
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4
s(N
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8192π8f2
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[
ln

(
k2cut
m2

g

)
− 1.379

]
(5)

with the equilibrium phase space density for bosons
(fermions) fB(F)(E) = [exp(E/T )∓ 1]−1. Our derivation
of (5) follows Ref. [10]. The leading order contribution to
ImΠa for k < kcut and E ! T comes from the Feynman
diagram shown in Fig. 2. Because of E ! T , only one
of the two gluons can have a soft momentum. Thus only
one effective HTL-resummed gluon propagator is needed.
In the region with k > kcut, bare gluon propagators

can be used since kcut provides an IR cutoff. From the
results given in Table I weighted with appropriate mul-
tiplicities, statistical factors, and phase space densities,
we then obtain the (angle-averaged) hard contribution
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hard

=
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with Euler’s constant γ, Riemann’s zeta function ζ(z),

I(1)BBB(FBF) =
1

32π3
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, (8)

• Hard Part: k > kcut• Soft Part: k < kcut

[cf. Braaten, Yuan, ’91]

• Thermal Production Rate of X

• Hard Thermal Loop (HTL) Resummation
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evant. To account for such effects, the QCD Debye mass
mD =

√
3mg with mg = gsT

√
Nc + (nf/2)/3 for Nc = 3

colors and nf = 6 flavors was used in Ref. [3]. In con-
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which treats screening effects more systematically.
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with the equilibrium phase space density for bosons
(fermions) fB(F)(E) = [exp(E/T )∓ 1]−1. Our derivation
of (5) follows Ref. [10]. The leading order contribution to
ImΠa for k < kcut and E ! T comes from the Feynman
diagram shown in Fig. 2. Because of E ! T , only one
of the two gluons can have a soft momentum. Thus only
one effective HTL-resummed gluon propagator is needed.
In the region with k > kcut, bare gluon propagators

can be used since kcut provides an IR cutoff. From the
results given in Table I weighted with appropriate mul-
tiplicities, statistical factors, and phase space densities,
we then obtain the (angle-averaged) hard contribution
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Thermal Axion Production in the Hot QGP

[Masso et al., ’02; Sikivie, ’08; Graf, FDS, ’10]
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FIG. 4. The axion density parameter from thermal processes
for TR = 106 GeV (solid), 107 GeV (dashed) and 108 GeV
(dash-dotted) and the one from the misalignment mechanism
for θi = 1, 0.1, and 0.01 (dotted). The density parameters
for thermal relic axions, photons, and cold dark matter are
indicated respectively by the gray dotted line (Ωeq

a h2), the
gray thin line (Ωγh

2), and the gray horizontal bar (ΩCDMh2).

this critical TR value allows us to extract an estimate of
the axion decoupling temperature TD. We find that our
numerical results are well described by

TD ≈ 9.6× 106GeV

(
fPQ

1010GeV

)2.246

. (15)

In a previous study [3], the decoupling of axions that
were in thermal equilibrium in the QGP was calculated.
When following [3] but including (14), we find that the
temperature at which the axion yield from thermal pro-
cesses started to differ by more than 5% from Y eq

a agrees
basically with (15). The axion interaction rate Γ equals
H already at temperatures about a factor four below (15)
which however amounts to a different definition of TD.
Axion density parameter—Since also thermally pro-

duced axions have basically a thermal spectrum, we find
that the density parameter from thermal processes in the
primordial plasma can be described approximately by

ΩTP/eq
a h2 #

√
〈pa,0〉2 +m2

a Y
TP/eq
a s(T0)h

2/ρc (16)

with present averagemomentum 〈pa,0〉 = 2.701Ta,0 given
by the present axion temperature Ta,0 = 0.332T0 #
0.08 meV, where T0 # 0.235 meV is the present cosmic
microwave background temperature, h # 0.7 is Hubble’s
constant in units of 100 km/Mpc/s and ρc/[s(T0)h2] =
3.6 eV. A comparison of Ta,0 with the axion mass

ma # 0.6 meV (1010 GeV/fPQ) shows that this axion
population is still relativistic today for fPQ ! 1011GeV.
In Fig. 4 the solid, dashed, and dash-dotted lines show

ΩTP/eq
a h2 for TR = 106, 107, and 108GeV, respectively.

In the fPQ region to the right (left) of the respective kink,

in which TR < TD (TR > TD) holds, ΩTP (eq)
a h2 applies

which behaves as ∝ f−3
PQ (f−1

PQ) for ma ' Ta,0 and as

∝ f−2
PQ (f0

PQ) forma ( Ta,0. The gray dotted curve shows

Ωeq
a h2 for higher TR with TR > TD and also indicates

an upper limit on the thermally produced axion density.
Even Ωeq

a h2 stays well below the cold dark matter density
ΩCDMh2 # 0.1 (gray horizontal bar) and also below the
photon density Ωγh2 # 2.5× 10−5 (gray thin line) [5] in
the allowed fPQ range (2). There, also the current hot
dark matter limits are safely respected [12].
In cosmological settings with TR > TD, also axions

produced non-thermally before axion decoupling (e.g., in
inflaton decays) will be thermalized resulting in Ωeq

a h2.
The axion condensate from the misalignment mechanism
however is not affected—independent of the hierarchy be-
tween TR and TD—since thermal axion production in the
QGP is negligible at T " 1 GeV. Thus, the associated
density ΩMIS

a h2 ∼ 0.15 θ2i (fPQ/1012GeV)7/6 [1, 2, 13] can

coexist with ΩTP/eq
a h2 and is governed by the misalign-

ment angle θi as illustrated by the dotted lines in Fig. 4.
Thereby, the combination of the axion cold dark mat-
ter condensate with the axions from thermal processes,

Ωah2 = ΩMIS
a h2 + ΩTP/eq

a h2, give the analog of a Lee–
Weinberg curve. Taking into account the relation be-
tween fPQ and ma, this is exactly the type of curve that
can be inferred from Fig. 4. Here our calculation of ther-
mal axion production in the QGP allows us to cover for
the first time also cosmological settings with TR < TD.
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the particles in the given order. Working in the limit,
T ! mi, the masses of all particles involved have been ne-
glected. Sums over initial and final spins have been per-
formed. For quarks, the contribution of a single chirality
is given. The results obtained for processes A and C point
to potential infrared (IR) divergences associated with the
exchange of soft (massless) gluons in the t-channel and u-
channel. Here screening effects of the plasma become rel-
evant. To account for such effects, the QCD Debye mass
mD =
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3mg with mg = gsT

√
Nc + (nf/2)/3 for Nc = 3

colors and nf = 6 flavors was used in Ref. [3]. In con-
trast, our calculation relies on HTL resummation [9, 10]
which treats screening effects more systematically.

Following Ref. [10], we introduce a momentum scale
kcut such that gsT # kcut # T in the weak coupling
limit gs # 1. This separates soft gluons with momentum
transfer of order gsT from hard gluons with momentum
transfer of order T . By summing the respective soft and
hard contributions, the finite rate for thermal production
of axions with E ! T is obtained in leading order in gs,
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which is independent of kcut; cf. (5) and (7) given below.
In the region with k < kcut, we obtain the soft con-
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FIG. 2. Leading contribution to the axion self-energy for soft
gluon momentum transfer and hard axion energy. The blob on
the gluon line denotes the HTL-resummed gluon propagator.

self-energy with the ultraviolet cutoff kcut,

E
dWa

d3p
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soft

= −
fB(E)

(2π)3
ImΠa(E + iε, #p)|k<kcut

(4)

= EfB(E)
3m2

gg
4
s(N

2
c − 1)T

8192π8f2
PQ

[
ln

(
k2cut
m2

g

)
− 1.379

]
(5)

with the equilibrium phase space density for bosons
(fermions) fB(F)(E) = [exp(E/T )∓ 1]−1. Our derivation
of (5) follows Ref. [10]. The leading order contribution to
ImΠa for k < kcut and E ! T comes from the Feynman
diagram shown in Fig. 2. Because of E ! T , only one
of the two gluons can have a soft momentum. Thus only
one effective HTL-resummed gluon propagator is needed.
In the region with k > kcut, bare gluon propagators

can be used since kcut provides an IR cutoff. From the
results given in Table I weighted with appropriate mul-
tiplicities, statistical factors, and phase space densities,
we then obtain the (angle-averaged) hard contribution

E
dWa

d3p
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hard

=
1

2(2π)3
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dΩp

4π

∫
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
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with Euler’s constant γ, Riemann’s zeta function ζ(z),
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32π3

∫
∞
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3

I(3)BBB(FFB) =
1

32π3

∫
∞

0
dE3

∫ E+E3

0
dE2 fBBB(FFB)

×
{
Θ(E − E3)

E2
1E

2
3

E2(E3 + E)
+Θ(E3 − E)

E2
2

E3 + E

+[Θ(E3 − E)Θ(E2 − E3)−Θ(E − E3)Θ(E3 − E2)]

×
E2 − E3

E2
[E2(E3 − E)− E3(E3 + E)]

}
, (9)

fBBB,FBF,FFB = f1(E1)f2(E2)[1 ± f3(E3)]. (10)

The sum in (6) is over all axion production processes
1 + 2 → 3 + a viable with (1). The colored particles 1–3
were in thermal equilibrium at the relevant times. Per-
forming the calculation in the rest frame of the plasma,
fi are thus described by fF/B depending on the respec-
tive spins. Shorthand notation (10) indicates the corre-
sponding combinations, where + (−) accounts for Bose
enhancement (Pauli blocking) when particle 3 is a bo-
son (fermion). With any initial axion population diluted
away by inflation and T well below TD so that axions
are not in thermal equilibrium, the axion phase space
density fa is negligible in comparison to fF/B. Thereby,
axion disappearance reactions (∝ fa) are neglected as
well as the respective Bose enhancement (1 + fa ≈ 1).
Details on the methods applied to obtain our results (7),
(8), and (9) can be found in Ref. [11].
Relic axion abundance—We now calculate the ther-

mally produced (TP) axion yield Y TP
a = na/s, where

na is the corresponding axion number density and s the
entropy density. For T sufficiently below TD, the evolu-
tion of the thermally produced na with cosmic time t is
governed by the Boltzmann equation

dna

dt
+ 3Hna =

∫
d3p

dWa

d3p
= Wa. (11)

Here H is the Hubble expansion rate, and the collision
term is the integrated thermal production rate

Wa =
ζ(3)g6sT

6

64π7f2
PQ

[
ln

(
T 2

m2
g

)
+ 0.406

]
. (12)

Assuming conservation of entropy per comoving vol-
ume element, (11) can be written as dY TP

a /dt = Wa/s.
Since thermal axion production proceeds basically dur-
ing the hot radiation dominated epoch, i.e., well above
the temperature of radiation-matter equality Tmat=rad,
one can change variables from cosmic time t to tempera-
ture T accordingly. With initial temperature TR at which
Y TP
a (TR) = 0, the relic axion yield today is given by

Y TP
a ≈ Y TP

a (Tmat=rad) =

∫ TR

Tmat=rad

dT
Wa(T )

Ts(T )H(T )

= 18.6g6s ln

(
1.501

gs

)(
1010GeV

fPQ

)2(
TR

1010 GeV

)
. (13)

This result is shown by the diagonal lines in Fig. 3 for cos-
mological scenarios with different TR values ranging from
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FIG. 3. The relic axion yield today originating from thermal
processes in the primordial plasma for cosmological scenarios
characterized by different TR values covering the range from
104 to 1012 GeV. The dotted, dash-dotted, dashed, and solid
lines are obtained for fPQ = 109, 1010, 1011, and 1012 GeV.

104 to 1012GeV. Here we use gs = gs(TR) as described
by the 1-loop renormalization group evolution [5]

gs(TR) =

[
g−2
s (MZ) +

11Nc − 2nf

24π2
ln

(
TR

MZ

)]−1/2

(14)

where g2s(MZ)/(4π) = 0.1172 at MZ = 91.188 GeV.
Note that (13) is only valid when axion disappearance
processes can be neglected. In scenarios in which TR ex-
ceeds TD, this is not justified since there has been an early
period in which axions were in thermal equilibrium. In
this period, their production and annihilation proceeded
at equal rates. Thereafter, they decoupled as hot ther-
mal relics at TD, where all Standard Model particles are
effectively massless. The present yield of those thermal
relic axions is then given by Y eq

a = neq
a /s ≈ 2.6 × 10−3.

In Fig. 3 this value is indicated by the horizontal lines. In
fact, the thermally produced yield cannot exceed Y eq

a . In
scenarios with TR such that (13) turns out to be close to
or greater than Y eq

a , disappearance processes have to be
taken into account. The resulting axion yield from ther-
mal processes will then respect Y eq

a as the upper limit.
For example, for fPQ = 109GeV, this yield would show a
dependence on the reheating temperature TR that is very
similar to the one shown by the dotted line in Fig. 3. The
only difference will be a smooth transition instead of the
kink at Y TP

a = Y eq
a .

Axion decoupling temperature—The kinks in Fig. 3 in-
dicate the critical TR value which separates scenarios
with thermal relic axions from those in which axions have
never been in thermal equilibrium. Thus, for a given fPQ,
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Process C: qi + ga → qj + a (crossing of B)

FIG. 1. The 2 → 2 processes for axion production in the QGP.
Process C exists also with antiquarks q̄i,j replacing qi,j .

the particles in the given order. Working in the limit,
T ! mi, the masses of all particles involved have been ne-
glected. Sums over initial and final spins have been per-
formed. For quarks, the contribution of a single chirality
is given. The results obtained for processes A and C point
to potential infrared (IR) divergences associated with the
exchange of soft (massless) gluons in the t-channel and u-
channel. Here screening effects of the plasma become rel-
evant. To account for such effects, the QCD Debye mass
mD =

√
3mg with mg = gsT

√
Nc + (nf/2)/3 for Nc = 3

colors and nf = 6 flavors was used in Ref. [3]. In con-
trast, our calculation relies on HTL resummation [9, 10]
which treats screening effects more systematically.

Following Ref. [10], we introduce a momentum scale
kcut such that gsT # kcut # T in the weak coupling
limit gs # 1. This separates soft gluons with momentum
transfer of order gsT from hard gluons with momentum
transfer of order T . By summing the respective soft and
hard contributions, the finite rate for thermal production
of axions with E ! T is obtained in leading order in gs,

E
dWa

d3p
= E

dWa

d3p

∣∣∣∣
soft

+ E
dWa

d3p

∣∣∣∣
hard

, (3)

which is independent of kcut; cf. (5) and (7) given below.
In the region with k < kcut, we obtain the soft con-

tribution from the imaginary part of the thermal axion

g

a a

g

FIG. 2. Leading contribution to the axion self-energy for soft
gluon momentum transfer and hard axion energy. The blob on
the gluon line denotes the HTL-resummed gluon propagator.

self-energy with the ultraviolet cutoff kcut,

E
dWa

d3p

∣∣∣∣
soft

= −
fB(E)

(2π)3
ImΠa(E + iε, #p)|k<kcut

(4)

= EfB(E)
3m2

gg
4
s(N

2
c − 1)T

8192π8f2
PQ

[
ln

(
k2cut
m2

g

)
− 1.379

]
(5)

with the equilibrium phase space density for bosons
(fermions) fB(F)(E) = [exp(E/T )∓ 1]−1. Our derivation
of (5) follows Ref. [10]. The leading order contribution to
ImΠa for k < kcut and E ! T comes from the Feynman
diagram shown in Fig. 2. Because of E ! T , only one
of the two gluons can have a soft momentum. Thus only
one effective HTL-resummed gluon propagator is needed.
In the region with k > kcut, bare gluon propagators

can be used since kcut provides an IR cutoff. From the
results given in Table I weighted with appropriate mul-
tiplicities, statistical factors, and phase space densities,
we then obtain the (angle-averaged) hard contribution

E
dWa

d3p

∣∣∣∣
hard

=
1

2(2π)3

∫
dΩp

4π

∫



3∏

j=1

d3pj
(2π)32Ej





× (2π)4δ4(P1 + P2 − P3 − P )Θ(k − kcut)

×
∑

f1(E1)f2(E2)[1± f3(E3)]|M1+2→3+a|2 (6)

= E
g6s(N

2
c − 1)

512π7f2
PQ

{
nf

fB(E)T 3

48π
ln(2)

+
(
Nc +

nf

2

) fB(E)T 3

48π

[
ln

(
T 2

k2cut

)
+

17

3
− 2γ +

2ζ′(2)

ζ(2)

]

+Nc(I
(1)
BBB − I(3)BBB) + nf (I

(1)
FBF + I(3)FFB)

}
(7)

with Euler’s constant γ, Riemann’s zeta function ζ(z),

I(1)BBB(FBF) =
1

32π3

∫
∞

0
dE3

∫ E+E3

0
dE1 ln

(
|E1 − E3|

E3

)

×
{
−Θ(E1 − E3)

d

dE1

[
fBBB(FBF)

E2
2

E2
(E2

1 + E2
3 )

]

+Θ(E3 − E1)
d

dE1
[fBBB(FBF)(E

2
1 + E2

3 )]

+Θ(E − E1)
d

dE1

[
fBBB(FBF)

(
E2

1E
2
2

E2
− E2

3

)]}
, (8)
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FIG. 4. The axion density parameter from thermal processes
for TR = 106 GeV (solid), 107 GeV (dashed) and 108 GeV
(dash-dotted) and the one from the misalignment mechanism
for θi = 1, 0.1, and 0.01 (dotted). The density parameters
for thermal relic axions, photons, and cold dark matter are
indicated respectively by the gray dotted line (Ωeq

a h2), the
gray thin line (Ωγh

2), and the gray horizontal bar (ΩCDMh2).

this critical TR value allows us to extract an estimate of
the axion decoupling temperature TD. We find that our
numerical results are well described by

TD ≈ 9.6× 106GeV

(
fPQ

1010GeV

)2.246

. (15)

In a previous study [3], the decoupling of axions that
were in thermal equilibrium in the QGP was calculated.
When following [3] but including (14), we find that the
temperature at which the axion yield from thermal pro-
cesses started to differ by more than 5% from Y eq

a agrees
basically with (15). The axion interaction rate Γ equals
H already at temperatures about a factor four below (15)
which however amounts to a different definition of TD.
Axion density parameter—Since also thermally pro-

duced axions have basically a thermal spectrum, we find
that the density parameter from thermal processes in the
primordial plasma can be described approximately by

ΩTP/eq
a h2 #

√
〈pa,0〉2 +m2

a Y
TP/eq
a s(T0)h

2/ρc (16)

with present averagemomentum 〈pa,0〉 = 2.701Ta,0 given
by the present axion temperature Ta,0 = 0.332T0 #
0.08 meV, where T0 # 0.235 meV is the present cosmic
microwave background temperature, h # 0.7 is Hubble’s
constant in units of 100 km/Mpc/s and ρc/[s(T0)h2] =
3.6 eV. A comparison of Ta,0 with the axion mass

ma # 0.6 meV (1010 GeV/fPQ) shows that this axion
population is still relativistic today for fPQ ! 1011GeV.
In Fig. 4 the solid, dashed, and dash-dotted lines show

ΩTP/eq
a h2 for TR = 106, 107, and 108GeV, respectively.

In the fPQ region to the right (left) of the respective kink,

in which TR < TD (TR > TD) holds, ΩTP (eq)
a h2 applies

which behaves as ∝ f−3
PQ (f−1

PQ) for ma ' Ta,0 and as

∝ f−2
PQ (f0

PQ) forma ( Ta,0. The gray dotted curve shows

Ωeq
a h2 for higher TR with TR > TD and also indicates

an upper limit on the thermally produced axion density.
Even Ωeq

a h2 stays well below the cold dark matter density
ΩCDMh2 # 0.1 (gray horizontal bar) and also below the
photon density Ωγh2 # 2.5× 10−5 (gray thin line) [5] in
the allowed fPQ range (2). There, also the current hot
dark matter limits are safely respected [12].
In cosmological settings with TR > TD, also axions

produced non-thermally before axion decoupling (e.g., in
inflaton decays) will be thermalized resulting in Ωeq

a h2.
The axion condensate from the misalignment mechanism
however is not affected—independent of the hierarchy be-
tween TR and TD—since thermal axion production in the
QGP is negligible at T " 1 GeV. Thus, the associated
density ΩMIS

a h2 ∼ 0.15 θ2i (fPQ/1012GeV)7/6 [1, 2, 13] can

coexist with ΩTP/eq
a h2 and is governed by the misalign-

ment angle θi as illustrated by the dotted lines in Fig. 4.
Thereby, the combination of the axion cold dark mat-
ter condensate with the axions from thermal processes,

Ωah2 = ΩMIS
a h2 + ΩTP/eq

a h2, give the analog of a Lee–
Weinberg curve. Taking into account the relation be-
tween fPQ and ma, this is exactly the type of curve that
can be inferred from Fig. 4. Here our calculation of ther-
mal axion production in the QGP allows us to cover for
the first time also cosmological settings with TR < TD.
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2), and the gray horizontal bar (ΩCDMh2).

this critical TR value allows us to extract an estimate of
the axion decoupling temperature TD. We find that our
numerical results are well described by

TD ≈ 9.6× 106GeV

(
fPQ

1010GeV

)2.246

. (15)

In a previous study [3], the decoupling of axions that
were in thermal equilibrium in the QGP was calculated.
When following [3] but including (14), we find that the
temperature at which the axion yield from thermal pro-
cesses started to differ by more than 5% from Y eq

a agrees
basically with (15). The axion interaction rate Γ equals
H already at temperatures about a factor four below (15)
which however amounts to a different definition of TD.
Axion density parameter—Since also thermally pro-

duced axions have basically a thermal spectrum, we find
that the density parameter from thermal processes in the
primordial plasma can be described approximately by

ΩTP/eq
a h2 #

√
〈pa,0〉2 +m2

a Y
TP/eq
a s(T0)h

2/ρc (16)

with present averagemomentum 〈pa,0〉 = 2.701Ta,0 given
by the present axion temperature Ta,0 = 0.332T0 #
0.08 meV, where T0 # 0.235 meV is the present cosmic
microwave background temperature, h # 0.7 is Hubble’s
constant in units of 100 km/Mpc/s and ρc/[s(T0)h2] =
3.6 eV. A comparison of Ta,0 with the axion mass

ma # 0.6 meV (1010 GeV/fPQ) shows that this axion
population is still relativistic today for fPQ ! 1011GeV.
In Fig. 4 the solid, dashed, and dash-dotted lines show

ΩTP/eq
a h2 for TR = 106, 107, and 108GeV, respectively.

In the fPQ region to the right (left) of the respective kink,

in which TR < TD (TR > TD) holds, ΩTP (eq)
a h2 applies

which behaves as ∝ f−3
PQ (f−1

PQ) for ma ' Ta,0 and as

∝ f−2
PQ (f0

PQ) forma ( Ta,0. The gray dotted curve shows

Ωeq
a h2 for higher TR with TR > TD and also indicates

an upper limit on the thermally produced axion density.
Even Ωeq

a h2 stays well below the cold dark matter density
ΩCDMh2 # 0.1 (gray horizontal bar) and also below the
photon density Ωγh2 # 2.5× 10−5 (gray thin line) [5] in
the allowed fPQ range (2). There, also the current hot
dark matter limits are safely respected [12].
In cosmological settings with TR > TD, also axions

produced non-thermally before axion decoupling (e.g., in
inflaton decays) will be thermalized resulting in Ωeq

a h2.
The axion condensate from the misalignment mechanism
however is not affected—independent of the hierarchy be-
tween TR and TD—since thermal axion production in the
QGP is negligible at T " 1 GeV. Thus, the associated
density ΩMIS

a h2 ∼ 0.15 θ2i (fPQ/1012GeV)7/6 [1, 2, 13] can

coexist with ΩTP/eq
a h2 and is governed by the misalign-

ment angle θi as illustrated by the dotted lines in Fig. 4.
Thereby, the combination of the axion cold dark mat-
ter condensate with the axions from thermal processes,

Ωah2 = ΩMIS
a h2 + ΩTP/eq

a h2, give the analog of a Lee–
Weinberg curve. Taking into account the relation be-
tween fPQ and ma, this is exactly the type of curve that
can be inferred from Fig. 4. Here our calculation of ther-
mal axion production in the QGP allows us to cover for
the first time also cosmological settings with TR < TD.
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FIG. 4. The axion density parameter from thermal processes
for TR = 106 GeV (solid), 107 GeV (dashed) and 108 GeV
(dash-dotted) and the one from the misalignment mechanism
for θi = 1, 0.1, and 0.01 (dotted). The density parameters
for thermal relic axions, photons, and cold dark matter are
indicated respectively by the gray dotted line (Ωeq

a h2), the
gray thin line (Ωγh

2), and the gray horizontal bar (ΩCDMh2).

this critical TR value allows us to extract an estimate of
the axion decoupling temperature TD. We find that our
numerical results are well described by

TD ≈ 9.6× 106GeV

(
fPQ

1010GeV

)2.246

. (15)

In a previous study [3], the decoupling of axions that
were in thermal equilibrium in the QGP was calculated.
When following [3] but including (14), we find that the
temperature at which the axion yield from thermal pro-
cesses started to differ by more than 5% from Y eq

a agrees
basically with (15). The axion interaction rate Γ equals
H already at temperatures about a factor four below (15)
which however amounts to a different definition of TD.
Axion density parameter—Since also thermally pro-

duced axions have basically a thermal spectrum, we find
that the density parameter from thermal processes in the
primordial plasma can be described approximately by

ΩTP/eq
a h2 #

√
〈pa,0〉2 +m2

a Y
TP/eq
a s(T0)h

2/ρc (16)

with present averagemomentum 〈pa,0〉 = 2.701Ta,0 given
by the present axion temperature Ta,0 = 0.332T0 #
0.08 meV, where T0 # 0.235 meV is the present cosmic
microwave background temperature, h # 0.7 is Hubble’s
constant in units of 100 km/Mpc/s and ρc/[s(T0)h2] =
3.6 eV. A comparison of Ta,0 with the axion mass

ma # 0.6 meV (1010 GeV/fPQ) shows that this axion
population is still relativistic today for fPQ ! 1011GeV.
In Fig. 4 the solid, dashed, and dash-dotted lines show

ΩTP/eq
a h2 for TR = 106, 107, and 108GeV, respectively.

In the fPQ region to the right (left) of the respective kink,

in which TR < TD (TR > TD) holds, ΩTP (eq)
a h2 applies

which behaves as ∝ f−3
PQ (f−1

PQ) for ma ' Ta,0 and as

∝ f−2
PQ (f0

PQ) forma ( Ta,0. The gray dotted curve shows

Ωeq
a h2 for higher TR with TR > TD and also indicates

an upper limit on the thermally produced axion density.
Even Ωeq

a h2 stays well below the cold dark matter density
ΩCDMh2 # 0.1 (gray horizontal bar) and also below the
photon density Ωγh2 # 2.5× 10−5 (gray thin line) [5] in
the allowed fPQ range (2). There, also the current hot
dark matter limits are safely respected [12].
In cosmological settings with TR > TD, also axions

produced non-thermally before axion decoupling (e.g., in
inflaton decays) will be thermalized resulting in Ωeq

a h2.
The axion condensate from the misalignment mechanism
however is not affected—independent of the hierarchy be-
tween TR and TD—since thermal axion production in the
QGP is negligible at T " 1 GeV. Thus, the associated
density ΩMIS

a h2 ∼ 0.15 θ2i (fPQ/1012GeV)7/6 [1, 2, 13] can

coexist with ΩTP/eq
a h2 and is governed by the misalign-

ment angle θi as illustrated by the dotted lines in Fig. 4.
Thereby, the combination of the axion cold dark mat-
ter condensate with the axions from thermal processes,

Ωah2 = ΩMIS
a h2 + ΩTP/eq

a h2, give the analog of a Lee–
Weinberg curve. Taking into account the relation be-
tween fPQ and ma, this is exactly the type of curve that
can be inferred from Fig. 4. Here our calculation of ther-
mal axion production in the QGP allows us to cover for
the first time also cosmological settings with TR < TD.
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FIG. 4. The axion density parameter from thermal processes
for TR = 106 GeV (solid), 107 GeV (dashed) and 108 GeV
(dash-dotted) and the one from the misalignment mechanism
for θi = 1, 0.1, and 0.01 (dotted). The density parameters
for thermal relic axions, photons, and cold dark matter are
indicated respectively by the gray dotted line (Ωeq

a h2), the
gray thin line (Ωγh

2), and the gray horizontal bar (ΩCDMh2).

this critical TR value allows us to extract an estimate of
the axion decoupling temperature TD. We find that our
numerical results are well described by

TD ≈ 9.6× 106GeV

(
fPQ

1010GeV

)2.246

. (15)

In a previous study [3], the decoupling of axions that
were in thermal equilibrium in the QGP was calculated.
When following [3] but including (14), we find that the
temperature at which the axion yield from thermal pro-
cesses started to differ by more than 5% from Y eq

a agrees
basically with (15). The axion interaction rate Γ equals
H already at temperatures about a factor four below (15)
which however amounts to a different definition of TD.
Axion density parameter—Since also thermally pro-

duced axions have basically a thermal spectrum, we find
that the density parameter from thermal processes in the
primordial plasma can be described approximately by

ΩTP/eq
a h2 #

√
〈pa,0〉2 +m2

a Y
TP/eq
a s(T0)h

2/ρc (16)

with present averagemomentum 〈pa,0〉 = 2.701Ta,0 given
by the present axion temperature Ta,0 = 0.332T0 #
0.08 meV, where T0 # 0.235 meV is the present cosmic
microwave background temperature, h # 0.7 is Hubble’s
constant in units of 100 km/Mpc/s and ρc/[s(T0)h2] =
3.6 eV. A comparison of Ta,0 with the axion mass

ma # 0.6 meV (1010 GeV/fPQ) shows that this axion
population is still relativistic today for fPQ ! 1011GeV.
In Fig. 4 the solid, dashed, and dash-dotted lines show

ΩTP/eq
a h2 for TR = 106, 107, and 108GeV, respectively.

In the fPQ region to the right (left) of the respective kink,

in which TR < TD (TR > TD) holds, ΩTP (eq)
a h2 applies

which behaves as ∝ f−3
PQ (f−1

PQ) for ma ' Ta,0 and as

∝ f−2
PQ (f0

PQ) forma ( Ta,0. The gray dotted curve shows

Ωeq
a h2 for higher TR with TR > TD and also indicates

an upper limit on the thermally produced axion density.
Even Ωeq

a h2 stays well below the cold dark matter density
ΩCDMh2 # 0.1 (gray horizontal bar) and also below the
photon density Ωγh2 # 2.5× 10−5 (gray thin line) [5] in
the allowed fPQ range (2). There, also the current hot
dark matter limits are safely respected [12].
In cosmological settings with TR > TD, also axions

produced non-thermally before axion decoupling (e.g., in
inflaton decays) will be thermalized resulting in Ωeq

a h2.
The axion condensate from the misalignment mechanism
however is not affected—independent of the hierarchy be-
tween TR and TD—since thermal axion production in the
QGP is negligible at T " 1 GeV. Thus, the associated
density ΩMIS

a h2 ∼ 0.15 θ2i (fPQ/1012GeV)7/6 [1, 2, 13] can

coexist with ΩTP/eq
a h2 and is governed by the misalign-

ment angle θi as illustrated by the dotted lines in Fig. 4.
Thereby, the combination of the axion cold dark mat-
ter condensate with the axions from thermal processes,

Ωah2 = ΩMIS
a h2 + ΩTP/eq

a h2, give the analog of a Lee–
Weinberg curve. Taking into account the relation be-
tween fPQ and ma, this is exactly the type of curve that
can be inferred from Fig. 4. Here our calculation of ther-
mal axion production in the QGP allows us to cover for
the first time also cosmological settings with TR < TD.
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FIG. 4. The axion density parameter from thermal processes
for TR = 106 GeV (solid), 107 GeV (dashed) and 108 GeV
(dash-dotted) and the one from the misalignment mechanism
for θi = 1, 0.1, and 0.01 (dotted). The density parameters
for thermal relic axions, photons, and cold dark matter are
indicated respectively by the gray dotted line (Ωeq

a h2), the
gray thin line (Ωγh

2), and the gray horizontal bar (ΩCDMh2).

this critical TR value allows us to extract an estimate of
the axion decoupling temperature TD. We find that our
numerical results are well described by

TD ≈ 9.6× 106GeV

(
fPQ

1010GeV

)2.246

. (15)

In a previous study [3], the decoupling of axions that
were in thermal equilibrium in the QGP was calculated.
When following [3] but including (14), we find that the
temperature at which the axion yield from thermal pro-
cesses started to differ by more than 5% from Y eq

a agrees
basically with (15). The axion interaction rate Γ equals
H already at temperatures about a factor four below (15)
which however amounts to a different definition of TD.
Axion density parameter—Since also thermally pro-

duced axions have basically a thermal spectrum, we find
that the density parameter from thermal processes in the
primordial plasma can be described approximately by

ΩTP/eq
a h2 #

√
〈pa,0〉2 +m2

a Y
TP/eq
a s(T0)h

2/ρc (16)

with present averagemomentum 〈pa,0〉 = 2.701Ta,0 given
by the present axion temperature Ta,0 = 0.332T0 #
0.08 meV, where T0 # 0.235 meV is the present cosmic
microwave background temperature, h # 0.7 is Hubble’s
constant in units of 100 km/Mpc/s and ρc/[s(T0)h2] =
3.6 eV. A comparison of Ta,0 with the axion mass

ma # 0.6 meV (1010 GeV/fPQ) shows that this axion
population is still relativistic today for fPQ ! 1011GeV.
In Fig. 4 the solid, dashed, and dash-dotted lines show

ΩTP/eq
a h2 for TR = 106, 107, and 108GeV, respectively.

In the fPQ region to the right (left) of the respective kink,

in which TR < TD (TR > TD) holds, ΩTP (eq)
a h2 applies

which behaves as ∝ f−3
PQ (f−1

PQ) for ma ' Ta,0 and as

∝ f−2
PQ (f0

PQ) forma ( Ta,0. The gray dotted curve shows

Ωeq
a h2 for higher TR with TR > TD and also indicates

an upper limit on the thermally produced axion density.
Even Ωeq

a h2 stays well below the cold dark matter density
ΩCDMh2 # 0.1 (gray horizontal bar) and also below the
photon density Ωγh2 # 2.5× 10−5 (gray thin line) [5] in
the allowed fPQ range (2). There, also the current hot
dark matter limits are safely respected [12].
In cosmological settings with TR > TD, also axions

produced non-thermally before axion decoupling (e.g., in
inflaton decays) will be thermalized resulting in Ωeq

a h2.
The axion condensate from the misalignment mechanism
however is not affected—independent of the hierarchy be-
tween TR and TD—since thermal axion production in the
QGP is negligible at T " 1 GeV. Thus, the associated
density ΩMIS

a h2 ∼ 0.15 θ2i (fPQ/1012GeV)7/6 [1, 2, 13] can

coexist with ΩTP/eq
a h2 and is governed by the misalign-

ment angle θi as illustrated by the dotted lines in Fig. 4.
Thereby, the combination of the axion cold dark mat-
ter condensate with the axions from thermal processes,

Ωah2 = ΩMIS
a h2 + ΩTP/eq

a h2, give the analog of a Lee–
Weinberg curve. Taking into account the relation be-
tween fPQ and ma, this is exactly the type of curve that
can be inferred from Fig. 4. Here our calculation of ther-
mal axion production in the QGP allows us to cover for
the first time also cosmological settings with TR < TD.
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FIG. 4. The axion density parameter from thermal processes
for TR = 106 GeV (solid), 107 GeV (dashed) and 108 GeV
(dash-dotted) and the one from the misalignment mechanism
for θi = 1, 0.1, and 0.01 (dotted). The density parameters
for thermal relic axions, photons, and cold dark matter are
indicated respectively by the gray dotted line (Ωeq

a h2), the
gray thin line (Ωγh

2), and the gray horizontal bar (ΩCDMh2).

this critical TR value allows us to extract an estimate of
the axion decoupling temperature TD. We find that our
numerical results are well described by

TD ≈ 9.6× 106GeV

(
fPQ

1010GeV

)2.246

. (15)

In a previous study [3], the decoupling of axions that
were in thermal equilibrium in the QGP was calculated.
When following [3] but including (14), we find that the
temperature at which the axion yield from thermal pro-
cesses started to differ by more than 5% from Y eq

a agrees
basically with (15). The axion interaction rate Γ equals
H already at temperatures about a factor four below (15)
which however amounts to a different definition of TD.
Axion density parameter—Since also thermally pro-

duced axions have basically a thermal spectrum, we find
that the density parameter from thermal processes in the
primordial plasma can be described approximately by

ΩTP/eq
a h2 #

√
〈pa,0〉2 +m2

a Y
TP/eq
a s(T0)h

2/ρc (16)

with present averagemomentum 〈pa,0〉 = 2.701Ta,0 given
by the present axion temperature Ta,0 = 0.332T0 #
0.08 meV, where T0 # 0.235 meV is the present cosmic
microwave background temperature, h # 0.7 is Hubble’s
constant in units of 100 km/Mpc/s and ρc/[s(T0)h2] =
3.6 eV. A comparison of Ta,0 with the axion mass

ma # 0.6 meV (1010 GeV/fPQ) shows that this axion
population is still relativistic today for fPQ ! 1011GeV.
In Fig. 4 the solid, dashed, and dash-dotted lines show

ΩTP/eq
a h2 for TR = 106, 107, and 108GeV, respectively.

In the fPQ region to the right (left) of the respective kink,

in which TR < TD (TR > TD) holds, ΩTP (eq)
a h2 applies

which behaves as ∝ f−3
PQ (f−1

PQ) for ma ' Ta,0 and as

∝ f−2
PQ (f0

PQ) forma ( Ta,0. The gray dotted curve shows

Ωeq
a h2 for higher TR with TR > TD and also indicates

an upper limit on the thermally produced axion density.
Even Ωeq

a h2 stays well below the cold dark matter density
ΩCDMh2 # 0.1 (gray horizontal bar) and also below the
photon density Ωγh2 # 2.5× 10−5 (gray thin line) [5] in
the allowed fPQ range (2). There, also the current hot
dark matter limits are safely respected [12].
In cosmological settings with TR > TD, also axions

produced non-thermally before axion decoupling (e.g., in
inflaton decays) will be thermalized resulting in Ωeq

a h2.
The axion condensate from the misalignment mechanism
however is not affected—independent of the hierarchy be-
tween TR and TD—since thermal axion production in the
QGP is negligible at T " 1 GeV. Thus, the associated
density ΩMIS

a h2 ∼ 0.15 θ2i (fPQ/1012GeV)7/6 [1, 2, 13] can

coexist with ΩTP/eq
a h2 and is governed by the misalign-

ment angle θi as illustrated by the dotted lines in Fig. 4.
Thereby, the combination of the axion cold dark mat-
ter condensate with the axions from thermal processes,

Ωah2 = ΩMIS
a h2 + ΩTP/eq

a h2, give the analog of a Lee–
Weinberg curve. Taking into account the relation be-
tween fPQ and ma, this is exactly the type of curve that
can be inferred from Fig. 4. Here our calculation of ther-
mal axion production in the QGP allows us to cover for
the first time also cosmological settings with TR < TD.
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I(3)BBB(FFB) =
1

32π3

∫
∞

0
dE3

∫ E+E3

0
dE2 fBBB(FFB)

×
{
Θ(E − E3)

E2
1E

2
3

E2(E3 + E)
+Θ(E3 − E)

E2
2

E3 + E

+[Θ(E3 − E)Θ(E2 − E3)−Θ(E − E3)Θ(E3 − E2)]

×
E2 − E3

E2
[E2(E3 − E)− E3(E3 + E)]

}
, (9)

fBBB,FBF,FFB = f1(E1)f2(E2)[1 ± f3(E3)]. (10)

The sum in (6) is over all axion production processes
1 + 2 → 3 + a viable with (1). The colored particles 1–3
were in thermal equilibrium at the relevant times. Per-
forming the calculation in the rest frame of the plasma,
fi are thus described by fF/B depending on the respec-
tive spins. Shorthand notation (10) indicates the corre-
sponding combinations, where + (−) accounts for Bose
enhancement (Pauli blocking) when particle 3 is a bo-
son (fermion). With any initial axion population diluted
away by inflation and T well below TD so that axions
are not in thermal equilibrium, the axion phase space
density fa is negligible in comparison to fF/B. Thereby,
axion disappearance reactions (∝ fa) are neglected as
well as the respective Bose enhancement (1 + fa ≈ 1).
Details on the methods applied to obtain our results (7),
(8), and (9) can be found in Ref. [11].
Relic axion abundance—We now calculate the ther-

mally produced (TP) axion yield Y TP
a = na/s, where

na is the corresponding axion number density and s the
entropy density. For T sufficiently below TD, the evolu-
tion of the thermally produced na with cosmic time t is
governed by the Boltzmann equation

dna

dt
+ 3Hna =

∫
d3p

dWa

d3p
= Wa. (11)

Here H is the Hubble expansion rate, and the collision
term is the integrated thermal production rate

Wa =
ζ(3)g6sT

6

64π7f2
PQ

[
ln

(
T 2

m2
g

)
+ 0.406

]
. (12)

Assuming conservation of entropy per comoving vol-
ume element, (11) can be written as dY TP

a /dt = Wa/s.
Since thermal axion production proceeds basically dur-
ing the hot radiation dominated epoch, i.e., well above
the temperature of radiation-matter equality Tmat=rad,
one can change variables from cosmic time t to tempera-
ture T accordingly. With initial temperature TR at which
Y TP
a (TR) = 0, the relic axion yield today is given by

Y TP
a ≈ Y TP

a (Tmat=rad) =

∫ TR

Tmat=rad

dT
Wa(T )

Ts(T )H(T )

= 18.6g6s ln

(
1.501

gs

)(
1010GeV

fPQ

)2(
TR

1010 GeV

)
. (13)

This result is shown by the diagonal lines in Fig. 3 for cos-
mological scenarios with different TR values ranging from
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FIG. 3. The relic axion yield today originating from thermal
processes in the primordial plasma for cosmological scenarios
characterized by different TR values covering the range from
104 to 1012 GeV. The dotted, dash-dotted, dashed, and solid
lines are obtained for fPQ = 109, 1010, 1011, and 1012 GeV.

104 to 1012GeV. Here we use gs = gs(TR) as described
by the 1-loop renormalization group evolution [5]

gs(TR) =

[
g−2
s (MZ) +

11Nc − 2nf

24π2
ln

(
TR

MZ

)]−1/2

(14)

where g2s(MZ)/(4π) = 0.1172 at MZ = 91.188 GeV.
Note that (13) is only valid when axion disappearance
processes can be neglected. In scenarios in which TR ex-
ceeds TD, this is not justified since there has been an early
period in which axions were in thermal equilibrium. In
this period, their production and annihilation proceeded
at equal rates. Thereafter, they decoupled as hot ther-
mal relics at TD, where all Standard Model particles are
effectively massless. The present yield of those thermal
relic axions is then given by Y eq

a = neq
a /s ≈ 2.6 × 10−3.

In Fig. 3 this value is indicated by the horizontal lines. In
fact, the thermally produced yield cannot exceed Y eq

a . In
scenarios with TR such that (13) turns out to be close to
or greater than Y eq

a , disappearance processes have to be
taken into account. The resulting axion yield from ther-
mal processes will then respect Y eq

a as the upper limit.
For example, for fPQ = 109GeV, this yield would show a
dependence on the reheating temperature TR that is very
similar to the one shown by the dotted line in Fig. 3. The
only difference will be a smooth transition instead of the
kink at Y TP

a = Y eq
a .

Axion decoupling temperature—The kinks in Fig. 3 in-
dicate the critical TR value which separates scenarios
with thermal relic axions from those in which axions have
never been in thermal equilibrium. Thus, for a given fPQ,
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FIG. 4. The axion density parameter from thermal processes
for TR = 106 GeV (solid), 107 GeV (dashed) and 108 GeV
(dash-dotted) and the one from the misalignment mechanism
for θi = 1, 0.1, and 0.01 (dotted). The density parameters
for thermal relic axions, photons, and cold dark matter are
indicated respectively by the gray dotted line (Ωeq

a h2), the
gray thin line (Ωγh

2), and the gray horizontal bar (ΩCDMh2).

this critical TR value allows us to extract an estimate of
the axion decoupling temperature TD. We find that our
numerical results are well described by

TD ≈ 9.6× 106GeV

(
fPQ

1010GeV

)2.246

. (15)

In a previous study [3], the decoupling of axions that
were in thermal equilibrium in the QGP was calculated.
When following [3] but including (14), we find that the
temperature at which the axion yield from thermal pro-
cesses started to differ by more than 5% from Y eq

a agrees
basically with (15). The axion interaction rate Γ equals
H already at temperatures about a factor four below (15)
which however amounts to a different definition of TD.
Axion density parameter—Since also thermally pro-

duced axions have basically a thermal spectrum, we find
that the density parameter from thermal processes in the
primordial plasma can be described approximately by

ΩTP/eq
a h2 #

√
〈pa,0〉2 +m2

a Y
TP/eq
a s(T0)h

2/ρc (16)

with present averagemomentum 〈pa,0〉 = 2.701Ta,0 given
by the present axion temperature Ta,0 = 0.332T0 #
0.08 meV, where T0 # 0.235 meV is the present cosmic
microwave background temperature, h # 0.7 is Hubble’s
constant in units of 100 km/Mpc/s and ρc/[s(T0)h2] =
3.6 eV. A comparison of Ta,0 with the axion mass

ma # 0.6 meV (1010 GeV/fPQ) shows that this axion
population is still relativistic today for fPQ ! 1011GeV.
In Fig. 4 the solid, dashed, and dash-dotted lines show

ΩTP/eq
a h2 for TR = 106, 107, and 108GeV, respectively.

In the fPQ region to the right (left) of the respective kink,

in which TR < TD (TR > TD) holds, ΩTP (eq)
a h2 applies

which behaves as ∝ f−3
PQ (f−1

PQ) for ma ' Ta,0 and as

∝ f−2
PQ (f0

PQ) forma ( Ta,0. The gray dotted curve shows

Ωeq
a h2 for higher TR with TR > TD and also indicates

an upper limit on the thermally produced axion density.
Even Ωeq

a h2 stays well below the cold dark matter density
ΩCDMh2 # 0.1 (gray horizontal bar) and also below the
photon density Ωγh2 # 2.5× 10−5 (gray thin line) [5] in
the allowed fPQ range (2). There, also the current hot
dark matter limits are safely respected [12].
In cosmological settings with TR > TD, also axions

produced non-thermally before axion decoupling (e.g., in
inflaton decays) will be thermalized resulting in Ωeq

a h2.
The axion condensate from the misalignment mechanism
however is not affected—independent of the hierarchy be-
tween TR and TD—since thermal axion production in the
QGP is negligible at T " 1 GeV. Thus, the associated
density ΩMIS

a h2 ∼ 0.15 θ2i (fPQ/1012GeV)7/6 [1, 2, 13] can

coexist with ΩTP/eq
a h2 and is governed by the misalign-

ment angle θi as illustrated by the dotted lines in Fig. 4.
Thereby, the combination of the axion cold dark mat-
ter condensate with the axions from thermal processes,

Ωah2 = ΩMIS
a h2 + ΩTP/eq

a h2, give the analog of a Lee–
Weinberg curve. Taking into account the relation be-
tween fPQ and ma, this is exactly the type of curve that
can be inferred from Fig. 4. Here our calculation of ther-
mal axion production in the QGP allows us to cover for
the first time also cosmological settings with TR < TD.
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FIG. 4. The axion density parameter from thermal processes
for TR = 106 GeV (solid), 107 GeV (dashed) and 108 GeV
(dash-dotted) and the one from the misalignment mechanism
for θi = 1, 0.1, and 0.01 (dotted). The density parameters
for thermal relic axions, photons, and cold dark matter are
indicated respectively by the gray dotted line (Ωeq

a h2), the
gray thin line (Ωγh

2), and the gray horizontal bar (ΩCDMh2).

this critical TR value allows us to extract an estimate of
the axion decoupling temperature TD. We find that our
numerical results are well described by

TD ≈ 9.6× 106GeV

(
fPQ

1010GeV

)2.246

. (15)

In a previous study [3], the decoupling of axions that
were in thermal equilibrium in the QGP was calculated.
When following [3] but including (14), we find that the
temperature at which the axion yield from thermal pro-
cesses started to differ by more than 5% from Y eq

a agrees
basically with (15). The axion interaction rate Γ equals
H already at temperatures about a factor four below (15)
which however amounts to a different definition of TD.
Axion density parameter—Since also thermally pro-

duced axions have basically a thermal spectrum, we find
that the density parameter from thermal processes in the
primordial plasma can be described approximately by

ΩTP/eq
a h2 #

√
〈pa,0〉2 +m2

a Y
TP/eq
a s(T0)h

2/ρc (16)

with present averagemomentum 〈pa,0〉 = 2.701Ta,0 given
by the present axion temperature Ta,0 = 0.332T0 #
0.08 meV, where T0 # 0.235 meV is the present cosmic
microwave background temperature, h # 0.7 is Hubble’s
constant in units of 100 km/Mpc/s and ρc/[s(T0)h2] =
3.6 eV. A comparison of Ta,0 with the axion mass

ma # 0.6 meV (1010 GeV/fPQ) shows that this axion
population is still relativistic today for fPQ ! 1011GeV.
In Fig. 4 the solid, dashed, and dash-dotted lines show

ΩTP/eq
a h2 for TR = 106, 107, and 108GeV, respectively.

In the fPQ region to the right (left) of the respective kink,

in which TR < TD (TR > TD) holds, ΩTP (eq)
a h2 applies

which behaves as ∝ f−3
PQ (f−1

PQ) for ma ' Ta,0 and as

∝ f−2
PQ (f0

PQ) forma ( Ta,0. The gray dotted curve shows

Ωeq
a h2 for higher TR with TR > TD and also indicates

an upper limit on the thermally produced axion density.
Even Ωeq

a h2 stays well below the cold dark matter density
ΩCDMh2 # 0.1 (gray horizontal bar) and also below the
photon density Ωγh2 # 2.5× 10−5 (gray thin line) [5] in
the allowed fPQ range (2). There, also the current hot
dark matter limits are safely respected [12].
In cosmological settings with TR > TD, also axions

produced non-thermally before axion decoupling (e.g., in
inflaton decays) will be thermalized resulting in Ωeq

a h2.
The axion condensate from the misalignment mechanism
however is not affected—independent of the hierarchy be-
tween TR and TD—since thermal axion production in the
QGP is negligible at T " 1 GeV. Thus, the associated
density ΩMIS

a h2 ∼ 0.15 θ2i (fPQ/1012GeV)7/6 [1, 2, 13] can

coexist with ΩTP/eq
a h2 and is governed by the misalign-

ment angle θi as illustrated by the dotted lines in Fig. 4.
Thereby, the combination of the axion cold dark mat-
ter condensate with the axions from thermal processes,

Ωah2 = ΩMIS
a h2 + ΩTP/eq

a h2, give the analog of a Lee–
Weinberg curve. Taking into account the relation be-
tween fPQ and ma, this is exactly the type of curve that
can be inferred from Fig. 4. Here our calculation of ther-
mal axion production in the QGP allows us to cover for
the first time also cosmological settings with TR < TD.
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FIG. 4. The axion density parameter from thermal processes
for TR = 106 GeV (solid), 107 GeV (dashed) and 108 GeV
(dash-dotted) and the one from the misalignment mechanism
for θi = 1, 0.1, and 0.01 (dotted). The density parameters
for thermal relic axions, photons, and cold dark matter are
indicated respectively by the gray dotted line (Ωeq

a h2), the
gray thin line (Ωγh

2), and the gray horizontal bar (ΩCDMh2).

this critical TR value allows us to extract an estimate of
the axion decoupling temperature TD. We find that our
numerical results are well described by

TD ≈ 9.6× 106GeV

(
fPQ

1010GeV

)2.246

. (15)

In a previous study [3], the decoupling of axions that
were in thermal equilibrium in the QGP was calculated.
When following [3] but including (14), we find that the
temperature at which the axion yield from thermal pro-
cesses started to differ by more than 5% from Y eq

a agrees
basically with (15). The axion interaction rate Γ equals
H already at temperatures about a factor four below (15)
which however amounts to a different definition of TD.
Axion density parameter—Since also thermally pro-

duced axions have basically a thermal spectrum, we find
that the density parameter from thermal processes in the
primordial plasma can be described approximately by

ΩTP/eq
a h2 #

√
〈pa,0〉2 +m2

a Y
TP/eq
a s(T0)h

2/ρc (16)

with present averagemomentum 〈pa,0〉 = 2.701Ta,0 given
by the present axion temperature Ta,0 = 0.332T0 #
0.08 meV, where T0 # 0.235 meV is the present cosmic
microwave background temperature, h # 0.7 is Hubble’s
constant in units of 100 km/Mpc/s and ρc/[s(T0)h2] =
3.6 eV. A comparison of Ta,0 with the axion mass

ma # 0.6 meV (1010 GeV/fPQ) shows that this axion
population is still relativistic today for fPQ ! 1011GeV.
In Fig. 4 the solid, dashed, and dash-dotted lines show

ΩTP/eq
a h2 for TR = 106, 107, and 108GeV, respectively.

In the fPQ region to the right (left) of the respective kink,

in which TR < TD (TR > TD) holds, ΩTP (eq)
a h2 applies

which behaves as ∝ f−3
PQ (f−1

PQ) for ma ' Ta,0 and as

∝ f−2
PQ (f0

PQ) forma ( Ta,0. The gray dotted curve shows

Ωeq
a h2 for higher TR with TR > TD and also indicates

an upper limit on the thermally produced axion density.
Even Ωeq

a h2 stays well below the cold dark matter density
ΩCDMh2 # 0.1 (gray horizontal bar) and also below the
photon density Ωγh2 # 2.5× 10−5 (gray thin line) [5] in
the allowed fPQ range (2). There, also the current hot
dark matter limits are safely respected [12].
In cosmological settings with TR > TD, also axions

produced non-thermally before axion decoupling (e.g., in
inflaton decays) will be thermalized resulting in Ωeq

a h2.
The axion condensate from the misalignment mechanism
however is not affected—independent of the hierarchy be-
tween TR and TD—since thermal axion production in the
QGP is negligible at T " 1 GeV. Thus, the associated
density ΩMIS

a h2 ∼ 0.15 θ2i (fPQ/1012GeV)7/6 [1, 2, 13] can

coexist with ΩTP/eq
a h2 and is governed by the misalign-

ment angle θi as illustrated by the dotted lines in Fig. 4.
Thereby, the combination of the axion cold dark mat-
ter condensate with the axions from thermal processes,

Ωah2 = ΩMIS
a h2 + ΩTP/eq

a h2, give the analog of a Lee–
Weinberg curve. Taking into account the relation be-
tween fPQ and ma, this is exactly the type of curve that
can be inferred from Fig. 4. Here our calculation of ther-
mal axion production in the QGP allows us to cover for
the first time also cosmological settings with TR < TD.
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FIG. 4. The axion density parameter from thermal processes
for TR = 106 GeV (solid), 107 GeV (dashed) and 108 GeV
(dash-dotted) and the one from the misalignment mechanism
for θi = 1, 0.1, and 0.01 (dotted). The density parameters
for thermal relic axions, photons, and cold dark matter are
indicated respectively by the gray dotted line (Ωeq

a h2), the
gray thin line (Ωγh

2), and the gray horizontal bar (ΩCDMh2).

this critical TR value allows us to extract an estimate of
the axion decoupling temperature TD. We find that our
numerical results are well described by

TD ≈ 9.6× 106GeV

(
fPQ

1010GeV

)2.246

. (15)

In a previous study [3], the decoupling of axions that
were in thermal equilibrium in the QGP was calculated.
When following [3] but including (14), we find that the
temperature at which the axion yield from thermal pro-
cesses started to differ by more than 5% from Y eq

a agrees
basically with (15). The axion interaction rate Γ equals
H already at temperatures about a factor four below (15)
which however amounts to a different definition of TD.
Axion density parameter—Since also thermally pro-

duced axions have basically a thermal spectrum, we find
that the density parameter from thermal processes in the
primordial plasma can be described approximately by

ΩTP/eq
a h2 #

√
〈pa,0〉2 +m2

a Y
TP/eq
a s(T0)h

2/ρc (16)

with present averagemomentum 〈pa,0〉 = 2.701Ta,0 given
by the present axion temperature Ta,0 = 0.332T0 #
0.08 meV, where T0 # 0.235 meV is the present cosmic
microwave background temperature, h # 0.7 is Hubble’s
constant in units of 100 km/Mpc/s and ρc/[s(T0)h2] =
3.6 eV. A comparison of Ta,0 with the axion mass

ma # 0.6 meV (1010 GeV/fPQ) shows that this axion
population is still relativistic today for fPQ ! 1011GeV.
In Fig. 4 the solid, dashed, and dash-dotted lines show

ΩTP/eq
a h2 for TR = 106, 107, and 108GeV, respectively.

In the fPQ region to the right (left) of the respective kink,

in which TR < TD (TR > TD) holds, ΩTP (eq)
a h2 applies

which behaves as ∝ f−3
PQ (f−1

PQ) for ma ' Ta,0 and as

∝ f−2
PQ (f0

PQ) forma ( Ta,0. The gray dotted curve shows

Ωeq
a h2 for higher TR with TR > TD and also indicates

an upper limit on the thermally produced axion density.
Even Ωeq

a h2 stays well below the cold dark matter density
ΩCDMh2 # 0.1 (gray horizontal bar) and also below the
photon density Ωγh2 # 2.5× 10−5 (gray thin line) [5] in
the allowed fPQ range (2). There, also the current hot
dark matter limits are safely respected [12].
In cosmological settings with TR > TD, also axions

produced non-thermally before axion decoupling (e.g., in
inflaton decays) will be thermalized resulting in Ωeq

a h2.
The axion condensate from the misalignment mechanism
however is not affected—independent of the hierarchy be-
tween TR and TD—since thermal axion production in the
QGP is negligible at T " 1 GeV. Thus, the associated
density ΩMIS

a h2 ∼ 0.15 θ2i (fPQ/1012GeV)7/6 [1, 2, 13] can

coexist with ΩTP/eq
a h2 and is governed by the misalign-

ment angle θi as illustrated by the dotted lines in Fig. 4.
Thereby, the combination of the axion cold dark mat-
ter condensate with the axions from thermal processes,

Ωah2 = ΩMIS
a h2 + ΩTP/eq

a h2, give the analog of a Lee–
Weinberg curve. Taking into account the relation be-
tween fPQ and ma, this is exactly the type of curve that
can be inferred from Fig. 4. Here our calculation of ther-
mal axion production in the QGP allows us to cover for
the first time also cosmological settings with TR < TD.
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I(3)BBB(FFB) =
1

32π3

∫
∞

0
dE3

∫ E+E3

0
dE2 fBBB(FFB)

×
{
Θ(E − E3)

E2
1E

2
3

E2(E3 + E)
+Θ(E3 − E)

E2
2

E3 + E

+[Θ(E3 − E)Θ(E2 − E3)−Θ(E − E3)Θ(E3 − E2)]

×
E2 − E3

E2
[E2(E3 − E)− E3(E3 + E)]

}
, (9)

fBBB,FBF,FFB = f1(E1)f2(E2)[1 ± f3(E3)]. (10)

The sum in (6) is over all axion production processes
1 + 2 → 3 + a viable with (1). The colored particles 1–3
were in thermal equilibrium at the relevant times. Per-
forming the calculation in the rest frame of the plasma,
fi are thus described by fF/B depending on the respec-
tive spins. Shorthand notation (10) indicates the corre-
sponding combinations, where + (−) accounts for Bose
enhancement (Pauli blocking) when particle 3 is a bo-
son (fermion). With any initial axion population diluted
away by inflation and T well below TD so that axions
are not in thermal equilibrium, the axion phase space
density fa is negligible in comparison to fF/B. Thereby,
axion disappearance reactions (∝ fa) are neglected as
well as the respective Bose enhancement (1 + fa ≈ 1).
Details on the methods applied to obtain our results (7),
(8), and (9) can be found in Ref. [11].
Relic axion abundance—We now calculate the ther-

mally produced (TP) axion yield Y TP
a = na/s, where

na is the corresponding axion number density and s the
entropy density. For T sufficiently below TD, the evolu-
tion of the thermally produced na with cosmic time t is
governed by the Boltzmann equation

dna

dt
+ 3Hna =

∫
d3p

dWa

d3p
= Wa. (11)

Here H is the Hubble expansion rate, and the collision
term is the integrated thermal production rate

Wa =
ζ(3)g6sT

6

64π7f2
PQ

[
ln

(
T 2

m2
g

)
+ 0.406

]
. (12)

Assuming conservation of entropy per comoving vol-
ume element, (11) can be written as dY TP

a /dt = Wa/s.
Since thermal axion production proceeds basically dur-
ing the hot radiation dominated epoch, i.e., well above
the temperature of radiation-matter equality Tmat=rad,
one can change variables from cosmic time t to tempera-
ture T accordingly. With initial temperature TR at which
Y TP
a (TR) = 0, the relic axion yield today is given by

Y TP
a ≈ Y TP

a (Tmat=rad) =

∫ TR

Tmat=rad

dT
Wa(T )

Ts(T )H(T )

= 18.6g6s ln

(
1.501

gs

)(
1010GeV

fPQ

)2(
TR

1010 GeV

)
. (13)

This result is shown by the diagonal lines in Fig. 3 for cos-
mological scenarios with different TR values ranging from
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FIG. 3. The relic axion yield today originating from thermal
processes in the primordial plasma for cosmological scenarios
characterized by different TR values covering the range from
104 to 1012 GeV. The dotted, dash-dotted, dashed, and solid
lines are obtained for fPQ = 109, 1010, 1011, and 1012 GeV.

104 to 1012GeV. Here we use gs = gs(TR) as described
by the 1-loop renormalization group evolution [5]

gs(TR) =

[
g−2
s (MZ) +

11Nc − 2nf

24π2
ln

(
TR

MZ

)]−1/2

(14)

where g2s(MZ)/(4π) = 0.1172 at MZ = 91.188 GeV.
Note that (13) is only valid when axion disappearance
processes can be neglected. In scenarios in which TR ex-
ceeds TD, this is not justified since there has been an early
period in which axions were in thermal equilibrium. In
this period, their production and annihilation proceeded
at equal rates. Thereafter, they decoupled as hot ther-
mal relics at TD, where all Standard Model particles are
effectively massless. The present yield of those thermal
relic axions is then given by Y eq

a = neq
a /s ≈ 2.6 × 10−3.

In Fig. 3 this value is indicated by the horizontal lines. In
fact, the thermally produced yield cannot exceed Y eq

a . In
scenarios with TR such that (13) turns out to be close to
or greater than Y eq

a , disappearance processes have to be
taken into account. The resulting axion yield from ther-
mal processes will then respect Y eq

a as the upper limit.
For example, for fPQ = 109GeV, this yield would show a
dependence on the reheating temperature TR that is very
similar to the one shown by the dotted line in Fig. 3. The
only difference will be a smooth transition instead of the
kink at Y TP

a = Y eq
a .

Axion decoupling temperature—The kinks in Fig. 3 in-
dicate the critical TR value which separates scenarios
with thermal relic axions from those in which axions have
never been in thermal equilibrium. Thus, for a given fPQ,
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FIG. 4. The axion density parameter from thermal processes
for TR = 106 GeV (solid), 107 GeV (dashed) and 108 GeV
(dash-dotted) and the one from the misalignment mechanism
for θi = 1, 0.1, and 0.01 (dotted). The density parameters
for thermal relic axions, photons, and cold dark matter are
indicated respectively by the gray dotted line (Ωeq

a h2), the
gray thin line (Ωγh

2), and the gray horizontal bar (ΩCDMh2).

this critical TR value allows us to extract an estimate of
the axion decoupling temperature TD. We find that our
numerical results are well described by

TD ≈ 9.6× 106GeV

(
fPQ

1010GeV

)2.246

. (15)

In a previous study [3], the decoupling of axions that
were in thermal equilibrium in the QGP was calculated.
When following [3] but including (14), we find that the
temperature at which the axion yield from thermal pro-
cesses started to differ by more than 5% from Y eq

a agrees
basically with (15). The axion interaction rate Γ equals
H already at temperatures about a factor four below (15)
which however amounts to a different definition of TD.
Axion density parameter—Since also thermally pro-

duced axions have basically a thermal spectrum, we find
that the density parameter from thermal processes in the
primordial plasma can be described approximately by

ΩTP/eq
a h2 #

√
〈pa,0〉2 +m2

a Y
TP/eq
a s(T0)h

2/ρc (16)

with present averagemomentum 〈pa,0〉 = 2.701Ta,0 given
by the present axion temperature Ta,0 = 0.332T0 #
0.08 meV, where T0 # 0.235 meV is the present cosmic
microwave background temperature, h # 0.7 is Hubble’s
constant in units of 100 km/Mpc/s and ρc/[s(T0)h2] =
3.6 eV. A comparison of Ta,0 with the axion mass

ma # 0.6 meV (1010 GeV/fPQ) shows that this axion
population is still relativistic today for fPQ ! 1011GeV.
In Fig. 4 the solid, dashed, and dash-dotted lines show

ΩTP/eq
a h2 for TR = 106, 107, and 108GeV, respectively.

In the fPQ region to the right (left) of the respective kink,

in which TR < TD (TR > TD) holds, ΩTP (eq)
a h2 applies

which behaves as ∝ f−3
PQ (f−1

PQ) for ma ' Ta,0 and as

∝ f−2
PQ (f0

PQ) forma ( Ta,0. The gray dotted curve shows

Ωeq
a h2 for higher TR with TR > TD and also indicates

an upper limit on the thermally produced axion density.
Even Ωeq

a h2 stays well below the cold dark matter density
ΩCDMh2 # 0.1 (gray horizontal bar) and also below the
photon density Ωγh2 # 2.5× 10−5 (gray thin line) [5] in
the allowed fPQ range (2). There, also the current hot
dark matter limits are safely respected [12].
In cosmological settings with TR > TD, also axions

produced non-thermally before axion decoupling (e.g., in
inflaton decays) will be thermalized resulting in Ωeq

a h2.
The axion condensate from the misalignment mechanism
however is not affected—independent of the hierarchy be-
tween TR and TD—since thermal axion production in the
QGP is negligible at T " 1 GeV. Thus, the associated
density ΩMIS

a h2 ∼ 0.15 θ2i (fPQ/1012GeV)7/6 [1, 2, 13] can

coexist with ΩTP/eq
a h2 and is governed by the misalign-

ment angle θi as illustrated by the dotted lines in Fig. 4.
Thereby, the combination of the axion cold dark mat-
ter condensate with the axions from thermal processes,

Ωah2 = ΩMIS
a h2 + ΩTP/eq

a h2, give the analog of a Lee–
Weinberg curve. Taking into account the relation be-
tween fPQ and ma, this is exactly the type of curve that
can be inferred from Fig. 4. Here our calculation of ther-
mal axion production in the QGP allows us to cover for
the first time also cosmological settings with TR < TD.
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FIG. 4. The axion density parameter from thermal processes
for TR = 106 GeV (solid), 107 GeV (dashed) and 108 GeV
(dash-dotted) and the one from the misalignment mechanism
for θi = 1, 0.1, and 0.01 (dotted). The density parameters
for thermal relic axions, photons, and cold dark matter are
indicated respectively by the gray dotted line (Ωeq

a h2), the
gray thin line (Ωγh

2), and the gray horizontal bar (ΩCDMh2).

this critical TR value allows us to extract an estimate of
the axion decoupling temperature TD. We find that our
numerical results are well described by

TD ≈ 9.6× 106GeV

(
fPQ

1010GeV

)2.246

. (15)

In a previous study [3], the decoupling of axions that
were in thermal equilibrium in the QGP was calculated.
When following [3] but including (14), we find that the
temperature at which the axion yield from thermal pro-
cesses started to differ by more than 5% from Y eq

a agrees
basically with (15). The axion interaction rate Γ equals
H already at temperatures about a factor four below (15)
which however amounts to a different definition of TD.
Axion density parameter—Since also thermally pro-

duced axions have basically a thermal spectrum, we find
that the density parameter from thermal processes in the
primordial plasma can be described approximately by

ΩTP/eq
a h2 #

√
〈pa,0〉2 +m2

a Y
TP/eq
a s(T0)h

2/ρc (16)

with present averagemomentum 〈pa,0〉 = 2.701Ta,0 given
by the present axion temperature Ta,0 = 0.332T0 #
0.08 meV, where T0 # 0.235 meV is the present cosmic
microwave background temperature, h # 0.7 is Hubble’s
constant in units of 100 km/Mpc/s and ρc/[s(T0)h2] =
3.6 eV. A comparison of Ta,0 with the axion mass

ma # 0.6 meV (1010 GeV/fPQ) shows that this axion
population is still relativistic today for fPQ ! 1011GeV.
In Fig. 4 the solid, dashed, and dash-dotted lines show

ΩTP/eq
a h2 for TR = 106, 107, and 108GeV, respectively.

In the fPQ region to the right (left) of the respective kink,

in which TR < TD (TR > TD) holds, ΩTP (eq)
a h2 applies

which behaves as ∝ f−3
PQ (f−1

PQ) for ma ' Ta,0 and as

∝ f−2
PQ (f0

PQ) forma ( Ta,0. The gray dotted curve shows

Ωeq
a h2 for higher TR with TR > TD and also indicates

an upper limit on the thermally produced axion density.
Even Ωeq

a h2 stays well below the cold dark matter density
ΩCDMh2 # 0.1 (gray horizontal bar) and also below the
photon density Ωγh2 # 2.5× 10−5 (gray thin line) [5] in
the allowed fPQ range (2). There, also the current hot
dark matter limits are safely respected [12].
In cosmological settings with TR > TD, also axions

produced non-thermally before axion decoupling (e.g., in
inflaton decays) will be thermalized resulting in Ωeq

a h2.
The axion condensate from the misalignment mechanism
however is not affected—independent of the hierarchy be-
tween TR and TD—since thermal axion production in the
QGP is negligible at T " 1 GeV. Thus, the associated
density ΩMIS

a h2 ∼ 0.15 θ2i (fPQ/1012GeV)7/6 [1, 2, 13] can

coexist with ΩTP/eq
a h2 and is governed by the misalign-

ment angle θi as illustrated by the dotted lines in Fig. 4.
Thereby, the combination of the axion cold dark mat-
ter condensate with the axions from thermal processes,

Ωah2 = ΩMIS
a h2 + ΩTP/eq

a h2, give the analog of a Lee–
Weinberg curve. Taking into account the relation be-
tween fPQ and ma, this is exactly the type of curve that
can be inferred from Fig. 4. Here our calculation of ther-
mal axion production in the QGP allows us to cover for
the first time also cosmological settings with TR < TD.
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Thermal axion production in the primordial quark-gluon plasma

Peter Graf and Frank Daniel Steffen
Max-Planck-Institut für Physik, Föhringer Ring 6, D–80805 Munich, Germany

We calculate the rate for thermal production of axions via scattering of quarks and gluons in the
primordial quark-gluon plasma. To obtain a finite result in a gauge-invariant way that is consistent
to leading order in the strong gauge coupling, we use systematic field theoretical methods such
as hard thermal loop resummation and the Braaten–Yuan prescription. The thermally produced
yield, the decoupling temperature, and the density parameter are computed for axions with a mass
below 10 meV. In this regime, with a Peccei–Quinn scale above 6 × 108 GeV, the associated axion
population can still be relativistic today and can coexist with the axion cold dark matter condensate.

PACS numbers: 14.80.Va, 98.80.Cq, 95.35.+d, 95.30.Cq

Introduction—If the Peccei–Quinn (PQ) mechanism is
the explanation of the strong CP problem, axions will
pervade the Universe as an extremely weakly interacting
light particle species. In fact, an axion condensate is still
one of the most compelling explanations of the cold dark
matter in our Universe [1, 2]. While such a condensate
would form at temperatures T ! 1 GeV, additional pop-
ulations of axions can originate from processes at much
higher temperatures. Even if the reheating temperature
TR after inflation is such that axions were never in ther-
mal equilibrium with the primordial plasma, they can be
produced efficiently via scattering of quarks and gluons.
Here we calculate for the first time the associated thermal
production rate consistent to leading order in the strong
gauge coupling gs in a gauge-invariant way. The result
allows us to compute the associated relic abundance and
to estimate the critical TR value below which our con-
siderations are relevant. For a higher value of TR, one
will face the case in which axions were in thermal equi-
librium with the primordial plasma before decoupling at
the temperature TD as a hot thermal relic [1, 3]. The
obtained critical TR value can then be identified with the
axion decoupling temperature TD.
We focus on the model-independent axion (a) interac-

tions with gluons given by the Lagrangian1

La =
g2s

32π2fPQ
aGb

µνG̃
b µν , (1)

with the gluon field strength tensor Gb
µν , its dual G̃

b
µν =

εµνρσGb ρσ/2, and the scale fPQ at which the PQ sym-
metry is broken spontaneously. Numerous laboratory,
astrophysical, and cosmological studies point to

fPQ " 6× 108 GeV , (2)

which implies that axions are stable on cosmological
timescales [4, 5]. Considering this fPQ range, we can

1 The relation of fPQ to the VEV 〈φ〉 that breaks the U(1)PQ sym-
metry depends on the axion model and the associated domain
wall number N : fPQ ∝ 〈φ〉/N ; cf. [1, 2] and references therein.

neglect axion production via ππ → πa in the primordial
hot hadronic gas [6, 7]. Moreover, Primakoff processes
such as e−γ → e−a are not taken into account since they
depend on the axion model and are usually far less effi-
cient in the early Universe [8].

We assume a standard thermal history and refer to
TR as the initial temperature of the radiation-dominated
epoch. While inflation models can point to TR well above
1010 GeV, we focus on the case TR < fPQ such that no
PQ symmetry restoration takes place after inflation.

Related studies exist. The decoupling of axions out
of thermal equilibrium with the primordial quark-gluon
plasma (QGP) was considered in Refs. [1, 3]. While the
same QCD processes are relevant, our study treats the
thermal production of axions that were never in thermal
equilibrium. Moreover, we use hard thermal loop (HTL)
resummation [9] and the Braaten–Yuan prescription [10]
which allow for a systematic gauge-invariant treatment
of screening effects in the QGP. In fact, that prescription
was introduced on the example of axion production in a
hot QED plasma [10]; see also Ref. [11].

Thermal production rate—Let us calculate the thermal
production rate of axions with energies E " T in the hot
QGP. The relevant 2 → 2 scattering processes involv-
ing (1) are shown in Fig. 1. The corresponding squared
matrix elements are listed in Table I, where s = (P1+P2)2

and t = (P1 − P3)2 with P1, P2, P3, and P referring to

TABLE I. Squared matrix elements for axion (a) production
in 2-body processes involving quarks of a single chirality (qi)
and gluons (ga) in the high-temperature limit, T " mi, with
the SU(Nc) color matrices fabc and T a

ji. Sums over initial and
final state spins have been performed.

Label i Process i |Mi|2/

(

g6
s

128π4f2
PQ

)

A ga + gb → gc + a −4 (s2+st+t2)2

st(s+t) |fabc|2

B qi + q̄j → ga + a
(

2t2

s
+ 2t+ s

)

|T a
ji|

2

C qi + ga → qj + a
(

− 2s2

t
− 2s − t

)

|T a
ji|

2

3
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FIG. 1: Upper limits on the reheating temperature TR as a
function of the axino mass mea in scenarios with axino cold
dark matter for fa = 1011, 1012, 1013, and 1014 GeV (as la-
beled). For (mea, TR) combinations within the gray bands, the
thermally produced axino density ΩTP

ea h2 is within the nomi-
nal 3σ range (1). For given fa, the region above the associated
band is disfavored by ΩTP

ea h2 > 0.126.

III. THE CHARGED SLEPTON LOSP CASE

While the TR limits discussed above are independent
of the LOSP, we turn now to the phenomenologically
attractive case in which the LOSP is a charged slepton
l̃1. To be specific, we focus on the τ̃1 LOSP case under
the simplifying assumption that the lighter stau is purely
‘right-handed,’ τ̃1 = τ̃R, which is a good approximation
at least for small tan β. The χ̃0

1–τ̃1 coupling is then dom-
inated by the bino coupling. For further simplicity, we
also assume that the lightest neutralino is a pure bino:
χ̃0

1 = B̃.
We consider SUSY hadronic axion models in which

the interaction of the axion multiplet Φ with the heavy
KSVZ quark multiplets Q1 and Q2 is described by the
superpotential

WPQ = yΦQ1Q2 (3)

with the quantum numbers given in Table I and the
Yukawa coupling y. From the 2-component fields of Ta-
ble I, the 4-component fields describing the axino and the
heavy KSVZ quark are given, respectively, by

ã =

(
χ

χ̄

)

and Q =

(
q1

q̄2

)

. (4)

For the heavy KSVZ (s)quark masses, we use the SUSY
limit M eQ1,2

= MQ = y〈φ〉 = yfa/
√

2 with both y and fa

TABLE I: The axion multiplet Φ, the heavy KSVZ quark mul-
tiplets Q1,2, and the associated quantum numbers considered
in this work.

chiral multiplet U(1)PQ (SU(3)c, SU(2)L)Y

Φ = φ +
√

2χθ + FΦθθ +1 (1, 1)0

Q1 = eQ1 +
√

2q1θ + F1θθ -1/2 (3, 1)+eQ

Q2 = eQ2 +
√

2q2θ + F2θθ -1/2 (3∗, 1)−eQ

taken to be real by field redefinitions. The phenomeno-
logical constraint fa ! 6 × 108 GeV [8–11] thus implies
a large mass hierarchy between the KSVZ (s)quarks and
the weak and the soft SUSY mass scales for y = O(1),

M eQ1,2
, MQ % mZ, mSUSY . (5)

Before proceeding, let us recall axion and axino inter-
actions to clarify the definition of fa =

√
2〈φ〉 in the

considered models. By integrating out the heavy KSVZ
(s)quarks, axion-gluon and axion-photon interactions are
obtained as described by the effective Lagrangians

Lagg =
g2
s

32π2fa
a Ga

µνG̃aµν (6)

Laγγ =
e2Caγγ

32π2fa
a FµνF̃µν , (7)

where Ga
µν and Fµν are the gluon and electromagnetic

field strength tensors, respectively, whose duals are given
by G̃a

µν = εµνρσGaρσ/2 and F̃µν = εµνρσF ρσ/2; e2 =
4πα. After chiral symmetry breaking,

Caγγ = 6e2
Q −

2

3

4 + z

1 + z
(8)

for the models described by (3) and Table I, where z =
mu/md ' 0.56 denotes the ratio of the up and down
quark masses. The corresponding interactions of axinos
with gluons and gluinos g̃ are obtained as described by

Leaegg = i
g2
s

64π2fa

¯̃a γ5 [γµ, γν ] g̃a Ga
µν (9)

and as used in the derivation of (2).
In R-parity conserving settings in which the τ̃R LOSP

is the NLSP, its lifetime τeτ is governed by the decay
τ̃R → τ ã. For the models given by (3) and Table I, the
Feynman diagrams of the dominant contributions to the
2-body stau NLSP decay τ̃R → τ ã are shown in Fig. 2.
Since mτ ) meτ , we work in the limit mτ → 0. The
decay amplitude depends on the parameters of the heavy
(s)quark sector through their masses MQ = yfa/

√
2, the

Yukawa coupling y, and the gauge couplings eeQ. In
fact, in the calculation of the 2-loop diagrams, the hier-
archy (5) allows us to make use of a heavy mass expansion
in powers of 1/fa [39]. In this asymptotic expansion, it

model independent

model dependent

but crucial for axino searches
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inated by the bino coupling. For further simplicity, we
also assume that the lightest neutralino is a pure bino:
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We consider SUSY hadronic axion models in which

the interaction of the axion multiplet Φ with the heavy
KSVZ quark multiplets Q1 and Q2 is described by the
superpotential

WPQ = yΦQ1Q2 (3)

with the quantum numbers given in Table I and the
Yukawa coupling y. From the 2-component fields of Ta-
ble I, the 4-component fields describing the axino and the
heavy KSVZ quark are given, respectively, by

ã =

(
χ
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and Q =
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. (4)
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TABLE I: The axion multiplet Φ, the heavy KSVZ quark mul-
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in this work.

chiral multiplet U(1)PQ (SU(3)c, SU(2)L)Y

Φ = φ +
√

2χθ + FΦθθ +1 (1, 1)0

Q1 = eQ1 +
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2q1θ + F1θθ -1/2 (3, 1)+eQ

Q2 = eQ2 +
√

2q2θ + F2θθ -1/2 (3∗, 1)−eQ

taken to be real by field redefinitions. The phenomeno-
logical constraint fa ! 6 × 108 GeV [8–11] thus implies
a large mass hierarchy between the KSVZ (s)quarks and
the weak and the soft SUSY mass scales for y = O(1),

M eQ1,2
, MQ % mZ, mSUSY . (5)

Before proceeding, let us recall axion and axino inter-
actions to clarify the definition of fa =

√
2〈φ〉 in the

considered models. By integrating out the heavy KSVZ
(s)quarks, axion-gluon and axion-photon interactions are
obtained as described by the effective Lagrangians

Lagg =
g2
s

32π2fa
a Ga

µνG̃aµν (6)

Laγγ =
e2Caγγ

32π2fa
a FµνF̃µν , (7)

where Ga
µν and Fµν are the gluon and electromagnetic

field strength tensors, respectively, whose duals are given
by G̃a

µν = εµνρσGaρσ/2 and F̃µν = εµνρσF ρσ/2; e2 =
4πα. After chiral symmetry breaking,

Caγγ = 6e2
Q −

2

3

4 + z

1 + z
(8)

for the models described by (3) and Table I, where z =
mu/md ' 0.56 denotes the ratio of the up and down
quark masses. The corresponding interactions of axinos
with gluons and gluinos g̃ are obtained as described by

Leaegg = i
g2
s

64π2fa

¯̃a γ5 [γµ, γν ] g̃a Ga
µν (9)

and as used in the derivation of (2).
In R-parity conserving settings in which the τ̃R LOSP

is the NLSP, its lifetime τeτ is governed by the decay
τ̃R → τ ã. For the models given by (3) and Table I, the
Feynman diagrams of the dominant contributions to the
2-body stau NLSP decay τ̃R → τ ã are shown in Fig. 2.
Since mτ ) meτ , we work in the limit mτ → 0. The
decay amplitude depends on the parameters of the heavy
(s)quark sector through their masses MQ = yfa/

√
2, the

Yukawa coupling y, and the gauge couplings eeQ. In
fact, in the calculation of the 2-loop diagrams, the hier-
archy (5) allows us to make use of a heavy mass expansion
in powers of 1/fa [39]. In this asymptotic expansion, it

[Kim, ’79; Shifman, Vainshtein, Zakharov, ’80]

Axino Interactions ←− Hadronic (KSVZ) Axion Models

• axino–gluino–gluon interaction:

Lãg̃g = i
αs

16π(fa/N)
¯̃a γ5 [γµ, γν ] g̃a Ga

µν

• axino–bino–photon/Z-boson interaction:

Lea eBγ/Z = i
αYCaYY

16πfa
ã γ5 [γµ, γν ] B̃ (cos θW Fµν − sin θW Zµν)
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LSP Dark Matter: Production, Constraints, Experiments

LSP interaction production constraints experiments

eχ0
1 g, g’ WIMP ← cold indirect detection (EGRET, GLAST, ...)

weak freeze out direct detection (CRESST, EDELWEISS, ...)

MW ∼ 100 GeV prod.@colliders (Tevatron, LHC, ILC, ...)

eG
“

p
MPl

”n
therm. prod. ← cold eτ prod. at colliders (LHC, ILC, ...)

extremely weak NLSP decays ← warm + eτ collection

MPl = 2.44 × 1018 GeV ... + eτ decay analysis: m eG, MPl (?), ...

BBN

CMB

γ rays

Gravitino Dark Matter from NLSP Decays

NLSP Freeze out −→ Thermal NLSP Abundance: YNLSP =
(
nequil

NLSP/s
)

TF

NLSP Decay: NLSP −→ G̃ + X

ΩNTP
eG h2 =

m eG YNLSP h2

ρc/s(T0)

=
( m eG

100 GeV

) (
YNLSP

3.7 × 10−11

)

=

(
m eG

mNLSP

)
ΩNLSPh2

[Covi, Kim, Roszkowski, ’99]

NLSP = Stau τ̃ :−→ ΩNTP
eG h2 $ 0.002

( meτ

100 GeV

)( m eG
100 GeV

)

NLSP $ Bino B̃:−→ ΩNTP
eG h2 ∼ 0.1

( m eB
100 GeV

) ( m eG
100 GeV

)
(model dep.)

[Covi, Kim, Roszkowski, ’99]

freeze out
m/Tf ~ 20

eq.

NLSP

T < 10 GeV

NLSP ! LSP + SM

electrically
charged

NLSP Candidates • lightest neutralino

• lighter stau

• lighter stop

• lightest sneutrino

  Frank D. Steffen   (Max-Planck-Institute of Physics, Munich) Dark Matter at the LHC 31

LSP Dark Matter: Production, Constraints, Experiments

LSP interaction production constraints experiments

eχ0
1 g, g’ WIMP ← cold indirect detection (EGRET, GLAST, ...)

weak freeze out direct detection (CRESST, EDELWEISS, ...)

MW ∼ 100 GeV prod.@colliders (Tevatron, LHC, ILC, ...)

eG
“

p
MPl

”n
therm. prod. ← cold eτ prod. at colliders (LHC, ILC, ...)

extremely weak NLSP decays ← warm + eτ collection

MPl = 2.44 × 1018 GeV ... + eτ decay analysis: m eG, MPl (?), ...

BBN

CMB

γ rays

Gravitino Dark Matter from NLSP Decays

NLSP Freeze out −→ Thermal NLSP Abundance: YNLSP =
(
nequil

NLSP/s
)

TF

NLSP Decay: NLSP −→ G̃ + X

ΩNTP
eG h2 =

m eG YNLSP h2

ρc/s(T0)

=
( m eG

100 GeV

) (
YNLSP

3.7 × 10−11

)

=

(
m eG

mNLSP

)
ΩNLSPh2

[Covi, Kim, Roszkowski, ’99]

NLSP = Stau τ̃ :−→ ΩNTP
eG h2 $ 0.002

( meτ

100 GeV

)( m eG
100 GeV

)

NLSP $ Bino B̃:−→ ΩNTP
eG h2 ∼ 0.1

( m eB
100 GeV

) ( m eG
100 GeV

)
(model dep.)

[Covi, Kim, Roszkowski, ’99]

freeze out
m/Tf ~ 20

eq.

NLSP

T < 10 GeV

NLSP ! LSP + SM

electrically
charged

NLSP Candidates • lightest neutralino

• lighter stau

• lighter stop

• lightest sneutrino

  Frank D. Steffen   (Max-Planck-Institute of Physics, Munich) Dark Matter at the LHC 31

LSP Dark Matter: Production, Constraints, Experiments

LSP interaction production constraints experiments

eχ0
1 g, g’ WIMP ← cold indirect detection (EGRET, GLAST, ...)

weak freeze out direct detection (CRESST, EDELWEISS, ...)

MW ∼ 100 GeV prod.@colliders (Tevatron, LHC, ILC, ...)

eG
“

p
MPl

”n
therm. prod. ← cold eτ prod. at colliders (LHC, ILC, ...)

extremely weak NLSP decays ← warm + eτ collection

MPl = 2.44 × 1018 GeV ... + eτ decay analysis: m eG, MPl (?), ...

BBN

CMB

γ rays

Gravitino Dark Matter from NLSP Decays

NLSP Freeze out −→ Thermal NLSP Abundance: YNLSP =
(
nequil

NLSP/s
)

TF

NLSP Decay: NLSP −→ G̃ + X

ΩNTP
eG h2 =

m eG YNLSP h2

ρc/s(T0)

=
( m eG

100 GeV

) (
YNLSP

3.7 × 10−11

)

=

(
m eG

mNLSP

)
ΩNLSPh2

[Covi, Kim, Roszkowski, ’99]

NLSP = Stau τ̃ :−→ ΩNTP
eG h2 $ 0.002

( meτ

100 GeV

)( m eG
100 GeV

)

NLSP $ Bino B̃:−→ ΩNTP
eG h2 ∼ 0.1

( m eB
100 GeV

) ( m eG
100 GeV

)
(model dep.)

[Covi, Kim, Roszkowski, ’99]

freeze out
m/Tf ~ 20

eq.

NLSP

T < 10 GeV

NLSP ! LSP + SM

electrically
charged

NLSP Candidates • lightest neutralino

• lighter stau

• lighter stop

• lightest sneutrino



  Frank D. Steffen   (Max-Planck-Institute of Physics, Munich) On calculations of cosmic relic abundances of EWIPs 21



  Frank D. Steffen   (Max-Planck-Institute of Physics, Munich) On calculations of cosmic relic abundances of EWIPs 22



  Frank D. Steffen   (Max-Planck-Institute of Physics, Munich) On calculations of cosmic relic abundances of EWIPs 23

Axino LSP Case
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if a standard thermal history is assumed.1 While TR ! 109 GeV
is required, e.g., by standard thermal leptogenesis with hierarchi-
cal right-handed neutrinos [21–25], we show in this work that
fa ! 3 × 1012 GeV can be associated with restrictive BBN con-
straints due to the long-lived l̃1 LOSP and its potential to form
primordial bound states. In fact, we find that those BBN constraints
imply upper limits on fa and thereby new upper limits on TR.

We consider hadronic (or KSVZ) axion models [26,27] in a SUSY
setting [28]. In this class of models, the axino couples to the MSSM
particles only indirectly through loops of heavy KSVZ (s)quarks.
Thereby, the dominant 2-body decay of the l̃1 LOSP into the asso-
ciated lepton and the axino is described in leading order by 2-loop
diagrams [4,12]. Using a heavy mass expansion, we evaluate the
2-loop diagrams explicitly and obtain the decay width that gov-
erns the l̃1 lifetime τl̃1 . For a given thermal freeze-out yield of

negatively charged l̃−1 ’s, Yl̃−1
, our τl̃1 result allows us to infer the

BBN constraints associated with primordial 6Li and 9Be produc-
tion that can be catalyzed by l̃−1 -nucleus-bound-state formation
[29–31]. While BBN constraints were often assumed to play only a
minor role in the axino LSP case, we explore the ones from bound-
state effects explicitly and show that they impose new restrictive
limits on fa and TR.

Before proceeding, let us comment on axion physics. We as-
sume a cosmological scenario in which the spontaneous breaking
of the PQ symmetry occurs before inflation leading to TR < fa
so that no PQ symmetry restoration takes place during inflation
or in the course of reheating. Since axions are never in thermal
equilibrium for the large fa values considered, their relic density
Ωa is governed by the initial misalignment angle Θi of the axion
field with respect to the CP-conserving position; cf. [6,9,32] and
references therein. With a sufficiently small Θi being an option,
Ωa # Ωdm is possible even for fa as large as 1014 GeV. We as-
sume Ωa # Ωdm to keep the presented constraints conservative.

The remainder of this Letter is organized as follows. In the next
section we review the upper limits on TR imposed by ΩTP

ã " Ωdm

which provide our motivation to consider fa ! 3 × 1012 GeV. Sec-
tion 3 presents the results for the l̃1 NLSP lifetime obtained from
our 2-loop calculation. Section 4 explores the BBN constraints from
l̃1-nucleus-bound-state formation. In Section 5, we show that those
BBN constraints imply new TR limits if the considered axino LSP
scenario is realized in nature. Analytic expressions that approx-
imate the obtained limits in a conservative way are derived in
Section 6.

2. Constraints on TR

Because of their extremely weak interactions, the temperature
T f at which axinos decouple from the thermal plasma in the early
Universe can be very high, e.g., T f ! 109 GeV for fa ! 1011 GeV
[5,33] or T f ! 1011 GeV for fa ! 1012 GeV [5]. Accordingly, axinos
decouple as a relativistic species in scenarios with TR > T f . The
resulting relic density is then insensitive to the precise value of
TR [33]: Ω therm

ã h2 $ mã/(2 keV). Moreover, Ω therm
ã " Ωdm implies

mã # 0.2 keV. For a scenario with Ω therm
ã $ Ωdm, this is in conflict

with large-scale structure which requires a smaller present free-
streaming velocity of axino dark matter and thereby mã ! 1 keV;

1 Depending on the model, the saxion — which is the bosonic partner of the
axino that appears in addition to the axion — can be a late decaying particle and
as such be associated with significant entropy production [17–20]. This could affect
cosmological constraints [16] including those considered in this work. Leaving a
study of saxion effects for future work, we assume in this Letter a standard thermal
history and thereby that those effects are negligible.

Fig. 1. Upper limits on the reheating temperature TR as a function of the axino
mass mã in scenarios with axino cold dark matter for fa = 1011, 1012, 1013, and
1014 GeV (as labeled). For (mã, TR) combinations within the gray bands, the ther-
mally produced axino density ΩTP

ã h2 is within the nominal 3σ range (1). For given
fa , the region above the associated band is disfavored by ΩTP

ã h2 > 0.126.

cf. Section 5.2 and Table 1 of Ref. [34]. Focussing on scenarios in
which axinos provide the dominant component of cold dark matter
with a negligible present free-streaming velocity, mã ! 100 keV,
we thus assume TR < T f in the remainder of this work.

In scenarios with TR < T f , axino dark matter can be produced
efficiently in scattering processes of particles that are in thermal
equilibrium within the hot MSSM plasma [3,5,35,36]. The efficiency
of this thermal axino production is sensitive to TR and fa and the
associated relic density reads [5]2

ΩTP
ã h2 $ 5.5g6s (TR) ln

(
1.211
gs(TR)

)(
1011 GeV

fa

)2

×
(

mã

0.1 MeV

)(
TR

107 GeV

)
(2)

with the strong coupling gs and the axion-model-dependent color
anomaly of the PQ symmetry absorbed into fa .3 Using hard ther-
mal loop (HTL) resummation together with the Braaten–Yuan pre-
scription [38], this expression has been derived within SUSY QCD
in a consistent gauge-invariant treatment that requires weak cou-
plings gs(TR) # 1 and thus high temperatures. Accordingly, (2)
is most reliable for T % 104 GeV [5].4 Note that we evalu-
ate gs(TR) = √

4παs(TR) according to its 1-loop renormalization
group running within the MSSM from αs(mZ) = 0.1176 at mZ =
91.1876 GeV.

In Fig. 1, (mã, TR) regions in which the thermally produced ax-
ino density (2) is within the nominal 3σ range (1) are indicated
for fa values between 1011 GeV and 1014 GeV by gray bands (as
labeled). For given values of mã and fa , TR values above the corre-
sponding band are disfavored by ΩTP

ã > Ωdm; see also [3,5,7,15,16].
From (2) and Fig. 1, one can see that the viability of temperatures

2 We refer to TR as the initial temperature of the radiation-dominated epoch.
Relations to TR definitions in terms of the decay width of the inflaton field can be
established in the way presented explicitly for the G̃ LSP case in Ref. [37].
3 For the hadronic axion models considered below, the color anomaly is N = 1 so

that (2) applies directly, i.e., without the need to absorb N into the definition of fa .
4 For thermal axino production at lower temperatures, cf. [36].
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Upper Limits on the Reheating Temperature

Figure 7: Upper bound on the reheating temperature for the Case 1 as a function of the
gravitino mass.

photo- and hadro-dissociations are ineffective. Then, overproduction of 4He due to the
p ↔ n conversion becomes the most important. For the observational constraints on the
mass fraction of 4He, we consider three different observational results given in Eqs. (5.8) −
(5.10). As one can see, the upper bound on TR in this case is sensitive to the observational
constraint on the primordial abundance of 4He; for the case of m3/2 = 10 TeV, for example,
TR is required to be lower than 3 × 107 GeV if we use the lowest value of Y given in Eq.
(5.8) while, with the highest value given in Eq. (5.10), the upper bound on the reheating
temperature becomes as large as 4 × 109 GeV.

When 400 GeV <∼ m3/2
<∼ 5 TeV, gravitinos decay when the cosmic temperature is 1 keV

− 100 keV. In this case, hadro-dissociation gives the most stringent constraints; in particu-
lar, the overproductions of D and 6Li become important. Furthermore, when the gravitino
mass is relatively light (m3/2

<∼ 400 GeV), the most stringent constraint is from the ratio
3He/D which may be significantly changed by the photo-dissociation of 4He.

It should be noted that, even when the gravitino cannot directly decay into colored
particles (i.e., the squarks, gluino, and their superpartners) due to the kinematical reason,
the reheating temperature may still be stringently constrained from the hadro-dissociation
processes. This is due to the fact that some of the non-colored decay products (in partic-
ular, the weak bosons W± and Z as well as some of the superparticles) produce hadrons
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resulting gravitino yield from thermal production reads

Y TP
G̃

(Tlow) ≡
nTP

G̃
(Tlow)

s(Tlow)
≈ CG̃(TR)

s(TR)H(TR)

=
3∑

i=1

yig
2
i (TR)

(
1 + M2

i (TR)

3m2
G̃

)

(3)× ln
(

ki

gi(TR)

)(
TR

1010 GeV

)
,

where the constants yi are given in Table 1. These constants are
obtained with the Hubble parameter describing the radiation-
dominated epoch, Hrad(T ) =

√
g∗(T )π2/90T 2/MP, the en-

tropy density s(T ) = 2π2g∗S(T )T 3/45, and an effective num-
ber of relativistic degrees of freedom of g∗(TR) = g∗S(TR) =
228.75. We evaluate gi(TR) and Mi(TR) using the one-loop
evolution described by the renormalization group equation in
the MSSM:

(4)gi(T ) =
(

g−2
i (mZ) − β

(1)
i

8π2 ln
[

T

mZ

])−1/2

,

(5)Mi(T ) =
[

gi(T )

gi(MGUT)

]2

Mi(MGUT)

with the respective gauge coupling at the Z-boson mass,
gi(mZ), and the β

(1)
i coefficients listed in Table 1.

Without late-time entropy production, the gravitino yield
from thermal production at the present temperature T0 is given
by

(6)Y TP
G̃

(T0) = Y TP
G̃

(Tlow).

The resulting density parameter of thermally produced graviti-
nos is

(7)ΩTP
G̃

h2 = mG̃Y TP
G̃

(T0)s(T0)h
2/ρc

with the Hubble constant h in units of 100 km Mpc−1s−1 and
ρc/[s(T0)h

2] = 3.6 × 10−9 GeV.
In Fig. 1 our result (3) for the thermally produced gravitino

yield Y TP
G̃

(Tlow) is shown as a function of TR for various val-
ues of mG̃ (solid lines). The curves are obtained with m1/2 =
500 GeV for the case of universal gaugino masses at MGUT:
M1,2,3(MGUT) = m1/2. The dotted lines show the correspond-
ing results from the SU(3)c yield of Ref. [10] for M3 = m1/2,
which was used to study TR constraints on gravitino dark mat-
ter scenarios in Refs. [13–15]. We find that (3) exceeds the yield
derived from [10] by about 50%; cf. [11]. The dashed (blue in
the web version) horizontal line indicates the equilibrium yield

(8)Y
eq
G̃

≡
n

eq
G̃

s
≈ 1.8 × 10−3

which is given by the equilibrium number density of a relativis-
tic spin 1/2 Majorana fermion, n

eq
G̃

= 3ζ(3)T 3/(2π2). For T >

T G̃
f , g∗(T ) = g∗S(T ) = 230.75 since the spin 1/2 components

of the gravitino are in thermal equilibrium. In the region where
the yield (3) approaches the equilibrium value (8), gravitino
disappearance processes should be taken into account. This
would then lead to a smooth approach of the non-equilibrium

Fig. 1. The thermally produced gravitino yield (3) as a function of TR for
mG̃ = 10 MeV, 100 MeV, 1 GeV, 10 GeV, 100 GeV, and 1 TeV (solid lines
from left to right) and M1,2,3(MGUT) = m1/2 = 500 GeV. The dotted lines
show the corresponding yield obtained with the SU(3)c result for the collision
term of Ref. [10]. The dashed (blue in the web version) horizontal line indicates
the equilibrium yield of a relativistic spin 1/2 Majorana fermion.

yield to the equilibrium abundance. Without the backreactions
taken into account, the kink position indicates a lower bound
for T G̃

f . Towards smaller mG̃, T G̃
f decreases due to the in-

creasing strength of the gravitino couplings. For example, for
mG̃ = 1 GeV (10 MeV), we find T G̃

f ! 1014 GeV (1010 GeV).
In the analytical expression (3) we refer to TR as the initial

temperature of the radiation-dominated epoch. So far we have
not considered the phase in which the coherent oscillations of
the inflaton field φ dominate the energy density of the Universe,
where one usually defines TR in terms of the decay width Γφ of
the inflaton field φ. To account for the reheating phase, we nu-
merically integrate (1) together with the Boltzmann equations
for the energy densities of radiation and the inflaton field,

(9)
dρrad

dt
+ 4Hρrad = Γφρφ,

(10)
dρφ

dt
+ 3Hρφ = −Γφρφ,

respectively; for details see Appendix F of Ref. [34].
With our result for the collision term (2), we find that the

gravitino yield obtained numerically is in good agreement with
the analytical expression (3) for

(11)TR &
[

90
g∗(TR)π2

]1/4√ΓφMP

1.8

which satisfies Γφ & 1.8Hrad(TR). For an alternative TR defini-
tion given by Γφ = ξ Hrad(TR),

(12)T
ξ

R ≡
[

90
g∗(TR)π2

]1/4
√

ΓφMP

ξ
,
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Upper Limits on the Reheating Temperature

Figure 7: Upper bound on the reheating temperature for the Case 1 as a function of the
gravitino mass.

photo- and hadro-dissociations are ineffective. Then, overproduction of 4He due to the
p ↔ n conversion becomes the most important. For the observational constraints on the
mass fraction of 4He, we consider three different observational results given in Eqs. (5.8) −
(5.10). As one can see, the upper bound on TR in this case is sensitive to the observational
constraint on the primordial abundance of 4He; for the case of m3/2 = 10 TeV, for example,
TR is required to be lower than 3 × 107 GeV if we use the lowest value of Y given in Eq.
(5.8) while, with the highest value given in Eq. (5.10), the upper bound on the reheating
temperature becomes as large as 4 × 109 GeV.

When 400 GeV <∼ m3/2
<∼ 5 TeV, gravitinos decay when the cosmic temperature is 1 keV

− 100 keV. In this case, hadro-dissociation gives the most stringent constraints; in particu-
lar, the overproductions of D and 6Li become important. Furthermore, when the gravitino
mass is relatively light (m3/2

<∼ 400 GeV), the most stringent constraint is from the ratio
3He/D which may be significantly changed by the photo-dissociation of 4He.

It should be noted that, even when the gravitino cannot directly decay into colored
particles (i.e., the squarks, gluino, and their superpartners) due to the kinematical reason,
the reheating temperature may still be stringently constrained from the hadro-dissociation
processes. This is due to the fact that some of the non-colored decay products (in partic-
ular, the weak bosons W± and Z as well as some of the superparticles) produce hadrons
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4

Furthermore, we only need to take into account the pro-
duction of the spin-1/2 components of the gravitino since
(11) implies M2

i /3m2
eG
! 1 for m eG ! 1 GeV.

For a given m1/2, the reheating temperature TR is lim-
ited from above because ΩTP

eG
cannot exceed the dark

matter density [25] Ω3σ
dmh2 = 0.105+0.021

−0.030 where h is the

Hubble constant in units of 100 km Mpc−1s−1. Requiring

ΩTP
eG

h2 ≤ 0.126 (13)

and using the derived lower bound (11) allows us to ex-
tract the conservative upper limit:

TR " 4.9 × 107 GeV
( m eG

10 GeV

)1/5

. (14)

This constraint is a slowly varying function of m eG:
(m eG/10 GeV)1/5 = 0.6 − 2.5 for m eG = 1 GeV − 1 TeV.
Therefore, (14) poses a strong bound on TR for the natu-
ral gravitino LSP mass range in gravity-mediated super-
symmetry breaking scenarios.

Note that the constraint (14) relies on thermal grav-
itino production only. In addition, gravitinos are pro-
duced in stau NLSP decays with the respective density

ΩNTP
eG

h2 = m eGY dec
eτ1

s(T0)h
2/ρc , (15)

where ρc/[s(T0)h2] = 3.6 × 10−9 GeV [25]. While the
precise value of Y dec

eτ1
depends on the concrete choice of

the CMSSM parameters, the upper limit (14) can only
become more stringent by taking ΩNTP

eG
into account. For

exemplary CMSSM scenarios, this can be seen from the
(m1/2, m0) planes shown in Figs. 4 and 5 of Ref. [13].6

These figures illustrate that the severe limits (11) and
(14) are very conservative bounds.

CONCLUSION

We have considered the catalysis of 6Li production
in CMSSM scenarios with the gravitino LSP and the
stau NLSP. Here the calculated 6Li abundance drops
below the observational limit on primordial 6Li for
τeτ1

" 5 × 103 s. Taken at face value, we find that
this constraint translates into a lower limit m1/2 ≥
0.9 TeV(m eG/10 GeV)2/5 in the entire natural region of
the CMSSM parameter space. This implies a conser-
vative upper bound TR " 4.9 × 107GeV(m eG/10 GeV)1/5

for a standard cosmological history. The bounds on m1/2

and TR not only confirm our previous findings [13] but are
also independent of the particular values of the CMSSM
parameters and hence robust in this class of models.
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Conclusion

Refined calculations of the 
thermal production of 
e x t r e m e l y w e a k l y 
i n t e r a c t i n g p a r t i c l e s 
(EWIPs) are worth pursuing


