
Preliminary results from the 4PI effe
tive a
tionin 
ollaboration with E. Koval
huk, Yun Guo, Weijie FuOutline:
• Introdu
tion to nPI
• Motivation - transport 
oe�
ients
• 4PI s
alar theory - stru
ture of renormalization

• Results in a toy (toy) model
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2PI for S
alar Theories:generating fun
tional with lo
al and bi-lo
al sour
es

Z[J,K] = eiW [J,K] =

∫

Dφ̂ei(S[φ̂]+Jiφ̂
i+1

2Rijφ̂
iφ̂j)

short-hand notation:
∫

dx

∫

dy ϕ(x)R(x, y)ϕ(y) → ϕiRijϕj → Rϕ2
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Legendre transform:
Γ[φ,D] = W [J,K] − Jiφ

i −
1

2
φiRijφ

j

= Scl[φ] +
i

2
Tr lnD−1 +

i

2
Tr D−1

0 (D − D0) + Γ2[φ,D]

Γ[φ,D] is a fun
tion of the 1- and 2-point fun
tions

φ and D are determined self-
onsistently from the equations of motionvariational prin
iple (in the absen
e of sour
es)
δΓ

δφ
=

δΓ

δD
= 0

⇒ D−1 = D−1
0 − Σ[φ,D] , Σ[φ,D] := 2i

δΓ2

δD3



Compare to Γ[φ] = 1PI e�e
tive a
tion:

• Γ[φ,D] depends on the self 
onsistent propagator

→ trun
ated Γ[φ,D] in
ludes an in�nite resummation of diagrams

→ non-perturbative
• Γ[φ,D] is 2PI - no double 
ounting

2PI 2PR
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example: 
onsider 
ontributions to Σ = 2iδΓ2/δG

⇒

6=

δ
δG

δ
δG

δ
δG

⇒

note: expe
t di�
ulties with the ward identity
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nPI e�e
tive a
tionnPI Γ is a fun
tional of n-point fun
tions3PI Γ[φ,D,U ], 4PI Γ[φ,D,U, V ] · · ·

n-point fun
tions determined self-
onsistently from the equations of motion

⇒ hierar
hy of 
oupled equations - no exa
t solution method is available

⇒ use approximation te
hniques: trun
ate the e�e
tive a
tiongoal: improve 
onvergen
e relative to standard perturbation theory
ompare: HTL e�e
tive theory (high Temperature gauge theories)

in prin
iple nPI is valid arbitrarily far from equilibrium
an apply formalism to the 
al
ulation of transport 
oe�
ients6



Transport Coe�
ients:idea: a far from equilibrium system will eventually equilibrate and thermalizelook at �nal stages of evolution and study the approa
h to equilibriumtransport 
oe�
ients:
• e�
ien
y to transport 
onserved quantities over large distan
es

• 
hara
terise linear deviations from equilibrium

• 
al
ulated from moments of the phase spa
e distributionor from the kubo formulae
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Kubo Formulae:ele
tri
al 
ondu
tivity and shear vis
osity:

σ =
1

6

∂

∂ω
ρii(ω, 0)|ω=0 η =

1

20

∂

∂ω
ρππ(ω, 0)|ω=0

ρµν(ω, ~p) =

∫

d4x eipx〈[jµ(x), jν(0)]〉eq

ρππ(ω, ~p) =

∫

d4x eipx〈[πij(x), πij(0)]〉eqt
's ∼ slope of the 
urrent-
urrent spe
tral fun
tions at ω = 0

⇒ related to the equilibrium 2-point vertex fun
tion: limq0→0 Σ(q0, 0)

⇒ are 
al
ulated using methods of equilibrium �eld theory
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Transport Coe�
ients and Singularities
al
ulation is 
ompli
ated by the presen
e of singularities

→ there are in�nite sets of terms that 
ontribute at leading order

→ we need a resummationIDEA:eom's from nPI formalism resum diagrams that 
ontribute at a given order
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(1) pin
h singularities
onsider the zero frequen
y limit in the kubo formulae

limq0→0

P

P

∼ ∼ ∼ . . .

pairs of ret/adv props with the same momenta: ∫
dp0D

ret(P )Gadv(P )
→ a divergen
e 
alled a `pin
h singularity'regulate using resummed propagators: DretGadv ∼ ρ

2ImΣ

→ extra fa
tors of 
oupling in the denominators
→ in�nite set of graphs with pin
hing pairs - all need to be resummed
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(2) 
olinear singularities
ompare 2 ↔ 2 s
attering and 2 ↔ 3 s
attering

P

K
P + K

2nd is formally higher order BUT 
olinear singularity → enhan
ement

(P + K)2 = P 2 + K2
︸ ︷︷ ︸

zero
± 2pk(1 − cos θ)

→ ∞ series of 
olinear singularities must be resummed (LPM e�e
t)
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leading order transport 
oe�
ients:need 2 
oupled integral equations that resum pin
h and 
olinear singularitiesvery subtle power-
ounting arguments to see what 
ontributes even at lo
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Use nPI to 
al
ulate of transport 
oe�
ients:integral equations that resum singularities are produ
ed in a natural waywithout any power-
ounting arguments

⇒ a natural framework to work beyond leading orderResults:3PI: 
an reprodu
e lo kineti
 theory results = dire
t 
onne
tion to �eld theoryP. Arnold, G.D. Moore and L. G. Ya�e, JHEP 0305, 051 (2003).MEC and E. Koval
huk, Phys. Rev. D 76, 045019 (2007) - σ qed.MEC and E. Koval
huk, Phys. Rev. D 80, 085013 (2009) - η q
d.4PI: next-to-leading order transport 
oe�
ientsMEC and E. Koval
huk, Phys. Rev. D 81, 065017 (2010).
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nlo - 4loop 4PI - s
alar theory with 
ubi
 and quarti
 intera
tion

Z[J,R,R3, R4] = Exp[iW [J,R,R3, R4]]

=

∫

Dφ̂ Exp[i(Scl[φ̂] + Jφ̂ +
1

2!
Rφ̂2 +

1

3!
R3φ̂

3 +
1

4!
R4φ̂

4)]

Γ[φ,D,U, V ] = Scl[φ] +
i

2
Tr LnD−1

12

+
i

2
Tr

[

(D0
12(φ))−1

(

D21 − D0
21(φ)

)]

− iΦ[φ,D,U, V ]

1
8

EIGHT

+ 1
6

EGG0

− 1
12

EGG

+ 1
24

− 1
48

BBALL0 BBALLEGG

+ 1
8

+ 1
24

+ 1
48

+ 1
8

+ 1
8

+ 1
72

TWISTEDEYEBALLTARGETLOOPYMERCEDESHAIR

Φ =
14



Problem
n-point fun
tions do not satisfy standard symmetry 
onstraintsex: in s
alar theories w/ sb O(N ) symmetry - 2-pt f
n has no goldstone modeex: qed photon polarisation tensor isn't transverse in momentum spa
erelated issues:- renormalizability- gauge invarian
e of resultssimple example: 2PI e�e
tive theory Γ[φ,G]
→ 
orre
ted propagators but not 
orre
ted verti
esbut wi depend on 
an
ellations between di�erent topologies(vertex 
orre
tions and self energy 
orre
tions)
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resummed e�e
tive a
tionequations of motion
δΓ[φ,D,U, V ]

δXi
= 0 , Xi ∈ {φ,D,U, V }

self-
onsistent solutions X̃i ∈ {D̃[φ], Ũ [φ], Ṽ [φ]}

⇒ resummed a
tion- depends only on �eld expe
tation:

Γ̃[φ] = Γ[φ, D̃[φ], Ũ [φ], Ṽ [φ]]
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de�nitions of n-point fun
tionstheory de�ned in terms of self-
onsistently determined n-point f
nsadditional (di�erent) de�nitions are possible

• equivalent if the a
tion is not trun
ated

• related through integral equations

will 
onsider only the symmetri
 theory: φ̃ = Ũ = 0
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(1) Kernels: Λnml = G−4l4!l2m δl+m+nΦ
δV lδGmδφn|X̃

x = 4l + 2m + n is the total number of legsexample: Λ020 = 4δ2Φ
δ2G

- a 4-point fun
tion

(2) Resummed/Mixed: M
(x)
n = δX̃x−n

δφ̃n , M
(2+n)
n = δnΣ̃

δφ̃n

n derivs wrt φ of s
 vertex X̃x−n w/ x − n legs → M has x legsex: δ2Σ̃
δ2φ

= another 4-point fun
tion(3) Conne
ted: M c
k = 〈φφ · · ·〉 = −(−i)k+1δkW

δJk

ex: M c
k = 
onne
ted 4-point fun
tion

18



M verti
es satisfy integral equations w Λ fun
tions as kernels (
hain rule)2PI example:
+ 1

48
= 1

8Φ

= +(2)1

2 =

Λ020 = 4 δ2
Φ

G12G34

+1

2

1

2

3

4

+1

2

1

2

3

4

3

4

1

2
=

M = D−4M c
4 (amputated-
ntd 4-point f
n) - resumms Λ in the s-
hannel

M = Λ020 +
1

2
Λ020G

2M

= +
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Renormalization:previous m, λ, G and V were bare quantities (unrenormalized)bare quantities related to renormalized ones:

δm2 = Zm2
B − m2 , δλ = Z2λB − λ , δZ = Z − 1

GB = ZG , VB = Z−2V ,

ZG−1
0B = G−1

0 + δG−1
0 , δG−1

0 = i(δZ� + δm2)
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Γ in terms of renormalized quantities:

iΓ[G,V ] = −
1

2
Tr ln G−1 −

1

2
TrG−1

0 G + ΦA[G,V ] + ΦB[G,V ]

ΦA = −
1

2
TrδG−1

0 G +
1

8
(λ + δλet)G

2 +
1

4!
(λ + δλbb)G4V

ΦB = −
1

2

1

4!
V 2G4 +

1

48
V 3G6

+ 1
48ΦB = − 1

48

EIGHT BBALL0

−1
2 +1

8

EIGHTct

+ 1
24

BBALLct

ΦA = +1
8 + 1

24
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Key idea:allowed:�nite set of ~p-independent 
t with same stru
ture as terms in orig a
tion

⇒ only one 
oupling 
onstant 
ounter-term δλbb = δλetmust show di�erent n-point f
ns 
an be renormalized w/ same 
ounter-termsI 
on
entrate on the fun
tions V and Σ [M ℄will show: M and V both renormalized by δλ up to the order of the trun
ation

2PI renormalization:J-P Blaizot, E. Ian
u, U. Reinosa, Nu
l. Phys. A736, 149 (2004).H. Hees, J. Knoll, Phys. Rev. D65, 025010 (2002); D65 105005 (2002); D66 025028 (2002).J. Berges, S. Borsanyi, U. Reinosa, J. Serreau, Annals Phys. 320, 344 (2005); JHEP 0607, 028, (2006).
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The vertex V obtained from eom:

= +

+1
2 +1

2 +1
2

short-hand notation:

= + +(3)1
2

δλbb
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Vertex Splitting:Method to isolate ~p-independent divergen
es: vertex splittinggroup fa
tors in integrand f ({Pi}, L)

• L an integration variable and L /∈ {Pi}split the fun
tion f :
f ({Pi}, L) = ∆Lf + f (0, L) with ∆Lf = f ({Pi}, L) − f (0, L)large L → ∆Lf ∼ 1

LfWeinberg's theorem- 
an show integrals we need at most logarithmi
ally divergent

⇒ term with a fa
tor ∆Lf ∼ 1
Lf is �nite when integrated over L
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Example:
= f +

P K

L

Q + K − PQ

0 0

00

IV V
t (−P,Q,K,−Qt) =

∫

dLV (Q,−Qt, L,−Lt)GLGLt
V (−L,Lt,−P,K)

de�ne: f1({Pi}, L) = V (Q,−Qt, L,−Lt)GL f2({Pi}, L) = GLt
V (−L,L

IV V
t (−P,Q,K,−Qt) =

∫

dL[(∆Lf1 + f1(0, L))(∆Lf2 + f2(0, L))]
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terms with least one ∆L are �niteremaining term is momentum independent:

IV V
t (−P,Q,K,−Qt) = I

(V V fin)
t (−P,Q,K,−Qt) + I1(V0, V0)

I1(V0, V0) =

∫

dL V (0, 0, L,−L)G2
LV (L,−L, 0, 0)

RESULT: δ
(1)
bb = −3

2I1(V0, V0)
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renormalization of the 2-point fun
tionKEY 1: eom for Σ simpli�es to SD form using higher eom's(MEC and Yun Guo, Phys. Rev. D83, 016006 (2011))

Σ = − −1
6 +1

4

+1
6 +1

6= −

+1
2 +(2)1

6 +(2)1
6

+1
2 +1

2

δG

δG

+1
2

Σ(p) = i(δZP 2 − δm2) +
1

2
(λ + δλet)

∫

dQ G(Q)

+
1

6
(λ + δλbb)

∫

dQ

∫

dK V (P,Q,K)G(Q)G(K)G(Q + K + P )
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KEY 2: Σ eom 
an be repa
kaged to 
ontain the amputated vertex Mextra
t the leading asymptoti
 behaviour:

G̃ = Gas + δG , Σ(G̃) = Σas + Σ0where Gas ∼ P−2 and Σas ∼ P 2

M(P, K) = Λ(P, K) + 1
2

∫
dR Λ(P, R)G(R)2M(R, K)

Σ0(K) = −iδm2 −
i

2
(m2 + δm2)

∫

dPG2
as(P )M (P, 0) + finite terms

P -integral is divergent but ~p-independent
⇒ 
an be 
an
elled by an appropriate 
hoi
e of the 
ounter-term δm2

⇒ must show that the vertex M 
an be renormalized with same δλ
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1-loop terms in M

δλet

+Λ =

+(4)1
2

δλbb

+(2)1
4

+(4)1
2

BBALLct

Double Scoop
Triangle

−(2)1
2+(4)1

2

= +1
2

= +1
2

+1
4

+ · · ·

M (1) = m(0) + m(1) = (4)1
2 +1

2−(2)1
2

29



Overlapping divergen
es
δλet

+Λ =

+(4)1
2

δλbb

+(2)1
4

+(4)1
2

BBALLct

Double Scoop
Triangle

−(2)1
2+(4)1

2

double-s
oop and triangle graphs 
ontain overlapping divergen
esuse δλbb to 
an
el themuse δλet to 
an
el overall divergen
e
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vertex splitting pro
edure

→ isolate overlapping divergen
es and ~p-independent pie
eexample: double-s
oop diagram
= finite + (2)

P K

−(2)

0 0

0 0

0 0

00

0

00

0 0 0 0

+
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Organizational tri
k:2 
ounter-terms: δλbb and δλet = δλ
bp
et + ∆λet
hoose δλ

bp
et and δλbb to renormalize Λ
hoose ∆λet to absorb the new divergen
es in M produ
ed by iteration

Λ = Λ[δλ
bp
et , δλbb] + ∆λet =: Λf + ∆λet

can show : ∆λet = −
1

2

∫

dL [Λf (0, L) + ∆λet] G
2(L)M (L, 0)
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olle
t results:
δλ

bp (1)
et = −(4)

1

2
I1(λ, V0) + (2)

1

2
I1(V0, V0)

δλ
(1)
bb = −

3

2
I1(V0, V0) cancel overlap in 2xScoop/triangle

∆λ
(it 1)
et = −

1

2
I1(Λf0, Λf0)

keep only 1-loop in the skeleton expansion:
δλ

(1)
bb = δλ

bp (1)
et + ∆λ

(1)
et = −

3

2
I1(Λ0, Λ0)

⇒ to 1-loop δλet=δλbb=δλ renormalizes both M (and Σ) and V
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not true at 2-loopsreason: Λ and M produ
ed at di�erent orders in the skeleton expansion

δ/δG opens 1-loop
δ/δV opens 3-loops
an show: in
lude 
ontributions from 5-loop terms in e�e
tive a
tion to Veom

− 1
128 −(3)1

4⇒

⇒ 
ounter-terms that renormalize V and M are the same to 2-loops
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Numeri
al results:work in 2-dimensionsonly divergen
e is a log divergen
e from tadpole diagram in 2-point fun
tionabsorb with a 
ounter-term δm2

N × N 2-d symmetri
 latti
e, periodi
 b
, latti
e spa
ing a = 2π/(Nm)
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Con
lusions:
• renormalization of 4PI e�e
tive a
tion has same stru
ture as 2PI Γ

• numeri
al 
al
ulations are 
hallengingbut preliminary results are promising
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