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Overview

I Powerful methods for calculating helicity amplitudes analytically and
numerically [BlackHat (Zvi Bern’s talk), Rocket, MadLoop, . . . ]

I We discuss how to seamlessly incorporate helicity amplitudes in SCET:
Helicity operator basis

I Illustrate ease of use with explicit LO and NLO results for:
I pp→W/Z/γ + 0, 1, 2 jets
I pp→ H + 0, 1, 2 jets
I pp→ 2, 3 jets
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Introduction Helicity Operators Examples Further Discussion

Example: pp→W + 2 jets

W

QCD
I Real and virtual corrections
I IR divergences cancel, but costly phase-space integration
I General observables

SCET
I Match QCD onto SCET:

Partons correspond to energetic well-separated jets

I Only (IR finite part of) virtual QCD corrections
I Real radiation described by collinear and soft degrees of freedom
I Resummation for exclusive jet cross sections
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Example: gg → H + 0 jets

W−

Soft

Soft

W+

Jet b Jet a

p p
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T cut
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b
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mH =165GeV

NNLO

NNLL+NNLO

I Jet veto needed to remove large tt̄ background: use beam thrust Tcm

I Factorization for Tcm � mH [Stewart, Tackmann, WW (2009)]

dσ

dTcm

= Hgg(µ)︸ ︷︷ ︸
|virtual QCD|2

Bg(µ)⊗Bg(µ)︸ ︷︷ ︸
collinear

⊗ Sgg(µ)︸ ︷︷ ︸
soft

I Factorization separates scales

→ resum to NNLL+NNLO [Berger et. al. (2010)]

1+αs ln2 Tcm

mH

=
(
1+2αs ln2 mH

µ

)(
1−αs ln2 TcmmH

µ2

)(
1+2αs ln2 Tcm

µ

)
I Jet veto logarithms and K-factor accidentally cancel
→ proper treatment for Higgs+N jet uncertainties: [Stewart, Tackmann (2011)]

σN = σ≥N+1 − σ≥N and ∆2
N = ∆2

≥N+1 + ∆2
≥N
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Factorization for N jets

dσN =

∫
dxadxb

∫
dΦN︸ ︷︷ ︸

phase space

∑
κ︸︷︷︸

parton types

tr[Ĥκ
N Ŝ

κ
N ]︸ ︷︷ ︸

color trace

⊗Bκa ⊗Bκb︸ ︷︷ ︸
PDF⊗ISR

⊗
∏
j

Jκj︸ ︷︷ ︸
FSR

Factorization and Soft Functions for
N-jet Production at Hadron Colliders 

Teppo Jouttenus
MIT

SCET workshop, Pittsburgh
March 2011

Work with Iain Stewart, 
Frank Tackmann, Wouter Waalewijn

arXiv:1102.4344

p p

Soft
Jet

Jet

Jet Jet

W/Z

Monday, March 7, 2011

I Hard function Hκ
N depends on process (κ)

but not observable/factorization theorem
I Summed over spins
I Matrix in color space

For N -Jettiness eventshape:
I Soft function ŜκN known at NLO [Jouttenus, Stewart, Tackmann, WW (2011)]

I Beam functions Bκa known to NLO [Fleming, Leibovich, Mehen (2006);

Stewart, Tackmann, WW (2010); Berger et. al. (2010)]

I Jet functions Jκj even known at NNLO [Becher, Neubert (2006); Becher, Bell (2010)]

→ Need to extract the (NLO) hard function = topic of this talk
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Matching helicity amplitudes

A(1+2+3+
q 4−q̄ 5H) = =

∑
iCi×

Oi

I Building blocks of SCET operators: quark field χn, gluon field Bµn⊥
I Traditional approach to spin:

O1 = χ̄n3 n/2 χn4 Bn1⊥ · Bn2⊥H5

O2 = χ̄n3 B/n1⊥ χn4 n4 ·Bn2⊥H5

O3 = χ̄n3 n/1n/2 B/n1⊥ χn4 n4 ·B⊥n2
H5

. . . [Marcantonini, Stewart (2008)]

I Counting operators is difficult
I χn and Bµn⊥ only support two spins→ introduce χn± and Bn±

e.g. O+++− ≈ Bn1+Bn2+ χ̄n3+χn4−H5
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Spinor review

Helicity amplitudes written in spinors

Definition:
I |p±〉 = u±(p) = v∓(p) (for antiparticles chirality and helicity opposite)
I 〈pq〉 = 〈p−|q+〉 , [pq] = 〈p+|q−〉

Some properties:
I |〈pq〉| = |[pq]| =

√
|2p·q| (phase important too)

I 〈pq〉[qp] = 2p · q
I 〈pq〉 = −〈qp〉 , [pq] = −[qp]

I
∑
i[ji]〈ik〉 = 0 (momentum conservation)

e.g. [13]〈32〉 = −[14]〈42〉
I 〈p+|γµ|q+〉〈k+|γµ|l+〉 = 2[pk]〈lq〉 (Fierz)
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Goal

Helicity operators seamlessly connect helicity amplitudes to SCET
I Matching is independent of IR regulator
I Matching coefficient = IR finite part of virtual hel. amplitudes in dim. reg.
I Matching is process dependent, observable independent

Challenges:
I Organize spin and color
I Discrete symmetries
I Crossing symmetry
I Renormalization:

2 vs. 2− 2ε gluon polarizations
I Intrinsic phases

(for more than four massless particles)
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SCET basics

Modes:
I Collinear: energetic radiation collimated along a direction ~n,

decompose using nµ = (1, ~n), n̄µ = (1,−~n):

pµ = n̄·p n
µ

2
+ n·p n̄

µ

2
+ pµn⊥

∼ 1 + λ2 + λ .

Factorization and Soft Functions for
N-jet Production at Hadron Colliders 

Teppo Jouttenus
MIT

SCET workshop, Pittsburgh
March 2011

Work with Iain Stewart, 
Frank Tackmann, Wouter Waalewijn

arXiv:1102.4344

p p

Soft
Jet

Jet

Jet Jet

W/Z

Monday, March 7, 2011

I Soft: not energetic (∼ λ2), no preferred direction
I Jets match onto collinear fields

Gauge-invariant collinear quark and gluon fields:

χn,ω = δ(ω − n̄·P)W †n ξn

Bµn,ω⊥ = δ(ω + n̄·P)W †n
(

1
g
Pµn⊥ +Aµn⊥

)
Wn

I ξn and Aµn are collinear quark and gluon field

I Wilson line Wn sums O(1) emissions of n̄·An gluons
I δ(ω ± n̄·P) measures large momentum component
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Helicity fields for gluons

I Polarization vectors for gluon with momentum p

εµ+(p, k) =
〈p+|γµ|k+〉√

2〈kp〉
, ε− = ε∗+ ,

satisfy the usual relations:
p · ε± = k · ε± = 0, ε± · ε∓ = −1, ε± · ε± = 0,

I Gluon helicity field

Bai± = −ε∓µ(ni, n̄i)Baµni,ωi⊥i ,
I Choice kµ = n̄µ gives simple Feynman rules:

p,+,a +

9 / 24
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Helicity fields for quarks

χαi± =
1±γ5

2
χαni,−ωi , χ̄αi± = χ̄αni,ωi

1∓γ5

2

I Tree-level Feynman rules

+

I Since chirality is conserved, we define a quark current

Jαβij± = ∓ εµ∓(pi, pj)
χ̄αi± γµχ

β
j±√

2〈pj∓|pi±〉
such that for example
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Introduction Helicity Operators Examples Further Discussion

Helicity operator basis
I Match onto the Lagrangian

Leff =

∫ n∏
i=1

dpiO
a1···αn
+··(··−)(p1, . . . , pn)Ca1···αn

+··(··−)(p1, . . . , pn) ,

O
a1a2···αi−1αi···αn−1αn
±±···(±···±) = S Ba1

1± Ba2

2± · · · J
αi−1αi
q i−1,i± · · · J

αn−1αn
q n−1,n±

I Helicity labels are ordered

O+··(··−) = O+ · · ·+︸ ︷︷ ︸ − · · ·−︸ ︷︷ ︸ (+ · · ·+︸ ︷︷ ︸ − · · ·−︸ ︷︷ ︸)
n+
g n−g n+

q n−qSince

I Symmetry factor S simplifies matching for identical particles, e.g.

11 / 24



Introduction Helicity Operators Examples Further Discussion

Helicity operator basis
I Match onto the Lagrangian

Leff =

∫ n∏
i=1

dpiO
a1···αn
+··(··−)(p1, . . . , pn)Ca1···αn

+··(··−)(p1, . . . , pn) ,

O
a1a2···αi−1αi···αn−1αn
±±···(±···±) = S Ba1

1± Ba2

2± · · · J
αi−1αi
q i−1,i± · · · J

αn−1αn
q n−1,n±

I Helicity labels are ordered

O+··(··−) = O+ · · ·+︸ ︷︷ ︸ − · · ·−︸ ︷︷ ︸ (+ · · ·+︸ ︷︷ ︸ − · · ·−︸ ︷︷ ︸)
n+
g n−g n+

q n−qSince

I Symmetry factor S simplifies matching for identical particles, e.g.

11 / 24



Introduction Helicity Operators Examples Further Discussion

Helicity operator basis
I Match onto the Lagrangian

Leff =

∫ n∏
i=1

dpiO
a1···αn
+··(··−)(p1, . . . , pn)Ca1···αn

+··(··−)(p1, . . . , pn) ,

O
a1a2···αi−1αi···αn−1αn
±±···(±···±) = S Ba1

1± Ba2

2± · · · J
αi−1αi
q i−1,i± · · · J

αn−1αn
q n−1,n±

I Helicity labels are ordered

O+··(··−) = O+ · · ·+︸ ︷︷ ︸ − · · ·−︸ ︷︷ ︸ (+ · · ·+︸ ︷︷ ︸ − · · ·−︸ ︷︷ ︸)
n+
g n−g n+

q n−qSince

I Symmetry factor S simplifies matching for identical particles, e.g.

11 / 24



Introduction Helicity Operators Examples Further Discussion

General matching
I Very simple tree-level matching in our basis:

Atree
QCD(1+2 · · ·n+

q̄ ) =
〈
ga1

+ (p1)g2(p2) · · · qαn−1

− (pn−1)q̄αn+ (pn)
∣∣iLeff

∣∣0〉|tree

= iC
a1a2···αn−1αn
+··(··−) (p1, p2, . . . , pn−1, pn)

I In SCET only soft gluons connect different collinear directions, e.g.

I Loops are thus scaleless and vanish in pure dim. reg: 1/εUV − 1/εIR = 0
I Renormalization removes 1/εUV, leaves 1/εIR:

ASCET =

∫
(〈O〉tree + 〈O〉loop)·iC = 〈O〉tree ·[1 + δO(εIR)

]·iC
The IR divergences cancel in the matching, leaving

Afin
QCD(1+2 · · ·n+

q̄ ) = iCa1···αn
+··(··−)(p1, . . . , pn)
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Introduction Helicity Operators Examples Further Discussion

Color structures
I Use a basis of color-singlet structures. E.g. for ggqq̄

~T †abαβ =
(
T aT b T bT a tr[T aT b]1

)
αβ

.

I Decompose operators and Wilson coefficients
~O† = Oa1···αn ~T †a1···αn , Ca1···αn = ~T †a1···αn · ~C .

I The Lagrangian becomes

Leff =

∫ n∏
i=1

dpi ~O
†
+··(··−)(p1, . . . , pn) ~C+··(··−)(p1, . . . , pn) ,

Example: tree-level matching for n gluons
I QCD color decomposition

Atree
n (1 · · ·n) = ign−2

s

∑
σ∈Sn/Zn

tr[T aσ(1) · · · T aσ(n) ]A(0)
n [σ(1), . . . , σ(n)] ,

Using the color-basis T †a1···an
k = tr[T aσk(1) · · · T aσk(n) ], we find

Ck(p1, . . . , pn) = gn−2
s A(0)

n [σk(1), . . . , σk(n)]
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Introduction Helicity Operators Examples Further Discussion

C and P

I C and P for helicity fields

PBai±(pi) P = Bai∓(pP
i ) , CBai± T aαβ C = −Bai±T aβα

P Jαβij±(pi, pj) P = Jαβij∓(pP
i , p

P
j ) , C Jαβij±C = −Jβαji∓ ,

I C and P of operators easily determined

I For example for Oabαβ++(+) = 1
2
Ba1+ Bb2+ J

αβ
34+

I Parity: C++(+) = C−−(−) up to a phase
since Lorentz invariants sij = (pi + pj)

2 = (pP
i + pP

j )2

I Charge conjugation relates C++(+) and C++(−):
COabαβ++(+)(p1, p2; p3, p4) C = −Obaαβ++(−)(p1, p2; p4, p3)
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Introduction Helicity Operators Examples Further Discussion

Example: ggqq̄



Introduction Helicity Operators Examples Further Discussion

ggqq̄: Basis and matching

I Six helicity operators:

Oabαβ++(+) =
1

2
Ba1+ Bb2+ J

αβ
34+ ,

Oabαβ+−(+) = Ba1+ Bb2− Jαβ34+

. . .

I Color structures:

~T †abαβ

=
(
T aT b T bT a tr[T aT b]1

)
αβ

I C and P: only C+±(+) independent

I QCD color decomposition:

A(12 3+
q 4−q̄

)
= i

∑
σ∈S2

[
T aσ(1)T aσ(2)

]
α3α4

A(σ(1), σ(2); 3+
q , 4

−
q̄ )

+ i tr[T a1T a2 ] δα3α4 B(1, 2; 3+
q , 4

−
q̄ )

I Matching coefficients:

~C+−(+)(p1, p2; p3, p4) =

Afin(1+, 2−; 3+
q , 4

−
q̄ )

Afin(2−, 1+; 3+
q , 4

−
q̄ )

Bfin(1+, 2−; 3+
q , 4

−
q̄ )


and similarly for ~C++(+)
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Introduction Helicity Operators Examples Further Discussion

ggqq̄: Matching results
I Nonvanishing tree-level helicity amplitudes

A(0)(1+,2−;3+
q ,4
−
q̄ )=−2g2 〈23〉〈24〉3

〈12〉〈24〉〈43〉〈31〉

=2g2
√
|s13 s14|
s12

e
iΦ+−

A(0)(2−,1+;3+
q ,4
−
q̄ )=−2g2 〈23〉〈24〉3

〈21〉〈14〉〈43〉〈32〉

=2g2 s13
√
|s13 s14|

s12 s14
e

iΦ+−

sij=(pi+pj)
2=2pi·pj , e

iΦ+−=
〈24〉
[24]

[13][14]√
|s13 s14|

I Pull out convention-dependent overall phase
I One-loop helicity amplitudes were calculated in [Kunszt, Signer, Trocsanyi (1994)]

A
(1)
div(1+,2−;3+

q ,4
−
q̄ )=A(0) αs

4π

[
− 2
ε2

(CA+CF )+ 1
ε (2CF L12+2CA L13−3CF−β0)

]
,

A
(1)
fin (1+,2−;3+

q ,4
−
q̄ )=A(0) αs

4π

{
CA

(
−L2

13+L2
12/13+1+ 7π2

6

)
+CF

(
−L2

12+3L12−8+π2

6

)
+(CA−CF )

s12
s14

(L2
12/13+π2)

}
Lij=ln(−

sij

µ2 −i0) Lij/kl=Lij−Lkl

I Cross check: IR divergences with anomalous dimension in SCET

αs
4π

[
− 2
ε2

(CA+CF )+ 1
ε

(
−β0−3CF+2∆̂gg qq̄(µ

2)
)]
~C

(0)

+−(+)
=


A

(1)
div(1+,2−;3+

q ,4
−
q̄ )

A
(1)
div(2−,1+;3+

q ,4
−
q̄ )

B
(1)
div(1+,2−;3+

q ,4
−
q̄ )


∆̂gg qq̄ = anomalous dim. mixing matrix
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−
q̄ )

A
(1)
div(2−,1+;3+

q ,4
−
q̄ )

B
(1)
div(1+,2−;3+

q ,4
−
q̄ )


∆̂gg qq̄ = anomalous dim. mixing matrix

16 / 24



Introduction Helicity Operators Examples Further Discussion

ggqq̄: Hard function

dσN =

∫
dxadxb

∫
dΦN

∑
κ︸︷︷︸

parton types

tr[Ĥκ
N Ŝ

κ
N ]︸ ︷︷ ︸

color trace

⊗Bκa ⊗Bκb ⊗
∏
j

Jκj

Ĥggqq̄
4 =

∑
λ1,λ2,λ3

~Cλ1λ2(λ3)
~C†λ1λ2(λ3)

I Calculate: ~C++(+) and ~C+−(+)

I Identical particles: ~C−+(+)(p1, p2, p3, p4) = V̂ ~C+−(+)(p2, p1, p3, p4)

I Charge conj: ~C++(−)(p1, p2, p3, p4) = −V̂ ~C++(+)(p1, p2, p4, p3)

I Parity gives remaining ~C−−(+) = ~C++(−) etc.

V̂ =

0 1 0
1 0 0
0 0 1

 (interchanging colors)
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Introduction Helicity Operators Examples Further Discussion

ggggH: Basis

A(1+2+3+4−5H) = = iC+++−

O+ + +

I Five helicity operators:

Oabcd++++ =
1

4!
Ba1+Bb2+Bc3+Bd4+H5

Oabcd+++− =
1

3!
Ba1+Bb2+Bc3+Bd4−H5

. . .

I Six color structures:
~T †abcd

=
(

1
2
(tr[abcd] + tr[dcba]), . . .

tr[ab] tr[cd], . . .
)

I Parity: ~C++++ = ~C−−−− and ~C+++− = ~C+−−− up to a phase
I Under charge conjugation

COabcdλ1λ2λ3λ4

~T abcd C = Oabcdλ1λ2λ3λ4

~T dcba

tr[abcd]− tr[dcba] is thus not allowed
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Introduction Helicity Operators Examples Further Discussion

ggggH: Intrinsic phases
I QCD partial amplitudes

A(1234)=i
∑
σ∈S4/Z4

tr[aσ(1)aσ(2)aσ(3)aσ(4)]A
(
σ(1),σ(2),σ(3),σ(4)

)
+i

∑
σ∈S4/Z

3
2

tr[aσ(1)aσ(2)]tr[aσ(3)aσ(4)]B
(
σ(1),σ(2),σ(3),σ(4)

)
I Matching coefficients are

~C++−−(p1,p2,p3,p4)=


2Afin(1+,2+,3−,4−)...
Bfin(1+,2+,3−,4−)...



I Tree-level helicity amplitudes calculated by [Kauffmann, Desai, Risal (1997)]

A(0)(1+,2+,3−,4−;5H)=−2
[

[12]4

[12][23][34][41] +
〈34〉4

〈12〉〈23〉〈34〉〈41〉

]
I Two independent intrinsic phases:

eiφ1 =
〈13〉〈24〉
〈12〉〈34〉

√
|s12s34|√
|s13s24|

, eiφ2 =
〈14〉〈23〉
〈12〉〈34〉

√
|s12s34|√
|s14s23|

.

I Independent of phase conventions
I eiφi = ±1 for four massless particles
I φi can be written in terms of sij and εµνρσp

µ
1p
ν
2p
ρ
3p
σ
4
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Introduction Helicity Operators Examples Further Discussion

N -Jettiness

W/Z

qbqa

q1

q2

0

0

1

1

2

2

3

3 4 5

−1

−1

−2

−2
−3

−3−4−5
η

φ BeamaBeam b

Jet 1

Jet 2

geometric
measure (E)

Jet 2

Soft

Soft Jet 1

e+ e−

1

2

TN =
2

Q

∑
k

min
{
qa ·pk, qb ·pk, q1 ·pk, . . . , qN ·pk

}
[Stewart, Tackmann, WW (2010)]

I qi = q0
i (1, n̂i) are massless reference momenta for beams and jets

I “min” associates particles with closest jet: qi ·pk ∝ (1− cos θik)

I Large contributions to TN when Ek and all θik large
→ TN ≤ T cut

N � Q corresponds to exclusive N -jet measurement
I e+e− → 2 jets: with qµ1,2 = Q/2 (1,±t̂) we have 1− T2/Q = thrust
I pp→ 0 jets: for qµa,b = Q/2 (1,±ẑ) we have T0 = beam thrust

I Can use jet algorithm to get jet directions: T alg.1
N = T alg.2

N +O(T 2
N/Q)

I N-jettiness adapted to study substructure [Kim (2010), Thaler, Van Tilburg (2010)]
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Crossing symmetry

Crossing symmetry requires proper branch cuts
I For logarithms:

ln
(
− sij

µ2
− i0

)
=

{
ln

sij
µ2 − iπ sij > 0

ln(−sij
µ2 ) sij < 0

I For spinors:
I We define conjugate spinors as

〈p±| = sgn(p0) |p±〉
I For p0 < 0

|p±〉 = i|(−p)±〉
〈p±| = −|p±〉 = −(−i)〈(−p)±| = i〈(−p)±|

so spinors and conjugate spinors have same branch cut
I Spinor identities valid for p0 > 0 and p0 < 0
I Additional signs only appear in relations with explicit complex conj.

〈p−|q+〉∗ = sgn(p0q0) 〈q+|p−〉
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Renormalization Schemes

Gluon polarizations treated differently:

CDR HV FDH
observed d 4 4
unobserved d d 4

unobserved = virtual emissions or real emissions in the collinear/soft limit

I Conversion between schemes well-known at one-loop [Kunszt, Signer, Trocsanyi

(1993), Bern, Dixon, Dunbar, Kosower (1994), Catani, Seymour, Trocsanyi (1997)]

I Helicity operators require observed pol. in 4 dim.→ use HV
I Partons are energetic and well-separated in matching, so HV = CDR:

I Evanescent operators do not mix under renormalization
I Jet function JHV = JCDR/(1− ε) → essentially unchanged
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Soft Function

dσN =

∫
dxadxb

∫
dΦN

∑
κ︸︷︷︸

parton types

tr[Ĥκ
N Ŝ

κ
N ]︸ ︷︷ ︸

color trace

⊗Bκa ⊗Bκb ⊗
∏
j

Jκj

I Soft function ŜκN is matrix in color space
I At tree-level, soft function has no emissions,

ŜN
b1···βNa1···αN ∝ 1 = δb1a1 · · · δβNαN =

∑
a1,...,αN

~T a1···αN ~T †a1···αN

I We work out the tree-level soft functions up to 5 partons. E.g. for ggqq̄

1gg qq̄ =
CACF

2

 2CF 2CF − CA 1
2CF − CA 2CF 1

1 1 CA


I The N -jet soft function at NLO:

I Jet angularities of cone-jets [Ellis, Hornig, Lee, Vermilion, Walsh (2010)]
I N -Jettiness [Jouttenus, Stewart, Tackmann, WW (2011)]
I Subtraction method for N -jet soft functions [Bauer, Dunn, Hornig (2011)]
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Conclusions

We introduce a helicity operator basis such that

Afin
QCD(1+2 · · ·n+

q̄ ) = iCa1···αn
+··(··−)(p1, . . . , pn)

I C and P are easy
I Helicity operators require HV

but HV and CDR essentially the same here
I Proper branch cuts ensure crossing symmetry
I Easy to use: we give explicit matching for V +jets, H+jets, pp→ 2, 3 jets

Virtual helicity amplitudes can directly be used
for resummation of N -jet cross sections in SCET

...it would be great if BlackHat, Rocket etc. would make this publicly available!

Thank you
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