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The Chiral Magnetic Effect

Please click below for an introductory movie

RHIC’s hot quark soup
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http://www.youtube.com/user/BrookhavenLab##p/u/18/kXy5EvYu3fw
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Kubo Formulas

The Chiral Magnetic Effect

[Kharzeev, McLerran, Warringa '07]

s L2 Magnetic Field
plane

CANVANEY + =t Net chirality

Electric current

P-odd charge
separation

X (defines ¥g)

[parity violating currents: Vilenkin ‘80, Giovannini, Shaposhnikov ‘98, Alekseev, Chaianov, Frohlich ‘98]

Strong Magnetic field induces a P-odd charge separation —
= Electric current: J = ¢°B..

Eugenio Megias Gravitational Anomaly and Transport



Anomalous Effects and Kubo Formulas

The Chiral Magnetic Effect

Kubo Formulas

0 Anomalous Effects and Kubo Formulas

@ Kubo Formulas

Eugenio Megias Gravitational Anomaly and Transport



Anomalous Effects and Kubo Formulas it @il et Eies

Kubo Formulas

Kubo Formulas

@ Chiral Magnectic Conductivity [Kharzeev, Warringa '09]
J=0"8B,
In momentum space
=

Ji= O'Beijkiijk .

@ Kubo formula for a general symmetry group (A. Gynther et al.,

JHEP1102(2011)110.)
[Ta, Te] = ifag “Tc,
B : i i1k
= | —éiik (Jad
(0)ne o Zi -2 €ik (Jads) »

Retarded correlation function of currents.
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Kubo Formulas

Kubo Formulas

@ Chiral fermions

N
_ 1
I = Z (TA)? fWgViPJr‘Uf ) Py = 5(1 +5),
fg=1

@ Chemical potentials and generators in the Cartan subalgebra

p'=> dhua, Ha=0jd'y.
A

Chemical potentials break group G — G fulfilling T} g% = 4T/ .
Only currents that lie in G are conserved and participate in the
hydrodynamics.

@ 1-loop calculation [Kharzeev, Warringa '09], [Megias et al. '11]

1 1
B C C
== > tr(Ta{Te,H =—— d
(07 )nB 82 (Ta{Ts,Hc}) u An? ABC M
c Anomaly Coeff.

Chiral Magnetic Conductivity induced by the Chiral Anomaly
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Kubo Formulas
Triangle Diagram

Ay® pure gauge

Ta

~ dapc
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Kubo Formulas

Energy Transport and Chiral Vortical Effect

[I. Amado, K. Landsteiner, F. Pena-Benitez, JHEP1105 '11]
@ finite density: charge transport =—> energy transport

5BB
0Toi = pod; Ry udoBB; .

@ Energy flux sourced by magnetic fields
i
oV = 7Z€ijk<JiTOk> Z/MdO'B-‘rCOﬂSt
@ T,, sourced by metric

ds? = —(1 — 20)dt? + 2A4dtdX + (1 + 20)dX?,

@ Aq "gravitomagnetic field” = chiral gravitomagnetic effect

J=0YBy, B =é*gAqx.
@ Chiral vortical effect: local fluid velocities
u* =(1,0,0,0),  u, =(-1,Ay),
J=oYkgu, oY = Vorticity coeff.
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Hydrodynamics of Relativistic Fluids

[Son,Surowka], [Eling,Neiman,Oz], [Erdmenger et al.], [Banerjee et al.], [Loganayagam],
[Kharzeev, Yee], [Sadovyev et al.]

TH = (e+P)utu’ +Pgh’ + 7 |
Ideal Hydro Dissipative
J? = nu + oH
N~~~ ~—~

Ideal Hydro  Dissipative

@ Landau frame: T = (e + P)u'

2

Za —oTPH'V, (%) + oE* 4+ BBH + VM + - -

where P#¥ = gt + utu”, and vorticity: w” = 2e#*PAu, V,u,.
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Hydrodynamics of Relativistic Fluids

@ Landau frame:
&'s coefficients are different from o's, but they are related to them:

B = I(Icimozi—kC ;beabc <<Jajb> - ngLP <-|—0an>>

Voo aroby N 0aOb
& = klc'Tosz;e”k' (<JT )=t >>

?

w=0

w=0
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9 Hydrodynamics of Relativistic Fluids
@ Weak coupling
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Field Theory Computation

@ As before: general symmetry group
i N
0 __ \ 0 qi i 00 f
T = > ;_1 Vi (70" ++'0°)PLV' .

@ Chiral Vortical Conductivity: defined from the retarded correlation
function of J} (x) and T%(x’), i.e.

GX(x —x') = Sein Ot 1) (9400, TI()).
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Field Theory Computation

@ 1 loop calculation [Landsteiner, Megias, Pena-Benitez, PRL107 '11]

i N
. i 1 -2
(@)a = Jim > eing (AT)u-o = g5 > (T e | (W) + 5 T2
C f=1

1 T?
—— Y dagcp® u® —tr(T
SWZBXC: ABCH W+ oy (Ta)
7 Gravitational Anomaly
A® pure gauge

Ta
~tr (Ta)
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Hydrodynamics of Relativistic Fluids

Field Theory Computation

@ Anomaly:

d b
~ wox [9aBC B ~C A o 5
V% = (GEFLFS + g o)
1
dagc = E[tr(TA{TBaTC})R —tr(Ta{Te, Tc})Ll,
bA = tr(TA)R = tr(TA)L .

@ Special case: vector and axial current for one Dirac fermion

@ Vector vortical conductivity oy = 5t (no grav. anom.)
@ Axial vortical conductivity

wpr  T?

O_V
A Ar? 12

See also [Vilenkin '80].
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@ Strong coupling
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Holography

[K. Landsteiner, E. Megias, L. Melgar, F. Pena-Benitez, 11 07.0368[hep-th].]
@ Mixed gauge-gravitational Chern Simons term

= d®x+/—g

— 1 MN

S

+eMNPRRAY (5 FnpFor + AR npR® Agr) ] + SeH + Scsk

@ To reproduce gravitational anomaly at general hypersurface (not
only r — o)

1
Scsk = —=—— / d4X\/ —h)\nMGMNPQRAN KpLDQKIRS.
27G E)

@ Equations of motion
1

1
Gwn —Agmun = EFMLFN L— nggMN + 2XeLpor(m VB (FPLRB N) QR)

VNFNM = —GMNPQR <h’TFNp FQR ar /\RA BNP. RB AQR) o
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Holography

@ Current:

= 4
= 167T2;‘ {Fm - Bm‘ﬂwA”F”A]

@ On-shell we recover the anomaly

7]

l v
D3 = — e (W Fos + ARG Ry aph )
K 1 A 1

167G 3272° 162G 76872
@ Energy-momentum tensor

F
THY —
8rG

) 1
Kéa —Kayy™ +axebore <2FMR(‘;) +Ds(A,R") m))]
o

@ Energy-momentum (non)-conservation relation (see also
[Neiman,Oz '11])

v v @
D, T"" =F*J, — A*D,J<.
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Holographic Renormalization

[Martelli, Mueck '03], [Papadimitriou, Skenderis '04], [C lark,Love,Veldhuis '10],
[Landsteiner, Megias, Melgar, Pena-Benitez '11]

@ Consider gauge Ar =0, ds?=dr?+ ~,dx" dx".
@ Off shell action in terms of transverse quantities

1 1
5° d°x Ry + 20 + K2 — K, KF — ZEE* — T, F@| |
16 G/ F|: (4) + P " 5 m 2 n :|
St = ~TorG / 0% VA A
Sz = e Fl“’ﬂ D Kﬁ E K, .D K& 1F K, 0 K&
&= 16 G X € ()B/’)‘ oKy + p\vap )\+§ upN\vaOr Ny

where K, = 29,7,
@ Problem: The term 3F,, K, 0, K{~d3~%

np
— Field equations WI|| be generlcally th|rd order in r-derivatives

—> We need to fix v,,, K,, and also 0;K,, !
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Holographic Renormalization

@ Boundary condition = metric has an asymptotically AdS
expansion of the form:

Y (g(o)Jre ngfy)+e*4r(g£‘9+2r§lﬁ)+“') . = oo,

r—oo

Then the problematic term %FMKMOr K¢ — 0, and the boundary
action depends only on v,,, and noton gy, ©

@ Expansion in eigenfunctions of the dilatation operator:

5D = 2\/d4X")//“/%,
737

then
Kl = K(O)V+K(2)”+K()“+K Floge™ 2r+~~, 5DK(n):*nK(n)
Ay = Agut+ARutAloge ™+, oAM= —AR)
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Holographic Renormalization

@ Divergent terms in the action are:
Sav = S(0) + S(2) + S(a)

@ The counterterm for the on-shell action is:

St = -— 87rG /dxr{1+(di2)P

1

1
) <Pll/LP’[’l/ - P2 = ZF(O) /JI/F(O lu}) |Oge 2I’:| 5

S4(d-1

R
where P = 55, Pl = [Rf‘ - P(S/‘]

Gauge-gravitational Chern Simons term does not induce new
divergences, and the renormalization is not modified by it ©
(See also Clark, Love & Veldhuis '10).
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Transport coefficients

@ Background: charged AdS black hole

2 2 2 212
2 _ 2 o2 L ) oM QAL
ds® = —Lz( f(r)dt* + dx )+—r2f(r)dr , f(r)=1 i T

r2
Ao = o(r)dt = (a = /i2h> dt.

@ Mass, Charge and Temperature of the Reissner-Nordstrom black hole

M = Ir_—*er rhzz Q= lf/rgz = 47:“2|_2f’(rh) _ (enM-397 ';AW:;Qz)
@ Fluctuations in shear sector
AM:A,(\;))JreaM, gMN:gﬁ,lO,iJrehMN.
Gauge field: ay, a,. Metric: hY, hi, by, h{ .
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Transport coefficients

[Kaminski, Landsteiner, Mas, Shock, Tarrio, JHEP02 '10]
@ Second order action on-shell (expansion O(e?))

d?k
2
5S2) = / a1 PheAneR + ol Buod)|

where ¢! = (%, X, %, h%) ,and

4 2 22
Iy ' 1 1> IS L
= Diag( —3af, —, —3af, — ), u=—=, a= s
167GLS 9 < u u r2 3r2
0 _3a  4nikp?eld 0
3rﬁ
. o 0 -3 0 0
AdSHO = 167GLS steku?el® g 0 -3 |’
h
0 0 0 —u%
0 0 0 0
3
" 0 - 0 0
Ber = 16-GL5 0 0 0 0 ) B = Badgs+a + Ber -
_3
o 0o 0 i
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Transport coefficients

@ Bulk solutions (¢; = boundary values)
¢L(r):FIJ(kar)(pia FlJ(kvr)ri?Ol'

@ Retarded Green functions
[Son,Starinets '02], [Herzog, Son 03], [Kaminski et al '10], [Amado e tal’09]

Gy (k) = —2 lim (A|M(FMJ(k,r))’ +B.J) .

@ Correlators are

_ _ K . K B :L
03 = e (551 5rg®) = 7" =400
. K 27\ 2 T?
(T) Pz (4,0’ G >:>U 82 " 24
_ 4rA 2 pe o uT?
(TT) = —ip; <6 G,u —|—?pT > = 0© =2t 1

Coefficients consistent with weak coupling.
No T3 terms! (CPT invariance) See also [Neiman,0z], [Loganayagam].
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@ Fluid/Gravity Correspondence
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Fluid/Gravity Correspondence

[Erdmenger et al.], [Bhattacharyya et al.], [Banerjee et al.].
@ Boosted black branes:

ds? = —r?f(r)u,u, dx”dx” + r?P,, dx"dx” — 2u,dx*dr

where
M Q2
f(r)zlfrﬁrrev Puy = M + Uy,
3
A =0, Aﬂz—guu.

@ u,(x),M(x),Q(x) are slowly varying. This means 90X < X /{mfp
@ Then one can compute the fields in a derivative expansion:

O = O +OM+O+ -
Av = A +AY +AD 4.
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Fluid/Gravity Correspondence

@ Decompose the fields into scalar, vector and tensor sectors:

ds® = r?k(r)u,u,dx*dx” + r?h(r)P,,dx"dx” + r?m,, (r)dx"dx"”
+12)(r)(PSu, + PJu, )dx dx” — 2S(r)u,dx*dr ,
A = 0, A, =a,(r)P; +c(ru,.

@ Compute k(r),h(r), ... in a derivative expansion of Q(x), M(x)
and u,(x).
@ Zeroth order is trivial:

and = O the rest.
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Fluid/Gravity Correspondence

@ At n-th order the Einstein-Maxwell equations write (vector sector)
IV = o (o () +2v3Q0a™ (1)) |
AP = o (rPr0aa”(r) + 2v3Q™ () -

N——
Sources

Kinetic terms

@ Sources at 1st order:

M 4 2
IV = 3r2utd,u, + <96 — 8OQ> AB,,

3 rs
_16r7\/7§Qo (20Mr? — 63Q?) Aw,
ADr) = ,g (P29.Q + Qu~d,u,) — %ffsu
+%§2Hwy - :‘Tsl (4M?r* — 16MQ?%r? + 15Q%) \w,, .
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Fluid/Gravity Correspondence

Boundary conditions when solving Einstein-Maxwell equations:
@ Choice (A):

. @)
Q " = 0in near boundary expansion j{" ~ - - 4 b 4 ...

@ a, = finite at the horizon.
@ j. = 0 at the boundary.
@ a, = 0 at the boundary.
(1) is the Landau frame condition.
= Transport coefficients in Landau frame.
@ Choice (B):
© j. = 0 at the horizon.
@ a, = finite at the horizon.
@ j. = 0 at the boundary.
@ a, = 0 at the boundary.

= Transport coefficients in Laboratory rest frame.
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Fluid/Gravity Correspondence

@ In Landau frame (Choice (A)):

6Q% k  4(Q% —2r$)%(2Q% —r8) A _
1 _ A= aF 6
a,(i)(r)— —|:Mr2— Mriz r?‘i‘@(f ) Wu+
@ Current:

<\]/1,> = Sren[AL)ag,(w)] = _87'I'G a';(J,)

= - 4+&°B,+8w,+...

@ Transport coefficients in Landau frame:

o o L 1n(2 + =F)

T a2 \FT 27 5P ’

EV _ LZ 1—3 Ny +L2 1_ 2npy
812 3¢+P) " 24 e+P )"
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Fluid/Gravity Correspondence

@ In Laboratory rest frame (Choice (B)):

6Q2 1 4(Q2% —2r5)2 )

aLl)(r)— 4 ﬁ /10 ﬁﬂ‘@(f 6) OJH‘F
< <
@ Current:
(@) = —ge=a® = 4058, + oV, +
w T8:G a,; 0By, to w,+ ...

@ Transport coefficients in Laboratory rest frame:

B _ M
g = 4,_27
2 2
o T
8wz 24
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Chemical Potentials for Anomalous Symmetries

Two formalisms to chemical potentials [T.Evans '95] :

Formalism Hamiltonian Boundary conditions
(A) H—nQ V(r) = —V(r —f)
(B) H V(r) = —ePu(r — B)
@ If Q is non anomalous = (A) and (B) are connected by a large
gauge transformation: Ag — Ag + Jox With x = —ut
@ If Q is anomalous, the action transforms (in formalism (B)):

S[A+0x] = S[A]+ / d*x xe"** (C1F,uFpon + CoR® 5, R” o)

The gauge transformation leads to an inequilavent theory!!!
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Chemical Potentials for Anomalous Symmetries

@ Introduce a non-dynamical “axion” field:

Stot[Aa 9] = S[A] + /d4X96‘uup)\ (ClFuqu/\ + CHoR“ ﬂM,,RB apk) .

=S4[A,0]

@ Demand the axion transform as § — 0 — x = Sit[A, 0] is gauge
invariant.

@ Under a gauge transformation xy = ut:

Formalism (B) — Formalism (A)
Ag=0 — Ag+dox=p
0=0 — O—x=—ut

H — H-uQ-— 4M01/d3x60‘JkAiajAk

This Hamiltorian is similar to the one advocated by [Rubakov '10] .
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Chemical Potentials for Anomalous Symmetries

@ AdS Reissner-Nordstrom black-brane solution of the Holographic
model:

2
Ao = (r)dt = <a - ’f;) dt .

@ Choice (A): o = p = Ao|r=r, =0
@ Choice (B): « = 0.

@ Choice (A) corresponds to Formalism (A), choice (B) to Form (B).

@ (A) and (B) are physically equivalent, but we need to take into
account the pure boundary action Sy[A, 9].

@ ¢ does not extend into the bulk = non dynamical.

@ Ex: Choice (A) with no Sy gives a vanishing chiral magnetic
conductivity. But with Sy it gives the correct result ©

Eugenio Megias Gravitational Anomaly and Transport



Chemical Potentials for Anomalous Symmetries

Conclusions

@ We have studied the effects of external magnetic fields and
vortices in a relativistic fluid.

Anomalies = parity violating transport.

We have derived Kubo formulas.

Surprise: mixed gauge-gravitational anomaly contributes!!!

Holography with gauge-gravitational Chern Simons term. Two
methods:

o Kubo Formulas.

@ Fluid/Gravity Correspondence.
(Non)-renormalization of anomalous conductivities.
Observable effects in heavy ion physics and cosmology?:

@ Enhanced production of high spin hadrons, especially Q™ baryons,
due to chiral separation effect [Keren-Zur, Oz '10] .

@ Lepton number separation in the early universe due to gravitational
anomaly [Alexander, Peskin, Sheikh-Jabbari '06]

[Kharzeev, Son '11], [Kharzeev, Yee '11].
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