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Motivation

On-shell methods:
Tremendous conceptual progress in

@ massless
@ planar

@ maximally supersymmetric Yang-Mills theory.
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On-shell methods:
Tremendous conceptual progress in

@ massless
@ planar

@ maximally supersymmetric Yang-Mills theory.

draw lessons for less “special” theories from massless NV = 4 SYM

Even better:
Recycle results in massless A' = 4 SYM for other theories?
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Level of Difficulty [L. Dixon, 1105.0771]

planar N=4 sYM
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Motivation

Level of Difficulty [L. Dixon, 1105.0771]

planar N=4 sYM

N=4 sYM

massive

Can we somehow cheat:
Compute massive amplitudes from massless on-shell amplitudes?
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QFT phenomena studied using on-shell methods

@ on-shell amplitudes

o light-like Wilson loops

@ light-like correlation functions
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Motivation

QFT phenomena studied using on-shell methods

@ on-shell amplitudes

light-like Wilson loops
light-like correlation functions
gauge theory=(gravity)? at tree and loop-level [KLT, BCJ]

form factors

B functions from bubble coefficients

What about spontaneous symmetry breaking?
Specifically: Can we compute amplitudes in the spontaneously broken
theory from on-shell amplitudes in the unbroken theory?
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@ Review: The Coulomb-branch of ' = 4 SYM

© Coulomb-branch S-matrix from massless amplitudes

© Tests of Proposal

@ A CSW-like expansion on the Coulomb branch
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@ Review: The Coulomb-branch of ' = 4 SYM
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Spontaneous symmetry breaking in N’ = 4 SYM

gauge group U(M + N), R-symmetry group SU(4)g
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Spontaneous symmetry breaking in N’ = 4 SYM

gauge group U(M + N), R-symmetry group SU(4)g

Coulomb branch: the case

scalar vevs:  {((¢12)a®) = ((¢34)aB) = m3a® for 1<AB<M.

M >
N%

brane picture:
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Spontaneous symmetry breaking in N’ = 4 SYM

gauge group U(M + N), R-symmetry group SU(4)g

Coulomb branch: the case

scalar vevs:  {((¢12)a®) = ((¢34)aB) = m3a® for 1<AB<M.

M >
N%

spontaneously breaks gauge and R-symmetry group:

brane picture:

UM+N) — U(M)x U(N),  SU(4)g — Sp(4) D SU(2) x SU(2).

(A)nvxn  (Wu)nxm )

states decompose as: A, = ( (W,) (/Z\ )
w)MxN w)MxM
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Spontaneous symmetr

Recent interest in Coulomb branch amplitudes

@ as a regulator of IR divergences in the massless theory
[Alday, Henn, Naculich, Plefka, Schnitzer, Schuster]

@ Coulomb-branch inspired regularization of SUSY Wilson loop?
[Mason, Skinner; Carot-Huot]
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Spontaneous symmetr

Recent interest in Coulomb branch amplitudes

@ as a regulator of IR divergences in the massless theory
[Alday, Henn, Naculich, Plefka, Schnitzer, Schuster]

@ Coulomb-branch inspired regularization of SUSY Wilson loop?
[Mason, Skinner; Carot-Huot]

@ as the 4d reduction of 6d massless SYM [Bern, Carrasco, Dennen,
Huang, Ita; Brandhuber, Korres, Koschade, Travaglini]

@ interesting in their own right, as the simplest massive theory
[Boels; Craig, Elvang, MK, Slatyer]

v

Crucial simple properties

@ massive and massless phase connected on moduli space of vacua

@ masses of any amplitude sum to zero: > . m; = 0.

(obvious from 6d momentum conservation)

.
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Explicit amplitudes

Convenient variables to express Coulomb-branch amplitudes? J
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Review: Massless

(12)*
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Convenient variables to express Coulomb-branch amplitudes? J
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(12)*
23) .- (nl)
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Explicit amplitudes

Convenient variables to express Coulomb-branch amplitudes? J

Review: Massless

(12)*
23) .- (nl)

pie il = eg (g1&8 &)= )

Pick arbitrary massless reference vector g, then decompose:
2

.

a9)lal,
3 alld

pi < |iM)]
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Explicit amplitudes

Convenient variables to express Coulomb-branch amplitudes? J

Review: Massless

4
pie Dl = eg (grgyed &)= (12><2<;>2->--<n1)'

Pick arbitrary massless reference vector g, then decompose:

[-J_|_ m2 +_\/§|q>[iL| — \/_ll >[q|

R
pi < i) 9lql, € = - , € = e
P 1) 2pi-q‘ la (i*q) [ital
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Explicit amplitudes

Convenient variables to express Coulomb-branch amplitudes? )

Review: Massless

(12)*
23) .- (nl)

Massive

Pick arbitrary massless reference vector g, then decompose:

PF’ﬁ A+ Y2glit] - WMMM

-l
i< |1 / q)149], " , € =
pis |i7) 2P,q‘ﬂ | (i*q) [i*4]

v
Reference vector g

@ introduced as a technical tool, defines a basis of “helicity amplitudes”

pi < |i)lil = %455£m£%7m<

@ BUT: has no direct physical significance or interpretation!

.
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Explicit amplitudes

Example: Ultra-helicity violating ( ) amplitudes
m?(q1+)*[34]

. . et
4-point amplitude: <W1 W, g g4+> = (G202 (34 (P, + 1)
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Explicit amplitudes

Example: Ultra-helicity violating ( ) amplitudes
m?(q1+)*[34]

. . _—+
4-point amplitude: WoW, gigh) = —
p p < 1 2g3 g4> <q2J->2(34>(P3+m2)
n-point amplitude: [see also: Forde, Kosower; Ferrario et all
(Wy Ws g5 ...g7)
n—2

B m?(q1+)? P i+ 1)[i+1]
T (q25)2(34)(45) - - (n—1, n)(P4+m? 3‘H{ W ]
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Explicit amplitudes

Example: Ultra-helicity violating ( ) amplitudes

m?(q1+)?[34]
(q2+)*(34)(P%; + m?)
n-point amplitude: [see also: Forde, Kosower; Ferrario et all

(Wy Ws g5 ...g7)

4-point amplitude: <W1_7V;r g3+ g4+> =

m?(q1+)? i Ps.. J‘J+1>[’+l|
 (q24)2(34)(45) - (n—1, n)(P% +m? 3‘H{ tm? }‘ -

v

Example: amplitudes

2/1L|4[0L

_ _ R m=(1—|q|2
4-point amplitude: (W~ W ¢34¢34>:‘<2L|q|1<4(|/>2| +] )

23
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Explicit amplitudes

Example: Ultra-helicity violating ( ) amplitudes

m?(q1+)?[34]
(q2+)*(34)(P%; + m?)
n-point amplitude: [see also: Forde, Kosower; Ferrario et all

(Wy Ws g5 ...g7)

4-point amplitude: <W1_7V;r g3+ g4+> =

m?(q1+)? i Ps.. J‘J+1>[’+l|
 (q24)2(34)(45) - (n—1, n)(P% +m? 3‘H{ tm? }‘ -

v

Example: amplitudes

2/1L|4[0L

_ _ R m=(1—|q|2
4-point amplitude: (W~ W ¢34¢34>:‘<2L|q|1<4(|/>2| +] )

23

n-point amplitude:
n—2 1 1
— T 17ql2
(Wy Wy ¢t g%y = (1-lgi2]

(24|q|1+](P3; + m2)(P3sq + m?) -+ - (P3 g+ m?)
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© Coulomb-branch S-matrix from massless amplitudes
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Massive amplitudes from massless amplitudes

Coulomb branch S-matrix = > massless on-shell amplitudes
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Massive amplitudes from massless amplitudes

Coulomb branch S-matrix = > massless on-shell amplitudes

Probe the moduli space through scalar soft limits! l
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Massive amplitudes from massless amplitudes

Coulomb branch S-matrix = > massless on-shell amplitudes

Probe the moduli space through scalar soft limits!

Compare: Adler zeros, Soft-pion theorems

@ Goldstone bosons: soft-limits probe vacuum manifold
@ BUT: Goldstone bosons < global symmetry < all vacua equivalent

@ soft scalar limits vanish: Iim5_>0<¢€q...> = 0.

Michael Kiermaier (Princeton University) A massive S-matrix from massless amplitudes INT  Sep 27, 2011 12 / 30



Massive amplitudes from massless amplitudes

Coulomb branch S-matrix = > massless on-shell amplitudes
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Compare: Adler zeros, Soft-pion theorems

@ Goldstone bosons: soft-limits probe vacuum manifold
@ BUT: Goldstone bosons < global symmetry < all vacua equivalent
@ soft scalar limits vanish: Iim5_>0<¢€q...> = 0.

@ old theorem with modern applications:
finiteness of N = 8 supergravity for L < 7 loops!
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Massive amplitudes from massless amplitudes

Coulomb branch S-matrix = > massless on-shell amplitudes

Probe the moduli space through scalar soft limits!

Compare: Adler zeros, Soft-pion theorems

@ Goldstone bosons: soft-limits probe vacuum manifold
@ BUT: Goldstone bosons < global symmetry < all vacua equivalent
@ soft scalar limits vanish: Iim5_>0<¢€q...> = 0.

@ old theorem with modern applications:
finiteness of N = 8 supergravity for L < 7 loops!

o N =4 SYM: scalars not GSB
= vacua not equivalent = non-vanishing soft limits!
Should teach us about the new vacuum!
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Massive amplitudes from massless amplitudes

Coulomb branch S-matrix = > massless on-shell amplitudes \

Naive ansatz:

<W1W2...> ; <g1g2...> aF O(m)
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Massive amplitudes from massless amplitudes

Coulomb branch S-matrix = > massless on-shell amplitudes \

Naive ansatz:

<W1W2...> ; <g1g2...>+ <g1¢vgvg2...>+0(m2)
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Massive amplitudes from massless amplitudes

Coulomb branch S-matrix = > massless on-shell amplitudes \

Naive ansatz:

<W1W2...> ; <g1g2...> P EliLnO<g1¢ggvg2...> = O(m2)
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Massive amplitudes from massless amplitudes

Coulomb branch S-matrix = > massless on-shell amplitudes

Naive ansatz:

(e.9]

(MW ...) L lim >~ (geloly . ol e ..)
s=0
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Massive amplitudes from massless amplitudes

Coulomb branch S-matrix = > massless on-shell amplitudes

Naive ansatz:

(e.9]

(MW ...) L lim >~ (geloly . ol e ..)
s=0

Puzzles
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Massive amplitudes from massless amplitudes

Coulomb branch S-matrix = > massless on-shell amplitudes

Naive ansatz:

(e.9]

— ?
- 1 Vev [ vVev vev
(MW, ...) = gl'_%z<g1¢€q1 eq + - Peqs 82 o))
s=0
Puzzles
© massive and massless amplitude are on-shell, p2W = —m?, but pg, = 0!

How are momenta related?

Michael Kiermaier (Princeton University) A massive S-matrix from massless amplitudes INT  Sep 27, 2011 13 / 30



Massive amplitudes from massless amplitudes

Coulomb branch S-matrix = > massless on-shell amplitudes

Naive ansatz:

[o.¢]
— ?
- 1 Vev | vev vev
(MW, ...) = gl'_%z<g1¢€q1 eq + - Peqs 82 o))
s=0
Puzzles
© massive and massless amplitude are on-shell, p2W = —m?, but pg = 0!

How are momenta related?

@ soft-limit g; dependent! How to choose g;?
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Massive amplitudes from massless amplitudes

Coulomb branch S-matrix = > massless on-shell amplitudes

Naive ansatz:

[o.¢]
— ?
- 1 Vev | vev vev
(MW, ...) = gl'_%z<g1¢€q1 eq + - Peqs 82 o))
s=0
Puzzles
© massive and massless amplitude are on-shell, p2W = —m?, but pg = 0!

How are momenta related?
@ soft-limit g; dependent! How to choose g;?

© massive “helicity” frame-dependent! How to choose W-polarizations?
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Massive amplitudes from massless amplitudes

Coulomb branch S-matrix = > massless on-shell amplitudes

Naive ansatz:

(e.9]

— ?
- 1 Vev | vev vev
(MW, ...) = gl'_%z<g1¢€q1 eq + - Peqs 82 o))
s=0
Puzzles
© massive and massless amplitude are on-shell, p2W = —m?, but pg = 0!

How are momenta related?
@ soft-limit g; dependent! How to choose g;?
© massive “helicity” frame-dependent! How to choose W-polarizations?

@ RHS generically ill-defined due to soft divergences!
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Massive amplitudes from massless amplitudes

(e.9]

(WiWo..) L lim 3 (e dlgay - dlaier )
s=0

v

Puzzle 1: How are related?
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Massive amplitudes from massless amplitudes

o
— ?
- H Vev vev vev
(MW, ...) = !'_rpoz<g1¢aq1 car P 82 )
s=0
v
Puzzle 1: How are related?
2
decompose massive W momenta as: p; = p,-L — 2';}piq.

choose p,-L as massless gluon momentum on RHS!
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Massive amplitudes from massless amplitudes

[o.¢]
— ?
- H vev [ vev vev
(MW, ...) = !'_%Z<g1¢aq1¢aqz" cq. 82 -+)
s=0
v
Puzzle 1: How are related?
2
decompose massive W momenta as: p; = p,-L — 2';_'piq.

choose p,-L as massless gluon momentum on RHS!

v

Puzzle 2: How to map W- to massless states?
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Massive amplitudes from massless amplitudes

[o.¢]
— ?
- H vev [ vev vev
(MW, ...) = !'_%Z<g1¢aq1¢aqz" cq. 82 -+)
s=0
v
Puzzle 1: How are related?
2
decompose massive W momenta as: p; = p,-L — 2';_'piq.

choose p,-L as massless gluon momentum on RHS!

v

Puzzle 2: How to map W- to massless states?

@ massive W polarizations e = %, € = %

< massless +-helicity gluons.
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Massive amplitudes from massless amplitudes

(e.9]

(MW ...) £ lim > (aidlgele. dise ..
s=0

v

Puzzle 1: How are related?

2

. ms
decompose massive W momenta as: p; = p,-L — 359"
1

choose p,-L as massless gluon momentum on RHS!

v

Puzzle 2: How to map W- to massless states?

e massive W polarizations e = %, € = \[[:'l q)][q|

< massless +-helicity gluons.
2
@ longitudinal W boson with polarization ;ZL = ml(plL T %¢>

< massless scalar (¢12 #34).
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Massive amplitudes from massless amplitudes

o
(MW ...) = lim Y (qiol el . oo e ...
s=0

v

Puzzle 1: How are related?

2

. ms
decompose massive W momenta as: p; = p,-L — 359"
1

choose p,-L as massless gluon momentum on RHS!

v

Puzzle 2: How to map W- to massless states?

+— V2A9lit] o~ _ V2lit)[dl
(itq) C[ital

@ massive W polarizations €
< massless +-helicity gluons.

. . o o o L 1 i m?
e longitudinal W boson with polarization ¢~ = - Pi t 2gp5 4

< massless scalar (¢12 #34).

v

LHS now depends on one arbitrary massless reference spinor g < RHS? J
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Massive amplitudes from massless amplitudes

(e.9]

(WiWo..) L lim 3 (e dlgay - dlaier )
s=0

N—

Puzzle 3: How to choose q;?
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Massive amplitudes from massless amplitudes

(e.9]

(WiWo..) L lim 3 (e dlgay - dlaier )
s=0

Puzzle 3: How to choose q;?

LHS depends only on one reference null momentum g
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Massive amplitudes from massless amplitudes

(e.9]

(MW ...) £ lim > (aidlgele. dise ..
s=0

Puzzle 3: How to choose q;?

LHS depends only on one reference null momentum g
= need to set all g; = g to match parameters!
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Massive amplitudes from massless amplitudes

(e.9]

(MW ...) £ lim > (aidlgele. dise ..
s=0

Puzzle 3: How to choose q;?

LHS depends only on one reference null momentum g
= need to set all g; = g to match parameters!

v

New Puzzle: collinear divergences as g; — q!
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Massive amplitudes from massless amplitudes

(e.9]

(WiWo..) L lim 3 (e dlgay - dlaier )
s=0

Puzzle 3: How to choose qg;?

LHS depends only on one reference null momentum g
= need to set all g; = g to match parameters!

New Puzzle: collinear divergences as g; — q!

collinear divergences are anti-symmetric in momenta.

15 / 30
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Massive amplitudes from massless amplitudes

(e.9]

(MW ..) 2 lim > (@ ol ol ol e o),
s=0

Puzzle 3: How to choose qg;?

LHS depends only on one reference null momentum g
= need to set all g; = g to match parameters!

v

New Puzzle: collinear divergences as g; — q!

collinear divergences are anti-symmetric in momenta.

Resolution: Symmetrize in g; before taking the limit q; — q.

Makes sense, because vev scalars should not be color-ordered!
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Massive amplitudes from massless amplitudes

oo

(W) Ll (e oo e Yy
s—

Puzzle 4: in the limit e — 0
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Massive amplitudes from massless amplitudes

oo

— 2 . vev vev vev
<W1W2~-> — !'_rpoz<g1¢sq eq - 7eq gz"'>sym'
s=0 o

Puzzle 4: in the limit e — 0

Finite soft limits at leading non-vanishing order!
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Massive amplitudes from massless amplitudes

oo

<W1W2> ; &!Lrpoz<g1¢\€/gv ng ZSVgZ

>sym :
s=0

v

Puzzle 4: in the limit e — 0

Finite soft limits at leading non-vanishing order!
O(m?) term in (W‘W+¢34¢34>:

2/1L) 419t
— ,vev jvev _+ ;34 34 m <1 |q‘2 ] 1
= = oo . t!).
(&1 925 0iq & &3 ba >sym 2L [a1|(PS)? +0(e7). (correct!)

Divergent soft limits at subleading orders!
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Massive amplitudes from massless amplitudes

oo

(WiW; ...) L lim Z<g1¢¥3“ cq - Poq 82 -

—0
s=0

>sym :

Puzzle 4: in the limit e — 0

Finite soft limits at leading non-vanishing order!
O(m?) term in (W‘W+¢>34¢34>:
2/1L €
(1 ¢4 0L &5 ¢3°0a" )y = — %
Divergent soft limits at subleading orders!
O(m*) term in (W‘VV+¢34¢34>:
m®(1"|q|2"]

+0(eh).

(correct!) .

m2

— vev vev jvev vev 1
<g1 ¢Eq ¢)€q ¢eq ¢5q gZ+ ¢g4¢24> :g X

sym

m
(2+]q|1+](Ps5)? (4q~p1

4q-p2

>+O(s°).

v
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Massive amplitudes from massless amplitudes

oo

(MW2...) L lim > (gdlgele - 5 g )y -

s=0 y

Puzzle 4: in the limit e — 0

Finite soft limits at leading non-vanishing order!
O(m?) term in (W‘W+¢>34¢34>:

2/11) 5L
— ,vev jvev _+ ;34 34 _ m<1 ‘q‘2 ] 1 |
(81 920" & ¢3 ¢a >Sym = —<2J-|q|11-](P2J§)2 +0(g"). (correct!).
Divergent soft limits at subleading orders!

O(m*) term in <W‘W+¢34¢34>:

sym

2/1-L € 2 2
— ,vev ,vev ,vev jvev _+ ,34 ;34 m <1 ‘q‘2 ] ( m m ) 0

5 e (] 3 +O g ).

B 9he ey 9eq' 0 8 4 ) (2+|q1+](P53)* \4q-p1  4q-p: ( ),

Related problem: on RHS
2 n

> b o= Z(Pi+ o q) = [sz }q # 0.
i i i=1

1
==X
€

2
2q-pi q-pi
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Massive amplitudes from massless amplitudes

[o.¢]

J— ? . 2 :
<W1W2> = E||_[110 <g1¢¥2V zgv zgvg2>sym

s=0

v

Special choice of g

We must impose
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Massive amplitudes from massless amplitudes

[o.¢]

J— ? . 2 :
<W1W2> = E||_[110 <g1¢¥2V zgv zgvg2>sym

s=0

v

Special choice of g

We must impose

to i=1
@ prevent 1 /e divergence at first subleading order on RHS.

@ guarantees momentum conservation on RHS: 3. p- =0
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Massive amplitudes from massless amplitudes

[o.¢]

J— ? . 2 :
<W1W2> = E||_[110 <g1¢¥2V zgv zgvg2>sym

s=0

v

Special choice of g

We must impose

to i=1
@ prevent 1 /e divergence at first subleading order on RHS .
@ guarantees momentum conservation on RHS: 3. p- =0

only constrains choice of helicity basis!
any Coulomb-branch amplitude expressible in any g-helicity basis!

Michael Kiermaier (Princeton University) A massive S-matrix from massless amplitudes INT  Sep 27, 2011 17 / 30



Massive amplitudes from massless amplitudes

o
— ? .
<W1W2...> = E||£10§ <g1¢\€/2v ;gv.. gngz...>sym.
s=0

v

We must impose

to i=1
@ prevent 1 /e divergence at first subleading order on RHS .
@ guarantees momentum conservation on RHS: 3. p- =0

only constrains choice of helicity basis!
any Coulomb-branch amplitude expressible in any g-helicity basis!

Special choice of g

Special choice of g for

Simple orthogonality relation: g - (p1 +p2) = 0.
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Massive amplitudes from massless amplitudes

Summary: Refined proposal

o

(W) = i S (6o O e )y

e—0
s=0
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Massive amplitudes from massless amplitudes

Summary: Refined proposal

(oo}
(AW, ...) = lim 3 (g1 ol ety . ol g - ), -
s=0
W-boson, pol ech +-helicity gluon
W-boson, pol e’g, — scalar (¢12—|-¢34)
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Massive amplitudes from massless amplitudes

Summary: Refined proposal

(e.e]
(AW, ...) = lim 3 (g1 ol ety . ol g - ), -
s=0
W-boson, pol ech +-helicity gluon
W-boson, pol e’g, — scalar (¢12—|-¢34)
Pi pi- = pi + mq
Special choice of g1 Y7 M g
p q: i=12q-p;
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Massive amplitudes from massless amplitudes

Summary: Refined proposal

o
<W1W2> = E”_r;%z<gl¢vev VeV' zgvgz"'>sym'
s=0
W-boson, pol ei +-helicity gluon
W-boson, pol eé = scalar (¢12+¢34)
pi Pi = Pit 7450

2
Special choice of g: Y7, % =0

Open questions:

@ show that proposal is free of soft divergences to all orders

o verify proposal for explicit Coulomb-branch amplitudes
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Massive amplitudes from massless amplitudes

Summary: Refined proposal

o
<W1W2> = E”_r;%z<gl¢vev VeV' zgvgz"'>sym'
s=0
W-boson, pol ei +-helicity gluon
W-boson, pol eé = scalar (¢12+¢34)
pi Pi = Pit 7450

2
Special choice of g: Y7, % =0

Open questions:

@ show that proposal is free of soft divergences to all orders

o verify proposal for explicit Coulomb-branch amplitudes

BUT: Infinite sum, vev-scalar symmetrization... daunting task in practice?

v
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© Tests of Proposal
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Convenient representation for massless amplitudes

<W1W2 > = I|m Z<g1 (bvev Vev. Vevgg "‘>sym'

@ need a convenient representation for massless amplitudes
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Convenient representation for massless amplitudes

<W1W2 > = I|m Z<g1 (bvev Vev. Vevgg "‘>sym'

@ need a convenient representation for massless amplitudes

@ proposal introduces reference vector g = CSW expansion natural!
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Convenient representation for massless amplitudes

o0

(WiWa..) = lim S (@ ooty 0 g oo

@ need a convenient representation for massless amplitudes

@ proposal introduces reference vector g = CSW expansion natural!

The CSW expansion for massless amplitudes

MHYV vertices, connected by scalar propagators:
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Convenient representation for massless amplitudes

o0

(WiWa..) = lim S (@ ooty 0 g oo

@ need a convenient representation for massless amplitudes

@ proposal introduces reference vector g = CSW expansion natural!

The CSW expansion for massless amplitudes

MHYV vertices, connected by scalar propagators:

3t

1_X2_
<1J_2J_>4
<]_J_2J_> . <nJ_1J_>
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Convenient representation for massless amplitudes

o0

(WWa...) = i 3 (216565 65 oo

@ need a convenient representation for massless amplitudes

@ proposal introduces reference vector g = CSW expansion natural!

The CSW expansion for massless amplitudes

MHYV vertices, connected by scalar propagators:

n+>"<-3+
voe@—@ooo
I N
(11244 1
oL T 2 P = Zpll
<12><n1> (PI) icl
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Convenient representation for massless amplitudes

o0

(WWa...) = i 3 (216565 65 oo

@ need a convenient representation for massless amplitudes

@ proposal introduces reference vector g = CSW expansion natural!

The CSW expansion for massless amplitudes

MHYV vertices, connected by scalar propagators:

n+>"<-3+
voe@—@ooo
I N
(11244 1
oL T 2 P = Zpll
<12><n1> (PI) icl

holomorphic in |i+), CSW prescription |Pi-) = Pj-|q] for internal Pi-
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Simplification through vev-scalar symmetrization

Vanishing vertices

]lD 1 1

X Paaai@P)  Pa)@aial)

gql qu Sym

(obvious from antisymmetry of 3-point ampliutde)
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Simplification through vev-scalar symmetrization

Vanishing vertices

P 1 1
l X + =0
g & (Pa1)(q1q2)(q2P) ' (Pan){q2q1)(q1P)
g ) sym
(obvious from antisymmetry of 3-point ampliutde)
P P P
l =0, Eq.----#--fq} =0, gqr*;l;‘---% - 0.
&g €q, oo &q, sym eq] e, -

(obvious from U(1)-decoupling identity)
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Simplification through vev-scalar symmetrization

Vanishing vertices

]lD 1 1

it P @l @P) | Palea) el

(obvious from antisymmetry of 3-point ampliutde)

P P P
l =0 ) qum-;"" £q3 =0 ) qu.__’:(l‘_._.gqé‘ = 0.

gql ng Sym €q2 sym €q2 3 sym

(obvious from U(1)-decoupling identity)
vanishing vertices with more non-vev lines:
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A four-point tree-level example

The 4-point amplitude (W~ W T3 63

1 1 2/1L 1
W_VV+ 34 ,34 <1 lq[2+] _ m*(1+|q[2+]
< T S TR T ) e (PR ]
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A four-point tree-level example

The 4-point amplitude (W_VV+</534¢’34>

2/1L1 1oL 27111 1oL
<W_W+¢34¢34> _ 2Lm1<j |/;]2\2 ] e — m <j 2|q|2 2]q'P23 -
(2+]q|1+](Pg + m?) (2+1q|11][(Ps5)2 —m W‘Fm}

leading order
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A four-point tree-level example

The 4-point amplitude (W_W+¢34¢’34>

2/1L1 1oL 27111 1oL
<W_W+¢34¢34> _ 2Lm1<j |/;]2\2 ] e — m <j 2|q|2 2]q'P23 -
(2+]q|1+](Pg + m?) (2+1q|11][(Ps5)2 —m W‘Fm}

leading order

Only one diagram contributes to the massless NMHV amplitude:

9’ @
vev jvev 34 ;34 - l l + m2<1J_|q|2J_]

s'_fpo<g1 eq Peq 82 P3 Pa >sym 9 ; : 9 <2L|q|1L](P2JE)’)2
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A four-point tree-level example

The 4-point amplitude (W_W+¢34¢’34>

2/1L1 1oL 27111 1oL
<W_W+¢34¢34> _ 2Lm1<j |/;]2\2 ] e — m <j 2|q|2 2]q'P23 -
(2+]q|1+](Pg + m?) (2+1q|11][(Ps5)2 —m W‘Fm}

. . — vev jvev jvev jvev o+ 134 134
Subleading order: ( g; e’ Ol Yy g 3" ¢, >Sym

€q
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A four-point tree-level example

The 4-point amplitude (W_W+¢34¢’34>

2/1L1 1oL 27111 1oL
<W_W+¢34¢34> _ 2Lm1<j |/;]2\2 ] e — m <j 2|q|2 2]q'P23 -
(2+]q|1+](Pg + m?) (2+1q|11][(Ps5)2 —m W‘Fm}

. . — vev jvev jvev jvev o+ 134 134
Subleading order: ( g; e’ Ol Yy g 3" ¢, >Sym

€q

7' o g @ o'
9;- —-—l—l— +—e—97 + 9 —l—-—l—E 9 + 9 _l_l_._s 9.
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A four-point tree-level example

The 4-point amplitude (W_VV+¢34¢’34>

2/1L(410L 2(11|gl2+
<W_W+¢34¢34> == Lm <j |q2\2 ] 2y ~ = <L1 i ]'P
(2+]q[1+](PZ + m?) (2+]q|1H][(Pg5)2 — m2 L2 + m?]

Subleading order: <g1— VeV LVev LVev Lvev g2-|- %4 24 >SVIn

eq Yeq Yeq Yeq

7' o g @ o'
9;- —-—l—l— —s—09) + 9 —l—-—l—E 9 + 9 _l_l_._s 9.

1
crucial vertex: P—’— = _§<¢ab><¢ab> = _—m2.
£0” 60 gm
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A four-point tree-level example

The 4-point amplitude (W_W+¢34¢’34>

2/1L1 1oL 27111 1oL
<W_W+¢34¢34> _ 2Lm1<j |/;]2\2 ] e — m <j 2|q|2 2]q'P23 -
(2+]q|1+](Pg + m?) (2+1q|11][(Ps5)2 —m W‘Fm}

. . — vev jvev jvev jvev o+ 134 134
Subleading order: ( g; e’ Ol Yy g 3" ¢, >Sym

€q
g 9
. 4 3 g+ m2<1J‘|q|2J‘] y m2
m 9, ——— 2 = .
T e (PR) (P
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A four-point tree-level example

The 4-point amplitude (W_VV+¢34¢’34>

2/1L(410L 2(11|gl2+
<W_W+¢34¢34> == Lm <j |q2\2 ] 2y ~ = <L1 i ]'P
(2+]q[1+](PZ + m?) (2+]q|1H][(Pg5)2 — m2 L2 + m?]

Subleading order: <g1— VeV LVev LVev Lvev g2-|- %4 24 >SVIn

eq Yeq Yeq Yeq

g 9
. 4 3 g+ m2<1J‘|q|2J‘] y m2
m 9, ¢ ¥4 ¢ o — .
oA CIalI(PE?  (P5)

Finite contribution, builds up '+m?’ in propagator!
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A four-point tree-level example

The 4-point amplitude (W_VV+¢34¢’34>

2/1L(410L 2(11|gl2+
<W_W+¢34¢34> == Lm <j |q2\2 ] 2y ~ = <L1 i ]'P
(2+]q[1+](PZ + m?) (2+]q|1H][(Pg5)2 — m2 L2 + m?]

Subleading order: <g1— VeV LVev LVev Lvev g2-|- %4 24 >SVIn

eq Yeq Yeq Yeq

g ¢ g o

s L S S L

_ _m’(1%[q2"] X[}( m_ )7 m’ q-Pxs +O(6)]
(2L|qI1t](P5)? " le\4a-pr  4q-p2) (Ps5)a-p '
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A four-point tree-level example

The 4-point amplitude (W_VV+¢34¢’34>

2/1L(410L 2(11|gl2+
<W_W+¢34¢34> == Lm <j |q2\2 ] 2y ~ = <L1 i ]'P
(2+]q[1+](PZ + m?) (2+]q|1H][(Pg5)2 — m2 L2 + m?]

Subleading order: <g1— VeV LVev LVev Lvev g2-|- %4 24 >SVIn

eq Yeq Yeq Yeq
g o g o

s L S S L

_ _m’(1%[q2"] X[}( m_ )7 m’ q-Pxs +O(6)]
(2L|qI1t](P5)? " le\4a-pr  4q-p2) (Ps5)a-p '

Finite sum of divergent diagrams, builds up p2l — pp in propagator!
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A four-point tree-level example

The 4-point amplitude (W_VV+</534¢34>

2/1L1 1oL 27111 1oL
<W_W+¢34¢34> _ 2Lm1<j |FC)]2|2 ] e — m (j 2|q|2 2]q'P23 -
(2+]q|1+](Pg + m?) (2+1q|11][(Ps5)2 —m W‘Fm}

All orders in m

@ Internal 4-point vertices \/ build up '+m?’ in propagator

@ External 4-point vertices \/ build up 'py — po' in propagator
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A four-point tree-level example

The 4-point amplitude (W_W+¢34¢’34>

2/1L1 1oL 27111 1oL
<W_W+¢34¢34> _ 2Lm1<j |/;]2\2 ] e — m <j 2|q|2 2]q'P23 -
(2+]q|1+](Pg + m?) (2+1q|11][(Ps5)2 —m W‘Fm}

All orders in m

@ Internal 4-point vertices \/ build up '+m?’ in propagator
@ External 4-point vertices \/ build up 'py — po' in propagator
4 34
7 7 AN
ng—'—'—l—'—'—l—'—'—gﬁ' = gf—;—:l—gf-
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Checks and Generalizations of the proposal

o0

(WiWa...) = i 3 (26565 65 @ oo
s=

v

Non-trivial Checks
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Checks and Generalizations of the proposal

o0

(WiWa...) = i 3 (26565 65 @ oo
s=

v

Non-trivial Checks

@ An all-n amplitude, to all orders in m:

(W W3 g3t 634 =
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Checks and Generalizations of the proposal

(o.¢]
<W1W2...> = €|i_r;%2<gl¢vev VeV‘ gceyvg2"'>sym'
s=0

v

Non-trivial Checks

@ An all-n amplitude, to all orders in m:

g a4
Wy Wy g3t 63% = > Lol ! +
1 2¥3 .- 9 F * F T e 9,
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Checks and Generalizations of the proposal

<W1W2 > = I|m Z 81 ¢V6V VeV. Vevg2 "'>sym'

v

Non-trivial Checks

@ An all-n amplitude, to all orders in m:

g a4
Wy Wy g3t 63% = > Lol ! +
1 2¥3 ---@p = 9 F * F T e 9,

g 4 e
21 ql2!]
(2H[q|14] (P35 + m?) -+ (P35 oy + m?)
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Checks and Generalizations of the proposal

o0

<W1W2...> = €|i_r;%2<gl¢vev VeV‘ gceyvg2"'>sym'
s=0

v

Non-trivial Checks

@ An all-n amplitude, to all orders in m:

g @ 7'
<W1_W;_¢§4 s ¢r374> = 9 o 1 T 1 o 1 LTy 95
g o
= g,‘_l:-....+_+_g§'
21 ql2!]

(2H|g[1A](P3s + m?) -+ (P35 g + m?)

@ Proof of finite soft limit, to all orders in m, for any amplitude!
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Checks and Generalizations of the proposal

Generalizations of proposal

@ natural proposal for CB amplitudes with arbitrary masses.

breaking U(N) =[], UMi) = (¢) ~vic = mx = vj, — v,

with particle X in bifundamental of U(My,) x U(M,).
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Checks and Generalizations of the proposal

Generalizations of proposal

@ natural proposal for CB amplitudes with arbitrary masses.

breaking U(N) =[], UMi) = (¢) ~vic = mx = vj, — v,

with particle X in bifundamental of U(My,) x U(M,).

n—
Double-line notation useful: n) 2=
1>/k:1 N

2
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Checks and Generalizations of the proposal

Generalizations of proposal

@ natural proposal for CB amplitudes with arbitrary masses.

breaking U(N) =[], UMi) = (¢) ~vic = mx = vj, — v,

with particle X in bifundamental of U(My,) x U(M,).

n—
Double-line notation useful: n) 2=
1>/k:1 N

2

(XiXa ... Xz)
_ EIL'PO Z Z Yl vev. vev Y ¢vev ¢vev Y, \szgv“ \szgv >Sym.

s=0 s1+...+s,=s N .
5 times s times s, times

INT  Sep 27, 2011 24 / 30
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Checks and Generalizations of the proposal

Generalizations of proposal

@ natural proposal for CB amplitudes with arbitrary masses.

breaking U(N) =[], UMi) = (¢) ~vic = mx = vj, — v,

with particle X in bifundamental of U(My,) x U(M,).

n—
Double-line notation useful: n) 2=
1>/k:1 N

2

<X1X2 o X,,>
— lim Z Z Yl vev. vev Y, ¢vev ¢vev Y \s/ev“ vev > )
q eq
e—0 pr S rw %,_/ a,_/ : sym
5 times s times s, times
@ similar proposal for loop integrand (SUSY important!)

INT  Sep 27, 2011 24 / 30
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@ A CSW-like expansion on the Coulomb branch
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Convenient representation for massless amplitudes

[e.e]

(WiWa...) = i 3 (26565 65 @ oo
s=

@ infinite sum over massless amplitudes, complicated symmetrization

@ in simple examples:
infinite sum = single diagram with massive propagators:

g 4 @
Wy Wye3t .. %) = g dd o
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Convenient representation for massless amplitudes

[e.e]

(WiWa...) = i 3 (26565 65 @ oo
s=

@ infinite sum over massless amplitudes, complicated symmetrization

@ in simple examples:
infinite sum = single diagram with massive propagators:

g 4 @
Wy Wye3t .. %) = g dd o

@ is this always possible? what are the massive Feynman rules?
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Convenient representation for massless amplitudes

[e.e]

(WiWa...) = i 3 (26565 65 @ oo
s=

@ infinite sum over massless amplitudes, complicated symmetrization

@ in simple examples:
infinite sum = single diagram with massive propagators:

g 4 @
Wy Wye3t .. %) = g dd o

@ is this always possible? what are the massive Feynman rules?
= on-shell derivation of Feynman rules in the broken phase?
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Convenient representation for massless amplitudes

o
WiWs ... = lim E AL SAR S }
< 1vv2 > 0 <g1¢ €q 82 >sym
s=0
Resummation =
: . _ 1 _
@ massive scalar propagators: - S S g mp=> ic; mi.
+ +
o, I/I/3 . <1L2L>4

o MHYV vertex: W = [L2ly. (il
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Convenient representation for massless amplitudes

o0

(AT ) =l (OO O e )y
s=0

@ massive scalar propagators: .. = Plzim%’ m; = Z/e/ m;j.
I/I/;‘_..,W"’ 1LloLly4

o MHV vertex: e Wz_ = W
WapWs' (qt1L)y4 (1Lit)

. na g 3| 2 q _ m; ]
o UHV vertex: WI_XW; = K a2y (nf1ly K=> (1Lq)(itq) -

INT  Sep 27, 2011 26 / 30
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Convenient representation for massless amplitudes

(o.¢]
(AW, ...) = lim 3 (g1 gl ety . ol g . ), - J
s=0
@ massive scalar propagators: .. = Plzim%’ m; = Z/e/ m;j.
Wase g Wi (1+2+)
o MHV vertex: e T2y (n L1ty
WapWs' (qt1L)y4 (1Lit)
. n ' pWs 2 q _ mj !
o UHV vertex: WI_XW; = K a2y (nf1ly K=> (1Lq)(itq) -
W+ . W+ ( L1L>2<1L2L>2
i n 3 _ q
o UHVXMHYV vertex: m_)(w34 = Koyl -
2
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All-n amplitudes from the CSW-like expansion

A simple example: (W, Wy ¢34 ... ¢34
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All-n amplitudes from the CSW-like expansion

A simple example: (W, Wy ¢34 ... ¢34
g a ¢
Wb = —m"2(1+|q[2+]
(

2L|q|1L](P3+m?) - - (P35, i +m?)
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All-n amplitudes from the CSW-like expansion

+ 4+ + + + +
g q SR AR M M
— oy o’ _+
AL + Z WlAuLW2 +
=3 P,

@ discouraging at first sight: many diagrams!
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All-n amplitudes from the CSW-like expansion

—+

A non-trivial example: (W~-W g
NSNS A 42 4
I 95 n—1 In i 95 95
. _+ R 4L
wm=m + 3w W, +
i=3 7

@ discouraging at first sight: many diagrams!

@ BUT: sum of diagrams can be factorized into one simple term:

m*(ql)? m?|P,) (i, j+1){Py|
~ (q21)2(213)(34) - (nlL) * (2 H [1 (P34 m) (P j)(+1, Py) 1)
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All-n amplitudes from the CSW-like expansion

—+

A non-trivial example: (W~ W

+ 4+ + + + +
9 9 R A A
. o+ N\, _+
=L + 3w W+
i=3 J

@ discouraging at first sight: many diagrams!

@ BUT: sum of diagrams can be factorized into one simple term:

e m2lPy .+ 1)(P]
~ (2L )2(2L3)(38) - (i) 2L|H[1‘(P3+m2)<PJ,j>o+1,PJ>}“L>‘

@ should be compared to BCFW form of same amplitude:

LRCES PAHDGH)

n—2
B (q21)2(34)(45) - - - (n—1,n)(P? + m?) 3‘ H[1+ P2 + m?

@ similar complexity, but no recursion to solve!
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Application: Integrands of rational terms in QCD

Simple truncation: Massive scalar coupled to massless gluons

— = g;
gj:.->-<--.:9i ot AN
a7 gt 0 @ RN
(ij)* (1i)*(2i)? 12(12)
(12)(23) - - - (n1) (12)(23) - - - (n1) (23)---(nl) "
massive scalar loops give certain rational terms in QCD [Badger] .
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Application: Integrands of rational terms in QCD

Simple truncation: Massive scalar coupled to massless gluons

= = g -+ it
a7 gt 0 @ RN
(ij)* (1i)*(2i)? 12(12)
(12)(23) - - - (n1) (12)(23) - - - (n1) (23)---(nl) "
massive scalar loops give certain rational terms in QCD [Badger] .
Can we resum vertices into a simple factorized expression? J
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Application: Integrands of rational terms in QCD

Simple truncation: Massive scalar coupled to massless gluons

= = g -+ it
g7 N 0 @ RN
(ij)* (1i)*(2i)? 12(12)
(12)(23) - - - (n1) (12)(23) - - - (n1) (23)---(nl) "
massive scalar loops give certain rational terms in QCD [Badger] .
Can we resum vertices into a simple factorized expression? J

Teaser: All-plus n-point integrand
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Application: Integrands of rational terms in QCD

Simple truncation: Massive scalar coupled to massless gluons

95 e 9 9i G 9
]:.X.: 4 g;\l/g: n\o/ 3
AN A 0 @ RN
(ij)* (1i)*(2i)? 12 (12)
(12)(23) - - - (n1) (12)(23) - - - (n1) (23)---(nl) "
massive scalar loops give certain rational terms in QCD [Badger] .

Can we resum vertices into a simple factorized expression?

Teaser: All-plus n-point integrand

5 +
gj+] g 200N/ )
o4 ™ [17 17M}
ledw ™ = E """" : J)/ — vl (G+12) () (H1,)

(12) ---(n1)
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Summary and Outlook

@ precise proposal for

massive on-shell amplitude = E massless on-shell amplitudes |.
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Summary and Outlook

@ precise proposal for

massive on-shell amplitude = E massless on-shell amplitudes |.

on-shell description of spontaneous symmetry breaking

checked in examples

cancelation of soft-divergences proven in general

at tree-level: specific symmetry-breaking pattern and SUSY irrelevant
with SUSY = proposal for loop integrand

infinte sum over diagrams can be resummed
= CSW-like expansion for Coulomb-branch amplitudes
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Summary and Outlook
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@ prove proposal!

@ applied proposal to particular massless amplitude representation:

massless CSW — = massive CSW-like expansion .

Use proposal to get other convenient expressions for CB amplitudes?

. resum?
other massless representations — =0 7.

For example, to make 6d dual conformal invariance manifest?
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Summary and Outlook

Open problems

@ prove proposal!

@ applied proposal to particular massless amplitude representation:

massless CSW — = massive CSW-like expansion .

Use proposal to get other convenient expressions for CB amplitudes?

. resum?
other massless representations — =0 7.

For example, to make 6d dual conformal invariance manifest?

@ apply CSW-like expansion at tree and loop level

@ massive amplitudes useful for rational terms in QCD [Badger, Boels]

v
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