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Kinematic diagrams

color-stripped,
color-ordered,
partial ampl.

t B ng (absorb contact
Jresl 23y = p + t terms using 1=s/s)
3
B color
H + K T+ :jjj{ dressed
o - nics ntCt MQIL
Ii s S T t 5 e

color factors: ¢, = f*f°*  kinematic factors: Feynman rules,

BCFW efc.
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kinematics is dual to color

color Jacobi

L

Bern, Carrasco, HJ

bl

kinematic Jacobi L‘—‘{ K: >\~<

can be checked for 4pt on-shell ampl using Feynman rules Haltzen, Zhu

e.g.

X -

(WVus)-ea = TUig,p,dous
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#® Simple double-copy structure of gravity

® Duality between color and kinematics
® Some tree-level warm-up

® Recent progress on explicit 5pt loop amplitudes with
manifest duality

® UV properties of 5pt =4 SYM and V=8 SG
® One loop and <8 SG

® Conclusion
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Gauge theory structure

Generic D-dimensional Yang-Mills theories have a novel structure

* Use representation of amplitude having only cubic graphs:
numerafors

n;c; & " color factors

(L) / 7 |
A =2
e 27’(’ LD S p’&21p’&22p’?3 : pzl<— propagators

Color & kin. numerators Jacobi
satisfy the (Lie) algebra identity
(defining) properties:

antisymmetry

;‘

DUCIIH')’I COIOI’ <> kinematics Bern, Carrasco, HJ
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Gravity is a double copy

e Gravity amplitudes are obtained after replacing color by kinematics

A CC) Rl p o N R [BC)]

=) (2m)EP S 7, p3, - - p;,

* The two numerators can belong to different theories:

n; n;
(NV=4) x (N=4) — N=8 sugra similar to Kawai-
Lewellen-Tye but
(W=4) X (W=2) — N=6 sugra works at loop level

(NV=4) x (N=0) — N=4sugra
(V=0) x (V=0) — Einstein gravity + axion+ dillaton
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Five-point example

e Decomposing 5pt amplitude in terms of 15 cubic diagrams kinematic
numerator
n1cy N2C2 n3Cs N4Cy N5Cs NeCo ¥—
Alree = 93( + + + + + color factor

812845 823851 834812 845823 851834 814825 €— propagators
nq7Cr NgCg TgCy N10C10 | M11C11 | M12C12
+ + + + +

832814 825843 813825 842813 851842 812835 9
N13C13 N M14C14 N N15C15 8ij = (ki + k;)

835824 814835 813845

 Equivalent to partial amplitudes

n n T n n
ALe(1,2,3,4,5) = —— + —— 4+ —— + —— 4 — etc...

812845 823851 834812 845823 851834

* Duality between color and kinematics can be imposed, but not automatic

ng —ns+mng =0 < c3—cC5+cg=0
K c3 = fa3a4bfba5cfca1a2
4 J 1 4 2 1 4 1 2 ; : )
cy = fa3a4bfba2cfca1a5
= —_ g = fa3a4bfba10fwza5
9 n3 - 3 ns 5 3 ng s

checked through 8pts, now all multiplicity solution: Kiermaier; Bijerrum-Bohr, Damgaard,
Sondergaard Vanhove
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Applications at Tree-Level
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Gauge theory amplitude properties

* Tree level, adjoint representation

APT(1,2,...,m) = g% Y TY[TT*%...T*] AT*(1,2,...,n)

2. . .
P n) k gauge invariant

* Well-known partial amplitude properties

A:{ee(l, 2,.004M) = A:ee(z, cenyny 1) cyclic symmetry - D12
A:ee(l, 2,0004m) = (—l)nAfnree(n, ooy 2y1) reflection symmetry
Z Agee(l, c(2,3,...,m)) =0 “photon”-decoupling identity
oEcyclic (n - 2)!
troe ng troe Kleiss-Kuijf
An (17 {a}? n? {IB}) — (_]‘) Z An (17 {0-}’57 n) relqﬁons
{o}i€OP({a},{B"})

e New BCJ relations reduce independent basis to (n-3)!  Bern, Carrasco, HJ
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Duality gives new amplitude relations

In color-ordered tree amplitudes 3 legs can be fixed: (n-3)! basis

A’¢(1,2,3,4)s
A7(1,2,{4},3) = — 1,23, ore 5i.= (kitkg....)?

824

A;ree(l, 2, 3, 4, 5)(814 + 845) + A;ree(l’ 2, 3, 5, 4)814
?

824

A?ee(lg 2, {4}a 3, {5}) -

_Agree(l’ 2,3,4,5)834815 — A?ee(l’ 2,3,5,4)814(8245 + 835)

8248245

A?ee(la 2, {4’ 5}9 3) -

...relations obtained for any multiplicity

These were later found to be equivalent to monodromy relations
on the open string worldsheet Bjerrum-Bohr, Damgaard, Vanhove; Stieberger

Also field theory proofs through BCFW: Feng, Huang, Jia; Chen, Du, Feng

Critical in the solution of all open string disk amplitudes Mafra, Schlotterer, Stieberger
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Tree-level gravity checks

 Original conjecture checked through 8 points Bern, Carrasco, HJ
tree __ ¢
ATt e M- E
i a Pa ; Ha Do,

double copy
< of YM

o All-multiplicity proof assuming gauge theory duality: Bern, Dennen,
Huang, Kiermaier
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Loop Amplitudes
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1 =515 = (1 -7 +iT)

Optical theorem:

2ImT =TIT

1Y X

on-shell

2 Im

The unitarity method reconstructs the amplitudes avoiding dispersion relations

Bern, Dixon, Dunbar, Kosower (1994)

Compute a cut:  put loop legs on-shell in amplitude = sew trees amplitudes

checking every cut channel will fix the loop integrals
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Unitarity method developments

mI ——

optical theorem 2 Im

XX

on- shell

unitarity method

Bern, Dixon, Dunbar and Kosower (1994)

generalized unitarity W-(

Bern, Dixon and Kosower |

on-shell 3-vertex

quadruple cut .
& leading singularity \.“/ maximal cut

|
i
|
—- L Bern, Carrasco, HJ
| and Kosower (2007)
I

Britto, Cachazo, Feng;

Buchbmder Cachazo (2004)
Cachazo and Skinner
Cachazo, Spradlin, Volovich

(2008)
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Duality at loop level
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1-loop 5-pts =4 SYM and V=8 SG

3 Carrasco, HJ 1106.4711 [hep-th]
3 4
2 . _ @) _ @) 1 12][23][34][45][51]
Bragas = N7 = 07(Q) 4ie(1,2,3,4)
N 2
p S = N _ 50127 B4 [45](35

1 5 ° 47’8(17 27314)

(P) 1 (B)
* The five-point amplitude makes the duality manifest !

« =8 SG is obtained through the numerator double copy

3 !

e.g. Jacobi relation:

2 P D P

° 1 ) 2 )
L ®) ®) ®)

N®)(1,2,3,4,p) = NP)(1,2,3,4,p) — NP)(2,1,3,4,p)
Equivalent amplitudes in:
0803.1988 [hep-th] (Cachazo), hep-ph/9511336 (Bern, Morgan)
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AlHoop 5pt =4 ansatz

Extrapolating the one-loop solution we can predict the all-loop structure

All cubic

d-o N;C;
Feynman-like -A() 292L+3Z/ 2m)ED S, p? p? p? ;

diagrams

with numerators

gammas and betas
interchangeable

and satisfies
relations

2
21p22p’&3 o .p'im

i€l'3
(L) =J.J. C
o — R : J. arrasco
Ny = E :az;ak;n%k M, “_
j akan f k
local momentum
constants non—loca} _ invariants,

state/helicity  gimension: 2L-2

factors

Y2 = ,312345 e ﬂ21345

1
B12345 = 5(’)’12 + Y13 + Y14 + Y23 + Y24 + V34)

5
Z%j =0 Yij = —Vii only 6 independent
‘ gammas!
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2-loop 5-pts N'=4 SYM and V=8 SG

i . % . f | Carrasco, HJ
1106.4711 [hep-th]
2 2 ' ) ; :
K . p 1 .
L (@) L @) 9 s
3 4 3 4 3 4 .
N y The 2.-|oop 5-point
amplitude with
, S , — , IR duality exposed
5 | 5 5
1 (d) 1 (e) 1 (f)
(@) N = 4 Super-Yang-Mills (/N = 8 supergravity) numerator
(a),(b) H(n2(2sa5 — 812 + T3p = 71p) + Y3515 + 2512 = Tap + 73p) N=8 SG obtained
+ 2745(Tsp — Tap) + M3(S12 + 845 — T1p + Tsp)) from numerator

(c) %(’715(7'5;; — T1p) + Y25(812 — Top + Tp) + 712(834 + Top — T1p + 2515 + 2710 — 272¢) | double Copies

+ v45(Taq — T5q) — Y35(834 — T3q + T5q) + ¥34(812 + T3g — Taq + 2845 + 274p — 2Tsp))

(d)-(f) V12845 — § (2’)’12 + M3 — ’723) 812

Tip = 2kz P
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3-loop 5-point SYM and =8 SG

Again the color-dressed D-dimensional amplitude Carrasco, HJ

admits a representation with manifest duality

4 4
2
1 P @ 5

3 4 3
2 2<; Z
frwo e o
2 7 4 2
p p
I S )
3 4 3
2 2
1 ®) ? 1
2 43
N
(X[ T X
JPay 8T )
1

4

5

5

3

e

2\>
P @

3

=N j\ A
/ / /
(7)

/4 3\
X X
9) 52_( (10

5

(to be published)

(“ladder-like” diagrams)

//
_(

(11) s

(%= 8 SG obtained from
squaring the numerators)

Ng = 12855 — =812 (’713(2813+12823—812) ’723(2823+12813—812)—’}'12(7812—11845))

12



3-loop 5-point SYM and =8 SG

some “Mercedes-like” diagrams...

Carrasco, HJ

3 4 3 4 3 4 (to be published)
AN
2—< 2 2
7P 7 p P
L (14) 5 L (15 o L (16) o
¢ B

P 4
L (17) o L (18) > (19) r(20)p 0
2 4 2 q 3
\ _/ \

Aq >_4

<+ / p ;

oy ° ! (22) ° (23) 5 (24) °

1
Ny = 5’)’45(T1p I 7'2p + ’r3p + ’r4p + 7'5p) + subleading in p

22
Tz-p =2k;-p



3-loop 5-point SYM and =8 SG

Carrasco, HJ

...in total 42 diagrams. (to be published)

Conveniently the UV divergent diagrams (in D=6) are very simple:

4 4 4
2 3 2 3 2 3 4
\_| \ | \
/ /
1 1 1
CONIR @) CONR
3 3 3
2 4 2 4 2 4
\ / \ \ E\ /
/ \ / / \
1 (40) d 1 (41) d 1 (42) 5

(for SG the UV div. comes from the other diagrams as well)
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1-loop 5-pts UV divergences

3 Carrasco, HJ 1106.4711 [hep-th]
3 4
12][23][34][45][51
2 4 5123455N(P)=5(8)(Q)[ ][46(]1[2]3[ 4)][ )
; : b 12]%[34] [45] [35]
5 72 = N® = §6)(Q)
: (P) ’ 1 (B) 46(112)3’4)
SYM UV div in D=8: ,
= R. Roiban
o) N [ N Troon e (712 Y23 | V34 | Va5 751)
Ao uv g 6(471')46 Z e S12 + S23 + S34 i3 S45 ¥ S15
+ 6 Tryo3 TY45(712 + IE + :@1) + perms]
812 823 813

SG UV div in D=8:

kNS 1 2 2 2 2 a2 2 2 2 2 N2
= — (_) y [712+'713+'714+710+'723+’724+’}’20+’734+’73o+’}’4o]
uv 2/ 6(4m)*els;s  s13 S14 S15 S23 Sa4 S25 S34 S35 Sgs

MY

agree with UV calc. at 4pt Green, Schwarz, Brink

INT Sept 28 2011 H. Johansson 24



2- Ioop 5- pts UV divergences

Carrasco, HJ 1106.4711 [hep-th]
2
D q

\X 4 agree with UV calc. at 4pt
5 P g 2‘( N\ Marcus, Sagnotti; Bern, Dixon, Dunbar,
5 5 Perelstein,Rozowsky

SYM UV div in D=7

AP = [(N VP +12(VE) + VEP)) Trjgay (5312345 £ ,Yiz (s35 — 2312)

uv
’723 Y34

(314 — 2893) + (825 — 2834) + (813 — 2845) + (824 — 2315))

815
= 12Nc(V(P) : V(M))) Tri23 Trys 845 (712 + a2 + 731) - perms]

512 523 513
SG UV div in D=7:

o s % 1 "
Mg ))UV =4 (5) E(V(P) + VP ; 3—3(334 + 835 + 815 — 357,)

INT Sept 28 2011 H. Johansson 25



N< 8 supergravﬂy at one |oop

Bern, Boucher-Yeronneau, HJ

Eliminate 1PR diagrams:

only ring diagrams remain

color basis of Del Ducg,
Dixon and Maltoni

Tl g e ™

: dP
Yang-Mills: AP =gm > C12.m (1,2, .., m; p)

D cee
Sm/(Zm X Z2) (27) ~

Y
“integrand”

need one copy of duality satisfying numerators:

I‘{,

Gravity: MIleor — (5 ) / oo 71193..m (D) Him(1,2, - . . ,m; D)
S mda) (V=4) x (V=0,1,2,4)
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Relations between integrated ampls.

Mleor — (g)m Z / dip f123..m(P) Zm(1,2, ..., m;p)

(2m)"

Sm/(Zmx22) (V=4 SYM) x (N'=p SYM)

Assume  7123..m(P) = T123..m

(true for m = 4,5)

Relations between integrated amplitudes:

. K\™ s
Mleop — (5) Z 7123..m A
Sm/(Zmx22) f

}Ql‘;ﬁgy(l, D)

B

N=4 SYM numerators

4pt: Green, Schwarz, Brink
5pt: Carrasco, HJ

N=0,1,2 amplitudes
4pt: Bern and Morgan
5pt in hep-ph/9302280

(Bern, Dixon, Kosower)

— |t works! reproduce NV'=4,5,6 supergravity ampl. bunbar, Ettle, Perkins,

INT Sept 28 2011 H. Johansson

Dunbar and Norridge



Four-point check details

. . t
Green, Schwarz, Brink: 71234 = Ni243 = N4z = 15tA"(1, 2, 3, 4)

/ 1 4

4
Moy (1,2,3,4) = (E) z‘stA“ee(l,z,3,4)(A1‘3°°" (1,2,3,4) + Ayonn(1,2,4,3)

2 N susy

+ AP (1,4,2, 3)) , ¥ Bern, Morgan

N susy . .
in D dim.

Can work with the simpler matter multiplet contributions, we get

, ] 1(12)*[34]* —
MR (1= 9= 3+ 4+) = —ZC—F(E) ( >2[3 | lln2 (—t> +7r2] +O(e)

=6,mat. 2 2 S —u

MEER (17,27, 3%,4%) = %(;)4[<1122])22<[§:>]§ icrs? + s(u— 1) (L) — Ia(u)

— 9P=6-2(¢, u)stu] +0(e),
From this one gets any V= 4 supergravity theory ampl.
Agrees with Dunbar and Norridge

INT Sept 28 2011 H. Johansson 28



® Kinematic numerators of ampl. diagrams behave as if they were on
equal footing with color factors.

®» Making the duality manifest: Gravity becomes double copy of Yang-
Mills theory, order by order in the S-matrix.

® Nontrivial 5-point multi-loop evidence supports the duality. For more
evidence:

® Dudlity should be a key tool for nonplanar gauge theory and gravity

calculations.
® Examples: UV divergence calculation at 5pts, 1 and 2-loop
® for N=8 supergravity finiteness issue:

® Calc. of N<8 supergravity amplitudes at one loop.

#» Outlook:
More one-loop calculations needed. Evidence & Applications
What is the kinematic Lie algebra 2
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Extra slides
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Lagrangian and Lie Algebra

. . . . ] 1004.0693 [hep-th]
* First attempt at Lagrangian with manifest duality  Bern, Dennen, Huang,

Kiermaier

YM Lagrangian receives corrections at 5 points and higher

Lym=L+L+LE+...
corrections proportional to the Jacobi identity (thus equal to zero)
/ v 1
L5 ~ Tr[A%, A= ([[0u4, 4], A + [[4p, A7), 0,40 + [[A%,0,A.], Ay))
Introduction of auxiliary “dynamical” fields gives local cubic Lagrangian

Lyu = JA0A% — B*#**00B%, — gf**(8,A% + B2, ) A¥A™ + ...

) - -
~

kinematical structure constants

* Monteiro and O'Connell (1105.2565 [hep-th]) identifies a Lie algebra in
the self-dual YM sector = kin. structure constants for MHV tree amplitudes.
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