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Introduction ‘

= The sum of all ladder diagrams - Green function G satisfies the BFKL equation
= KG, where Y = In - o% K — is the BFKL kernel.

s The kernel was built in the momentum representation (q1, & |K| G/, @),
q; - transverse momenta of the incoming and ¢’; - outgoing reggeons.

D

/

m The amplitude for the process A+ B — A’ + B’
IS AA/B/—(I)AA/@é@q)BB/, Do
® — impact-factors,
describing external particles.

q2

m [he BFKL kernel in NLO is known in the
momentum representation for forward
(1998 Fadin, Lipatov; Ciafaloni, Camici) and _
nonforward (2005 Fadin, Fiore) scattering.
It is complicated.

‘ 4 /23

Opp



Introduction ‘

BFKL kernel in the operator form looks

A A

/C:(,Dl-l—(sz—l—lcr,

w — Is gluon Regge tragectory,
IC,, — real part of the kernel. It describes real particle production in Reggeon
collisions.

s-channel discontinuity for the process A + B — A’ + B’ has the form
—4i(2m)P25(q4 — G)disce AAE = (A AleYR|B'B) .
= In(s/Q?), Q* — is energy scale for transverse momenta,

JA = pAr — DA, qB =DB — DB’
(A’A|, |B'B) — impact factors.
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Mobius form of BFKL kernel ‘

— is the kernel in the coordinate representation simplified for scattering of
colorless particles. These simplifications are possible because

m impact factors for colorless particles have the following property

(A'Alp) =0, if (G, @) ~ 6(q1) or 3(q),

i.e. in the coordinate space (7172|%) does not depend on 7| or on 5.
m real part of the kernel vanishes if one of the incoming reggeon momenta is
equal to 0

(G, G|, @)l qg—0 — 0.

m As a result
(AAK|Y) =0, if (G, @Y) ~6(q) or 6(5)

((r172|1)) does not depend on 7} or on %), i.e. the kernel conserves the

properties of the projectile impact factor.
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Mobius form of the kernel ‘

m It means that the second impact factor can be changed without changing the
discontinuity adding to it some terms independent of one of the coordinates ]
or 7. To simplify the kernel one should use such transformations to convert
the second impact factor into dipole form, i.e. make it satisfy the condition

(¥',7'|B'B)y = 0.
One can do it via the transformation
(7{,75|B'B) —
(7,75 |B'B)a = (7Y, 75| = 1/2(Y, 7| = 1/2(7), 7% |)| B'B).
m [he kernel in the coordinate representation has the form
(P | K| {7y = A(F1, Pz 7, 7)) + 6 (Frg) D(71, Fay 7Y, 7))

where does not have § (71/9/). Adding to this matrix element some terms

independent of ] or of 5 one can make vanish when 7] = 7.
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Mobius form of the kernel ‘

n  Indeed, (A’A|K" — (A’A|(K + C)", where C — is the operator with matrix
eIemenAt independent 91‘ FAl or of 5. Expanding we get all terms with C have
(A’AIC = 0 or (A’A|K™C = 0.

m After this the kernel can be rewritten as
K — K+ D,

where the matrix element K, is equal to 0 when 77 = 75, and the matrix
element D has & (o).

m the operator D can be dropped without changing the discontinuity because in
(/C + D)"|B'B)y all terms with D have

— A A

DIB'B)Yy=0 or DK, )*B'B)y=0.

After all these manipulations we get the kernel K., which is called dipole or
Mobius.



Mbius form of the kernel ‘

So, to find the Mobius form of the kernel one has to pass the following steps:
m Furier transform the kernel into the coordinate space

podl Bdl | podl Bl |

o dPqy dPqo d*q) d*qly . s L) i st ol
<T1T2‘K‘T1/T2/>:/ 2 27 27r1 27r2 (@1, @AKo )ye' BTHEre -G —aral

m  Drop all terms proportional to § (7/9/) .
m  Add to the kernel some terms independent of ; or of 5 so that the kernel

acquires the “dipole” property (7 #1K|7/7)) = 0.

After all these transformations in LO one gets the dipole evolution kernel

IR YRR g N, = T 2 = = = - =
<7“17“2|/C£10\7“1/7“2/> — (M) /dp% [5(7“11/)5(7“2'p)+5(7“1'p)5(7“22')—5(7“11/)5(”'“22')

—

Here 75, = 75— p.



Mobius form of the kernel in NLO ‘

has the form

2 2
— — Z o ()53 NC — — — — —
<7“17“2VC%LO FTy) = 5157)3 [5(7“11/)5(7“22/)/dpgo(rl,rg;p)

, Lo , Loaan L
+0(711)g(71, T2; 7y ) + 0(Tazr ) g(T2, 71371 ) + ;9(7“1, PHES 7“2’)} :

The functions g were calculated.



Mobius kernel

GO (71, 7a; P) = 2wC(3)8 (D) — (71,72 p)
S N S i R\ 1111 P
orisrd) = it () + (- 2w ()
0 7o o T Tor o

12/ 12 12 19 G
+2772 In =5 In =5 573 In =5 In = |
22/ 227 12/ 2911197 29/ 1o/

’ 7
et =20 () -’y - 2 (5 - 2@).

where

and u — is M S renormalization scale.

The function g(ﬂ, T9; 772/) is 0 when 7 = 7.

It has conformally noninvariant terms not proportional to beta-function.
In this form they do not coincide with NLO BK kernel.
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Mobius kernel

g(71, 737, 7) =

2
= 2 ] 11/
22 22 22 22 22 22 Pl | 72 )
— ]- Tll/ T22/ _ 2T12 T1/2/ ln T12/ T21/ . 1 r 172/
274

+
179! d T11/ M99/ 20 11T 11 T 591
=2 =2 = 2 — 2
1n T1or Taqr 111 T RTY
F2 2 — 4 — 9 7:*2,7—,»2 — 9 1 7:»2
I 117" 22/ "12  Ti9 i 117" 22/ " 12 1 22/
47 11 T o d T Qo0 21" 1o/ T 511 20 Yo 2 T iy
>2 52 L9 - 2 52 -2
72, 1n Sz y In [ L2 In | =2 72, In [ op2i 1
21 72 72 72 7 12 T T
n 12 " 117/ n 179/ 4 12 4 12/ 21/
21 117 5T Trgy A7 117 59/ 21 11/ T 1o AT 11T 50T Trgs
52 = 22 =2
In (T §2T %2’> In ( TQIQT o )
727 72,7
12/ 22/ 22/ ° 172/ / /
t—Yz7s w2t 57 o + (12,1 < 27),
11 Ty T 1T 119
where

d — 77122/77221/ - 77121/77222/.

his function is 0 when 77 = 75 and it also has nonconformal terms.
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Freedom in the definition of the ‘

kernel .
The discontinuity discsAﬁéB

£
—M@mDﬂa@rq@mmbxgy:@%m<§) |B'B)
0

does not change if one changes the kernel via a nonsingular operator O,
K—O'KO, (AA — (AA0, |B'BY - O YB'B).

In LO this operator is fixed by the requirement that LO BFKL kernel equals LO BK
kernel. After fixing O in the leading order, there is residual freedom O =1 — O,
where O ~ g%. In NLO after these transformations we get

K—K-[K®P 0],

where K(B) — is LO kernel.



Operator to eliminate the difference
of BFKL and BK kernels

—/ —»/>

S Al - L | R .
<Q1,€12\O\Q1/,C]2/> — <411,612\ — 5 ’C? 1HQ121/\Q1,6]2

&SNC = = € - 2 E E_ 7]
T2 5(6122')5((111')/d2+2 klnk? | =— — = (H j) S :
T R R @)

m  With this operator the Mobius form of the transformed kernel

coincides with the BK kernel (2010).



Quasi-conformal kernel ‘

Transition to the composite dipole operators of Balitsky and Chirilli equivalent to
the transformation of the kernel with the operator

£ — K9C = £ — [KB,04],

0(7117)0(721 ) +0(71/ )0 (T2 ) =0 (7117 )0 (1227) |

It kills all nonconformal terms in the kernel which are not related to
renormalization.



Quasi-conformal kernel in QCD ‘

9o (71,725 p) = 6m¢ (3) 0 (p) — g1(71,72; D) ,

g1(71,Ta; 7)) =

=2 =2 2 = 2 = 2 - 2
r 67 on 5] oW Bo Th5 — Tos Toor
5 122 [ ¢(2) f | 0 ln( 12 ) | 0 12 5 22 ln( 23 )] 7

o 29(1
59 29 59 59 592 29
N | T Togr — 2779 T7os T'19r To1/ nf
g(rlvr27rlvr2)_ =4 In -2 =2 —1 1+_3
T d T Taor Ne
X <3”f T'19 X 1 (7“ 12 T 12 )) n (7“12/ 7“21')
3 =2 >9 -9 =9 592 =2
2N T d 2T 71, T 5y d T Ao T11/T99r

72 FF2
12 172/ =2 =2 -2 =2
_|_ 5 =9 =9 ln (772 772 ) , d = T12/T21/ — 7“11/?“22/.
1 127 " 21/
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Conformally invariant kernel in SUSY ‘
N=4

(P17 | K |7 75 N =

ach — 77122 — — — — —
=53 | WPza=y [0(m1)0(ryp) +0(71p)0(T22) — 0(F11r)d(r2zr) | (1 -

EPIDY

2 AT2 4 -9 )
+04ch 1 " 12 _ a2 gy, ( D2 er
amt 272, 72 52 52 52 -0 72 >2 =2

B 2
T 991 \T19/T91r — T11/T99 179 T'11/T99r

ozsl\;cf (2)>

o FiaTiry: : 3
‘|‘7:,2 7:,2 ?:,2 In 772 7_’)2 + 67 C(3) 5(T11/)5(T22/) .
1177 2277172/ 127 721/
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Restoration of full form from Maobius ‘
form

m Is it possible to restore the full kernel in the momentum space from its Mobius
form in the coordinate space? Will it be unique?

m Yes, if we demand

[J gauge Invariance

Ko(qi, ok = @) = Ke(@h, o3 k = —@) = 0.

[0 absence of terms proportional to §(q1) or 6(g3) in the kernel. It fixes the
residual freedom connected with such terms.



Restoration of full form from Maobius ‘
form

m  Fourier transform into momentum space

. dry diy dry dr
- - IC =/ =/ — 1 2
(@1, 21K |dr, @) / 21 27 27 27‘(’

—iq1 71 —1qaT2+iqy Ty +iGy Ty (17, 7“2VCM|Tla 3)

(G + B — T — Bt (@, i B,
where E C]1 = C]Q — @2 and

— d7711/ d7722/ e o ey -
= _ = —1q17T1 1/ —1q2T9or —tkT = = =/ =/
ICM(Ql) q2; k‘) — / 27_(_ 27-‘- d’]"1/2/6 q1711/ —1927599/ 172/ <7"1, TQVCM‘Tl : ,',,2>

m subtract singularity at 7790 = 0.

- driyr drags
= = _ T o Te) — ikt NS | =1 =/
ICM(Ql) q2; ]{)_ — / 27-‘- 27_(_ d’]"1/2/6 Q1 11/ — Q2 29/ 179/ < VCM ‘,',,1 T >

driv Ao,  _iam _icnm . ik S o
+/ 5 g Grvze MR (e W — D)7, ol K|, 7).
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Restoration of full form from Maobius ‘
form

m since

K (G, @3 k)= = K (1, @3 k) -

)
we should drop all terms proportional to d(qi),(q2) to get K(q1, G2; E)_

(
(

m  finally, to get the full kernel we should add to K(qi, g»; k)_ some terms
independent of £ so that



Restoration of full form from Maobius ‘
form

m  Suppose we have two full kernels with the same Mobius form. Then their
difference will have zero Mobius form and

(P KW/ 7)) — (P K ~ 6(7 i)
I.e. the full kernels can differ only in terms independent of k in the real part.
m  On the other hand, gauge invariance requwes turning the dlfference

K(l)(ql 0 k) K2 )(ql 0 12) into zero at k = ¢1 and at k= —@>. Therefore,
it is zero identically.



Full form for O, ‘

m  Using this procedure we restored the full form for matrix element of Oy in the
momentum space

SNC 2 - ]. _)/2_)2
e | (R 2) + 5 In | A2
42 ke 2 q7 k2q’2

1 —1Q 59 1 212212 _’E _’E
L <q3 4 ) L1 (Q£2C£22 ) EPN LIRSS AP LSNP

q5 k2q2 k2 41745 k 2¢,? k 24y

—

(q1, (TQ\Oésélﬁfa G ) = 0(qr1r + Goor)

— —

d142 — Oéch — . = = 2
—2 232 In(q 2)] e d(G227)0 (q117) /dl Inil?2 <_,—2 —

) o (w(l) + In 2) <q_)17 C_TQVCB‘Jlla 672/> )
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Summary ‘

m  We found quasi-conformal Mobius BFKL kernel in NLO in coordinate
representation

m  We showed that the NLO BFKL kernel coincides with the linearized NLO BK
kernel

m  We showed that it is possible to restore full kernel in momentum space from its
Mobius form
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