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NLO Photon Impact Factor: analytic result.
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Light-cone expansion and DGLAP evolution in the NLO
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Light-cone expansion and DGLAP evolution in the NLO

e [T a
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©? - factorization scale (normalization point)

ki > u? - coefficient functions
ki < u? - matrix elements of light-ray operators (normalized at 1)
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Light-cone expansion and DGLAP evolution in the NLO

\\ k? >p? %"%@.
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©? - factorization scale (normalization point)

ki > u? - coefficient functions
ki < u? - matrix elements of light-ray operators (normalized at 1)

OPE in light-ray operators (Xx—y)2—0
T 09000} = g g 1+ 2200n(x = 9%+ ©)] b0 )

X,y] = P9l ()" Au(WH(1-WY) _ gauge link
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Light-cone expansion and DGLAP evolution in the NLO

\\ k2 >p? %"%@.
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. T - >

©? - factorization scale (normalization point)

ki > u? - coefficient functions
ki < u? - matrix elements of light-ray operators (normalized at 1)
Renorm-group equation for light-ray operators = DGLAP evolution of

parton densities (x—y)?=0

#Zdiugwx)[)(» Yl (y) = Kot (X[, Y] (y) + asKnioy (X)X, Y] (y)
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High-energy expansion in color dipoles in the NLO
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High-energy expansion in color dipoles in the NLO
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High-energy expansion in color dipoles in the NLO

7 - rapidity factorization scale

Rapidity Y > 5 - coefficient function (“impact factor”)
Rapidity Y < n - matrix elements of (light-like) Wilson lines with rapidity
divergence cut by n

U = Pexp[ig/ dxT A (X4, X))

4 .
A = [ et~ e, 0
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High-energy expansion in color dipoles in the NLO

The high-energy operator expansion is

T, (Y)} = /d221d222 19 (z1, 2, %, y) Tr{UZ UJ"}

+ /d221d222d223 1IN0 (21, 22,23, %, Y)[tr{UZ U7} tr{U7 U7} — Netr{U7 UJ"}]
In the leading order the impact factor is Mébius invariant

In the NLO one should also expect conf. invariance since Il’j";o is given by tree
diagrams
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High-energy expansion in color dipoles in the NLO

7 - rapidity factorization scale

Evolution equation for color dipoles

itr{UnUTn} _ O dZZ%[tr{U”UT”}tr{U”UT”}
dnp Y 22 (X —2)2(y — 2)2 Ty 7

— Netr{UJU{"}] + asKniotr{UU]"} + O(ad)

KnLo="? (Linear part of KnLo = KnLo BFkL)
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Expansion of F,(x) in color dipoles in the next-to-leading order

Wﬁgﬁm SO RN, A

v/ S
B S OH

1
Fa(xg) ~ /d221d222 19(z1, 2,) (tr{UZ UL} n=In o

(0]
+ f/d221d222d223 INO(2y, 25, z5) (tr{ U7 UJ7}tr{U,,UJ"})
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Expansion of F,(x) in color dipoles in the next-to-leading order

Wﬁ?ﬂm SO RN, A

¥i e e
- ?— -l H

1
Fa(xg) ~ /d221d222 19(z1, 2,) (tr{UZ UL} n=In o

4 %/d221d222d223 |NLO(21, 227za)(tr{UZU;?}tr{UZBUZ?D

m Calculate the NLO photon impact factor.
m Calculate the NLO evolution of color dipole.

m Convolute the solution with the initial conditions for the evolution
and get the amplitude.
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Propagation in the shock wave: Wilson line (Spectator frame

- Boosted Field /\/I\/

Each path is weighted with the gauge factor Pg9/ &+~ Since the external
field exists only within the infinitely thin wall, quarks and gluons do not have
time to deviate in the transverse direction = we can replace the gauge factor

along the actual path with the one along the straight-line path.

>

Wilson Line

U, = [oopy + 21, —oopy + 21 ]

x,y] = Peigfol du(x—y)"A,, (ux+(1—u)y) pt = apll‘ + ﬁplz‘ + pli

INT, October 11, 2011
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Propagation in the shock wave: Wilson line (Spectator frame

- Boosted Field /\/I\/

Each path is weighted with the gauge factor P9/ ®.A"  Since the external
field exists only within the infinitely thin wall, quarks and gluons do not have
time to deviate in the transverse direction = we can replace the gauge factor
along the actual path with the one along the straight-line path.
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Propagation in the shock wave: Wilson line (Spectator frame

- Boosted Field /\/I\/

Each path is weighted with the gauge factor P9/ ®.A"  Since the external
field exists only within the infinitely thin wall, quarks and gluons do not have
time to deviate in the transverse direction = we can replace the gauge factor
along the actual path with the one along the straight-line path.

...................
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LO and NLO Impact Factor

TUA000 )} = [z 1120, 2y THUZOL)

+ /d221d222d223 IN-C(21, 25,23, %, ) [tr{U7 U7} tr{UZU]7} — Netr{U7U}7}]

L O Impact Factor diagram: |1-©

Ba
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LO and NLO Impact Factor

T.00.(0)} = /d221d222 159(21, 22, %, y)Tr{020j"}

+/d221d222d223 INO (21, 22, 25, %, ) [tr{UZ U3 r{UZ Uf7} — Netr{U70}7}]

L O Impact Factor diagram: 1-©
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LO Impact Factor

Conformal vectors:
_ VS P1 2 \/_ P1
= 5 (g ~XPetx) — 55 - —¥’P2+Y1)
_ (b 2 s Y 2
G = (g*’ 1Lp2+ZlJ_)7 G = (z"‘ 51 P2+ 21)
. 2(¢,.
Here x2=—x3, =x,p5 (similarly for y); Rz%

2 2
R 0 l(r-c)(w

1
(/{ . Cl)(/i . CZ) XYY [( : Cz) - E/{Z({l . CZ)]

I;w (Zla 22) = 76
INT, October 11, 2011

High-energy Amplitudes and Imp. Factors at N

G. A. Chirilli (LBNL)



NLO Impact Factor

Xt

_ =z (y=2)3
Zyg=—+~4 F =

|NLO( [LO Qs Z%s
v

XY, 22,231) =~y X oo Z%Z% 23 + conf.
2723

The NLO impact factor is not Mobius invariant = the color dipole with the
cutoff » = Ino is not invariant.

G. A. Chirilli (LBNL) High-energy Amplitudes and Imp. Factors at N INT, October 11, 2011 11/38



NLO Impact Factor

Zy= (X—Xzf)i B (y—ﬁ)i

Os Z%s

NLO
s (

LO
XY;2,2,23m) = — | X 23 + conf.

2r 2522%3

The NLO impact factor is not Mobius invariant = the color dipole with the
cutoff » = Ino is not invariant.
However, if we define a composite operator (a - analog of ;.2 for usual OPE)

Tr{UZ 037y = Tr{Uz0}}

as - - . az
+ /dz 2%3253 —tr{u"u;g}tr{ oiny - Tr{U”U}Lg}]In?;%zs + O(a?)

the impact factor becomes conformal in the NLO.
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Conformal Composite Operator

[Tr{Uzloiz}]“’"f

an

. 42z
= Tr{0Z0j7} /d2 Tr{T“U 070,047} — NcTr{0Z 07} In =22 + O(a2)

Zis
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Conformal Composite Operator

GO f
[Tr{u21UI2}]Z",,"
_ o) Ta 2 n Ta n o o 4az§2
= Tr{0g0f7} o’z Tr{T 70i7T0Z 07} — NeTr{0Z0}7}] In + 0(ad)
Zis
choose a rapidity-dependent constant a — ae~27 = [Tr{UZU }]zcmf

does not depend on n = Ino and all the rapidity dependence is
encoded into a-dependence:
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Conformal Composite Operator

O conf
[Tr{0, 0L}
= Tr{0Z07} + /d2 Tr{T“ g04rT0Z 087} — NTr{0Z, 01} In
choose a rapidity-dependent constant a — ae~27 = [Tr{UZU }]zcmf

does not depend on n = Ino and all the rapidity dependence is
encoded into a-dependence:

P f
[Tr{UZ0,}]3™"

= Tr{0g Z}+

G. A. Chirilli (LBNL)
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/ d223 22 2 [Tr{T"0g UfT"0Z 017} — NcTr{Ug Uf7 ] In
3723

Loty 4 o)

Zis

©E o
g,
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Conformal Composite Operator

o f
{0, 0L}
= Tr{0Z07} + /d2 Tr{T“ g04rT0Z 087} — NTr{0Z, 01} In dozy + O(a?)
- 2y 23 C pa)
Zis
choose a rapidity-dependent constant a — ae~27 = [Tr{UZU }]zcmf

does not depend on n = Ino and all the rapidity dependence is
encoded into a-dependence:

[Tr{00%}]5"™
= Tr{0g §5}+ / d223 2.2 2 [Tr{T"0g UjT"0Z0}7} — NeTr{0Z 0
3723

4az7
JIn =22 + O(a?
0252375, (3)

Using the leading-order evolution equation
—Tr{UUU*"} = (r—Tr{U 0j7} = /d223 Fo [Tr{T”U"U*"T“U"U 71N Tr{Ug 0{7}]

[Tr{UZIU }Cor'f =0 (with O(a2) accuracy).
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Conformal Composite Operator

o f
{0, 0L}
= Tr{0Z07} + /d2 Tr{T“ g04rT0Z 087} — NTr{0Z, 01} In dozy + O(a?)
- 2y 23 C pa)
Zis
choose a rapidity-dependent constant a — ae~27 = [Tr{UZU }]zcmf

does not depend on n = Ino and all the rapidity dependence is
encoded into a-dependence:

[Tr{00%}]5"™
= Tr{0g §5}+ / d223 2.2 2 [Tr{T"0g UjT"0Z0}7} — NeTr{0Z 0
3723

4az7
JIn =22 + O(a?
0252375, (3)

Using the leading-order evolution equation
—Tr{UUU*"} = (r—Tr{U 0j7} = /d223 Fo [Tr{T”U"U*"T“U"U 71N Tr{Ug 0{7}]

[Tr{UZIU }Cor'f =0 (with O(a2) accuracy).

d_ o - N
28 [Tr{05 U], e = ”S/dz 4, [Tr{T”u”lUg’T“ugUT”} — NeTH{UZ 057}
13 3
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Operator expansion in conformal dipoles

When the UV cutoff does not respect the symmetry of a local operator, the

composite local renormalized operator must be corrected by finite counter-terms
order by order in perturbation theory.

T (y)} = /d221d222 |,5yo(21, 2, %, Y)tr[{UZUZ'HCOHf

1, o PN s
+ [ adadz (e, 2 200y) (04U Hr{UZ0]) - w{04017)
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Operator expansion in conformal dipoles

When the UV cutoff does not respect the symmetry of a local operator, the
composite local renormalized operator must be corrected by finite counter-terms

order by order in perturbation theory.
Tl W) = [ a2 120 2 x ir((OL 0 )=
1 - A N
- / Padz,0’2 11021 2. 26, )[R 0L 0L {001} — {0701y

N Z,”1as?
INO = — 119 as C/d 3 In =12 2% + conf.
213253 2%,

The new NLO impact factor is conformally invariant.
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Operator expansion in conformal dipoles

When the UV cutoff does not respect the symmetry of a local operator, the
composite local renormalized operator must be corrected by finite counter-terms

order by order in perturbation theory.
T{iu(x) / P2’z 10 (21, 22, %, y)tr[{ U7 017}

1, o PN s
+ / AL A A L AV B VAV

[NLO _ _|LO asNe Z,&as”

WO — LS dzs In 2% + conf.
’ / / 233253 ZBs

The new NLO impact factor is conformally invariant.

In conformal NV = 4 SYM theory one can construct the composite conformal
dipole operator order by order in perturbation theory.
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Photon Impact Factor at NLO |. Balitsky and G. A. C. 2010

A
A=(x-y) X =X"\/5/2, Y« =YT/5/2, R= x*y*ﬁiLZz

NLO - Qg %a/@ﬁ dZ]_dZZ . 3 af K Hﬁ
Iuy (X7 y) - A A4 X 6yy 2312 u(ZLZZ)RZ 12 (g 2 )

+z<mg+;-z><m%+zc>]+<<§1§5 o c)[**+*]
o M 23 Y
+mrﬂ4u2(1 R) — (ln§+;+2—;{2—3)(ln§+2®
+6InR—E+2+2;2]}
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Photon Impact Factor at NLO |. Balitsky and G. A. C. 2010

A
A=(x-y) X =X"\/5/2, Y« =YT/5/2, R= x*y*ﬁiLZz

OK™ OKkP [ dzy0z 2/ 2l
ICOY) = 25 g 5 | 2u<z17zz>R2{_—(9&’32K -)

47 A4 Oxe OyY 2‘112 K2 K2

GG +Ga=G PN

N 2r®  2InR | InR 1 2C
(k- C)(k - C2)

T—Fﬁ‘f‘ R 4InR+ﬁ 2— 4C—E

2t ang 20+ (o) 7R 2
(2" - OR R 2 acy RH%—FQHQ}
+m[27r4u2(1 R) - (ln%+é+2; 3)(Iné+2C)
+6|nR—3+2+2;2]}
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Photon Impact Factor at NLO

Conformal vectors

R = 2{5('0—5f><2|o‘5+><“)fé oYY
(m

g = +4.ph+7,), &= (zl +5.0,+7)
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Photon Impact Factor at NLO

Conformal vectors

R = 2{5('0—5f><2|o‘5+><“)fé oYY
G = Eidimiz) ¢ = Eizniz)

DIS photon impact factor is a linear combination of the following tensor basis

KHRY
W v w_
7" =g 7y =

K2

KHCY + /ﬁ”(f N KHCY + /i”(f

T —
3 K- Q1 K- C2

K2y n K2Ch Y G¢y + ¢
(k-CQ)% (8- (2)? (-G

Cornalba, Costa, Penedones (2010)

ny nyo_
T = T =
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NLO structure functions for DIS off a large nucleus

= ~ = ~ 2 2 Qs 1o
T ) = [ CA {1z 1+ 20 O,
2

as 2 K2(C1 - G) (G G) v v
+/d223[m25322%3(m 2(k - ¢3)%(C1- C2) _ZC)IfO+ d }

X [tr{U UL Hr{0,0L } — Netr{U,0% }ay }

where

(IZ);W(ZL 2,23) s R? (k- C2) 0 [ . (k- Cl)z n (k- C)(k-C2)
(k- Ca)

T 168 (k- G)(R- ) | (5 G oxedy' L (G- Ga) (&2 C3)

+(/< (k-GGG KAG- Cz)} G ()? 2 [(%'Cl)(/f G3)  KG- C3)]
(C1-G3)(C2 Ca) (G2 C3) (k- G3)2oxay” L (G2-Ca) 2(G2- (G)
+(¢1 < Cz)}
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Projection of the LO impact factor on the eigenfunctions

/d221d2z2|,w 2.2 K ) ) = L B(1- )y +2TE )

(2K - (p)? A2X,Y,
{ (1 — ’y)D]_ + D2 _ Dgu
121+79)2-7)  21+7)2-7) 81+7v)(2-)
_ v(1-)Dy” _ D‘f”+D”Vz} ( K2 )v
16(1+27)3—2y)(1+7)(2—7) 8 (k- Co)
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Projection of the LO impact factor on the eigenfunctions

/dZZld 2y, 1722)( K2 ) )7: L B1- )y +2rE )

(2K - (p)? A2X,y,
(2 (1 7)D4” Dy Dy
121+7)(2-7v) 21+7)2-7v) 8L1+7)(2-7)

B (1—~)Dy4 _ Dy D“”} ( K2 )7
16(1+27)3-27)(1+7)(2—1) 8 w\ (k- C0)?

where

(D14 D)™ = —2A%X,y, k204 0} K

D5 = —A%x,y, 04 (In k%) In K

D5 = 4yAPX.y. (94 Ink2)0Y In(k - o) + (O IN K25 IN(r - Co) — (9% INK2)3Y In k2]
v 1 L QU L v

DY = 4y(1+ 29)A%.y.[ - 3%y In K% — 4 (InK?)3y In K2

(04 In &%) In(k - Co) + (8% In£2)D5 In(k - (o) — 207 In(rs - (o) In(k - Co)]

17 /38
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Mellin representation of the NLO photon impact factor

Conformal spin 0: NLO impact factor for the unpolarized forward structure functions

Pudz . 2 \Y_ BL-y)IB-=I(2+7)
2, Wo@ ) (Grge) =0y

{% {(1 ~ooxzm) (v 12907 (ox-3) ) —aa-F6+ coswr))}

| __ 3 1 __ 42q__ 3
+D v(l—v)+zx(v(1—v) ZC+1)+3 (1 sinz(w))]
wley o1 X _2 N ™y 3
B R BT e R (“ 7(1—7)) s smzw))]
+ D B 10490y - x -2 ) (CX e )
43+ 4y(1 -] |7(1-") Sir?(yr)
L S I S i h(l-7)+3
R+y1-91"t 2 3 sty 29(1-7)(1+7)(2-1)
1+2y(1—7) B /
+Cx(7) — B e T g T W)x(v)} } x(7) = 20(1) = (y) —¥(1—7)

C is the Euler constant.
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Mellin representation of the NLO photon impact factor

Conformal spin 2: NLO impact factor for the polarized forward structure functions

Nc 222 . ., " Z, \"( 2 22 1
7T6(X - y)4 24112 [ILO(Zl’ ZZ) + INLO(ZL 22)] (Z%OZ%O) (210220) (210220)
_ Ne B2—9) A2 \s
= iz TE- 02 (=)

x [g/tl —igh? + 2x XYx — P pgxzy - YZX] [g,A —ig?+ zyyxy* — VX« szy - y2>’(]

Xic Vs ZO XY ZO XiYs ZO X Y ZO
asNe (42 472 4 4 1+x(2,7)
X |1+ { — — 4+4Cx(2, ———7——2—677}]
[ 47 \sibry 3 x(27) ¥ A2 24y

X(27) =x() — 55y X=X
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Fourier transform of the Photon Impact Factor

Unpolarized Structure Functions at NLO

2 2 2
/d“xd“ye'q ) [ Zld 2 5%, Y521, 22) + 1Ko (X, Y5 21, 22)] ((ijiCo)z)n{
B(1—v)B(2 - ( L2 -7) w4 NLO

o4 27— 1)(27 1) [q* (g' P ) [Fi®+ 2 el

+ (- BT) (¢ - BTy o, seppo]

°—2+ 1(1-1)
0 — 2+ 31— )]

7=%+iy
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Regularization of the rapidity divergence

Matrix elements of Wilson lines: (Tr{U(x)Uf(y)})a are divergent

For light-like Wilson lines loop integrals
are divergent in the longitudinal
direction

/ d(\ / dy = oo

F(xg) ~ / 2,022, 1'°(z1, ) (tr{UZ UL ")) 0 =1n %

+ %/dzzldzbdzzs INO(21, 25, 23) (tr{UZ UL} tr{U5, UL}
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Regularization of the rapidity divergence

Matrix elements of Wilson lines: (Tr{U(x)Uf(y))a} are divergent

For light-like Wilson lines loop integrals
are divergent in the longitudinal
direction

/%7/ dn =
Jo « J—oc

Regularization by: sope

U7(xy) = Pexp{ig/ dun, A”(un+xL)} n = pi +e 2p,

G. A. Chirilli (LBNL) High-energy Amplitudes and Imp. Factors at N INT, October 11, 2011



Regularization of the rapidity divergence

Matrix elements of Wilson lines: (Tr{U(x)Uf(y))a} are divergent

For light-like Wilson lines loop integrals
are divergent in the longitudinal
direction

/—@7/—&/7)(
Jo « -

Regularization by: sope

U7(xy) = Pexp{ig/ dun, A"(un+xL)} n = pi +e 2p,

Regularization by: Rigid cut-off (used in NLO)

vy = Pexp{ig/ du py A7 (ups +xJ_)]

14 X
A = | %w—\akoef'kﬂ\u(k)

k“:akp’f+ﬂkpg+ki
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Evolution Equation

d

d77Tr{UXU)T,} =

d o
&UT{UXUJ})

To get the evolution equation, consider the dipole with the rapidies up to ; and
integrate over the gluons with rapidity n; > n > n,. This integral gives the kernel
of the evolution equation (multiplied by the dipole(s) with rapidity up to 7).

In the frame || to 71 the gluons with n < n; are seen as pancake.

as(n1 —12)Kevol ®

o
_ULL

Particles with different rapidity perceive each other as Wilson lines.

G. A. Chirilli (LBNL) High-energy Amplitudes and Imp. Factors at N

INT, October 11, 2011



non-linear evolution equation
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non-linear evolution equation

Qs 2
(U hia= 5580 [ o2 [ (UPUE HUE A~ (G UE )

A=mn—n
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non-linear evolution equation

Qs 2
(U hia= 5580 [ o2 [ (UPUE HUE A~ (G UE )

A=mn—n

{UimYy, {uudly, {URUlmy, {Ufmufm
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non-linear evolution equation

Qs 2
(U hia= 5580 [ o2 [ (UPUE HUE A~ (G UE )

A=mn—n

{UimYy, {uudly, {URUlmy, {Ufmufm

Obtain a set of rules that allow one to get the LO evolution of any trace
or product of traces of Wilson lines
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Leading order: BK equation

d_ . . -
%Tr{uxuj} = KoT{UU} + ... =

d A . n
%(Tr{UxU;Hshockwave: (KLOTr{UxUJHshockwave
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Non-linear evolution equation: BK equation

U = Tr{tfUAU]} = (UxU))™ — (UxU])™ + ais(m — n2) (UxUTUU))™
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Non-linear evolution equation: BK equation

U2 = Tr{tPUU} = (UxUJ)™ — (UxUJ)™ + as(im — n2) (UxUFUUJ)™

ti(xy) =1 Tr{O)05.))

BK equation:

asNe [ d%z (x —y)?
[

2n2 | (x—2)2(y —2)2 {Z;{(X’ 2) +UzY) ~UXy) ~UXJU(z Y)}

d -
%U(X7y) -

Alternative approach: JIMWLK (1997-2000)
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Non-linear evolution equation: BK equation

U2 = Tr{tfUAU]} = (UxU))™ — (UxU])™ + ais(m — n2) (UxUTUU))™

ti(cy) = 1- L Tr{00)U 1))

d - asNe [ dPz(x—y)? - x . . .
Y = 50 /(X_ 220y - )Z{U(x, 2)+U(zy) - Uxy) - UK 2UzY) |
Alternative approach: JIMWLK (1997-2000)
LLA for DIS in pQCD =- BFKL (LLA: as < 1, agn ~ 1)
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Non linear evolution equation: BK equation

U = Tr{ttUAU]} = (UxU))™ — (UxU])™ + as(m — n2) (UxUTUU))™

ti(y) =1 Tr{O)0(01)

d - asNe [ dz(x—y)? - 5 . . .
g0y = ot [ (i) +ay) ~liey) ~ Uix 2 2y))
Alternative approach: JIMWLK (1997-2000)
LLA for DIS in pQCD = BFKL (LLA: as < 1, asn ~ 1)

LLA for DIS in sSQCD = BK eqn (LLA: as < 1, agy ~ 1, a2AY3 ~ 1)
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The triple Pomeron vertex: Fan Diagrams

The Balitsky equation becomes the BK equation when

(tr{1 — U U }tr{1— UUf})
N

= m{2<uxz><uzy) + Nicz [2<uxy)(<uxy> — (U) — (Uyz)) + (Uzy) (Uzy) + (Us) (Uhe) — (uxy)<uxy)}}
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The triple Pomeron vertex: Fan Diagrams

The Balitsky equation becomes the BK equation when

(tr{1 — Uuf}tr{1 — UU{})

2
— 1y 20 g+ i [0 ()~ (th) {2+ (Ui + (th )~ (Lo 2]

We extract the non planar (next-to-leading in N¢) contribution from (24 (x, )/ (z y)) for diffractive processes and
for "fan" diagrams.
G.A.C, L.Szymanowski and S.Wallon 2010

We get

/ d?pad®pp 16 hy (N, — Dhg (Mo — 1)Ep i, (Paa: pba) { / &pe 2Enafs (pag: pes)En i, (Pby: pey)

| pab|?|pac|?] poc

2r 1

N2 Tl Re(1(1) + ¥ (ha) — ¥ (hg) — w(hw>}Eh@Hg(paﬁ~,pbﬁ)Eh,,ﬁw(pb’yvpc'y):|

which agrees with Bartels and Wusthoff (1995)
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Motivation: Why NLO correction?

m Check the high-energy OPE at the NLO level.
m Determine the argument of the coupling constant.

m Get the region of application of the leading order evolution
equation.

m Check conformal invariance (in N'=4 SYM)
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
[e.e]
[oopy 4+ X1, —oop1 + X1 ] = Pexp{ig/ dxt A+(x+,xl)}
—o0

is invariant under inversion (with respect to the point with x~ = 0).
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
[e.e]
[oop1 4 X1, —oop1 + X1 | = Pexp{ig/ dx* A+(X+7XJ_)}
—o0
is invariant under inversion (with respect to the point with x~ = 0).

Indeed,
(x*,x,)? = —x2 = after the inversion x; — x, /x2 and x* — x* /x%
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
[e.e]
[oop1 4 X1, —oop1 + X1 | = Pexp{ig/ dx* A+(X+7XJ_)}
—o0
is invariant under inversion (with respect to the point with x~ = 0).

Indeed,
(x*,x,)? = —x2 = after the inversion x; — x, /x% and x* — x* /% =

0 Xt xt xi X1 X1
[cop1+X1, —oop1x1] — Pexn{lg/_wdg M(g,g)} = [Oopl+ga*00pl+g}
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
[e.e]
[oop1 4 X1, —oop1 + X1 | = Pexp{ig/ dx* A+(X+7XJ_)}
—o0
is invariant under inversion (with respect to the point with x~ = 0).

Indeed,
(x*,x,)2 = —x2 = after the inversion x; — x, /% and x* — x*/x¢ =

C [ Xt xt xi X1 X1
[cop1+X1, —oop1x1] — Pexn{lg/_wdg M(g,?} = [Oopl+ga*00pl+g}

=The dipole kernel is invariant under the inversion V(x,) = U(x, /X3 )

d i Qs '’z (x—y)? 7 ,i, 7;7
d—]/Tr{VxVy} o2 —mm{vxvz FTr{VzVy } — NeTr{Vy\Vj }]
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Conformal invariance of the BK equation

SL (2,C) for Wilson lines

i
2
S8 =8, 26.8]=5

5.,0(z2)=200(z2), % U(z2)] =202, [5.0z2]=-30(z2)

S = L pL_ip?)

(KL+iK?), &= 12(D+ M), 8, =2

z=Z2 +iZ2,z=2 +iZ, U(z)=U(z2)
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Conformal invariance of the BK equation
SL (2,C) for Wilson lines

(K1+|K2), S=- (D+|M12) S =

S = (Pt —iP?)

2
[%.S5:] = =5, —[S+ S1=%
5.,0(z2)] = 2282( 2, [SU@z2]=20(z2, [S:,0(z2)]=-00(z2)

z=Z2 +iZ2,z=2 +iZ, U(z)=U(z2)
Conformal invariance of the evolution kernel

d .
%[&7 Tr{UUJ}] =

Ofch

/de XY, 2)[S-, T{U U} Tr{U, U }]

20 20 20 _
é[x 8x+y26y+ 8Z}K(x,y,z)_0
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Conformal invariance of the BK equation
SL (2,C) for Wilson lines

(K1+|K2), S=- (D+|M12) S =

S = (Pt —iP?)

2
[%.S5:] = =5, —[S+ S1=%
5.,0(z2)] = 2282( 2, [SU@z2]=20(z2, [S:,0(z2)]=-00(z2)

z=Z2 +iZ2,z=2 +iZ, U(z)=U(z2)
Conformal invariance of the evolution kernel

d .
%[&7 Tr{UUJ}] =

Ofch

/de XY, 2)[S-, T{U U} Tr{U, U }]

20 20 20 _
é[x 8x+y26y+ 8Z}K(x,y,z)_0

In the leading order - OK. In the NLO - ?
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Non-linear evolution equation at NLO

d
%Tr{uXUJ} =

2 VY
/ g—; <a5% + a2Kno(x,, z)) [Tr{UUJ}Tr{UUJ} — NTr{U,UJ}] +

ag/dzzdzz' (K4(x, ¥.2 7 ){Uy, U}, Uz, UJ} + Kg(x, v, 2.7 ){Uy, UL, Uz, Uz, U], U;E})

KnLo is the next-to-leading order correction to the dipole kernel and K4 and K6 are the
coefficients in front of the (tree) four- and six-Wilson line operators with arbitrary white
arrangements of color indices.
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Definition of the NLO kernel

In general

} = asKLoTH{UUJ} + a2Knio Tr{UU)} + O(ad)
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Definition of the NLO kernel

In general

—Tr{U,0]} = asKioTr{0U]} + 02Knio Tr{U, U]} + O(af)

- d_ . . -
a2KnioTr{0U]} = %Tr{UXUJ} — aKioT{U,0} + O(ad)
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Definition of the NLO kernel

In general

—Tr{U,0]} = asKioTr{0U]} + 02Knio Tr{U, U]} + O(af)

N d N N
a2KnioTr{0U]} = %Tr{UXUJ} — aKioT{U,0} + O(ad)
We calculate the “matrix element” of the r.h.s. in the shock-wave background

(02KnLoTr{U0]}) = %(Tr{oxom — (asKLoTr{U0]}) + O(ad)
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Definition of the NLO kernel

In general

—Tr{U,0]} = asKioTr{0U]} + 02Knio Tr{U, U]} + O(af)

N d N N
a2KnioTr{0U]} = %Tr{uxug} — aKioT{U,0} + O(ad)
We calculate the “matrix element” of the r.h.s. in the shock-wave background

(02KnLoTr{U0]}) = %(Tr{oxom — (asKLoTr{U0]}) + O(ad)

Subtraction of the (LO) contribution (with the rigid rapidity cutoff)

1 o .
= M . prescription in the integrals over Feynman parameter v

Typical integral

1 {l} B iln(kfp)2

-1
dv =
/0 (k—p2v+pi(1-vlv p? p?
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Diagrams of the NLO gluon contribution

Diagrams with 2 gluons interaction

) < v %)

(1) - (X1 o (i)
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Diagrams of the NLO gluon contribution

Diagrams with 2 gluons interaction

(xvi) xviny (xviily o (XIX)

(XXI) . (£ 0) xxiy )

(xxvI) oo “ oxviny Xx1) < (XXX
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Diagrams of the NLO gluon contribution

Diagrams with 2 gluons interaction

(XXX1) M (XXX 4 (XXX ’ (XXXIV)

G. A. Chirilli (LBNL) High-energy Amplitudes and Imp. Factors at N INT, October 11, 2011



Diagrams of the NLO gluon contribution

"Running coupling" diagrams

A cicld

a - any

12
y
-w? ) T w -

(\ZD)

G. A. Chirilli (LBNL)

High-energy Amplitudes and Imp. Factors at N
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Diagrams of the NLO gluon contribution

1 — 2 dipole transition diagrams
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Diagrams of the NLO gluon contribution

N = 4 SYM diagrams (scalar and gluino loops)

G. A. Chirilli (LBNL) High-energy Amplitudes and Imp. Factors at N INT, October 11, 2011 33/38



Gluon contribution to the NLO kernel

d «
%Tr{UXU)T,} = 25 / ¢z ([TH{UULTHUU]} - NeTr{U,Uj

(x—y)? asNe 11 >, 67 n?
X{XZY2 {“ 4r (3 MY 3)]
7E.O¢SNCX27Y2 nxj _asNe (x—y)? n X? n Y2 }
3 4r  X2y2 Y2 2 X2Y2 T (x—y)2 ' (x—y)?

QO
+ 4—7:2 / o?Z { [Tr{UU}Tr{UU} }{U, U]} — Tr{uuju,Uju,Ul}

1 X'2Y2 L YPX2 — A(x — y)2(z— Z)?, X'*Y2
_(zﬁz)]ﬁ{_ N + . ( 2)’)( ) In 2 }
(z—7) 2(X12Y2 — Y12X2) Y72%2
+ [Tr{UUS}Tr{U,U] 1{Uu, Uf} — Tr{uu)U,UfuUj} — (Z — 2)]
(x—y)* (x —y)? X2y"?
8 [XZY’Z(XZY’z — X'2y2) * (z— z’)ZXZY’Z} n X'2y2 })

Our result Agrees with NLO BFKL

(Comparing the eigenvalue of the forward kernel)
It respects unitarity
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Gluon contribution to the NLO kernel

d
%Tr{uxuj} = % / d?z ([Tr{UXUQ}Tr{UZU)T,} — NeTr{UyU }]

(x —y)? asNe 11 > » 67 72
X{ X2Y2 [1 a7 (3 NVt 3)]
11 asNe X2 — Y2 n X2 agNe (x —y)? n X2 In Y2 }
3 4r X2Y2 Y2 2 X2YZ T (x—y)2 (x—y)?

«
+ 4—7:2/de {[Tr{uxug}Tr{UzU;}{uZU;} — Tr{UUjU,Uju,Ul }

12\j2 12902 C\WN\2(7_ A2 12\/2
(2= 2) 1 {_ +XY+YX2 4(x2y)(z Z) nsz}
(z—2)* 2(X9Y2 — Y2X2) Y/eX2
+ [Tr{U U} Tr{UU} H{UzUf} — Tr{U Ul U,Ufu, U]} — (Z — 2)]
(x—y)* (x=y? 7, %XY?
X2Y2(X2Y"2 - X12Y2)  (z— z’)ZXZY’Z} " X7v2 })

NLO kernel = Running coupling terms + Non-conformal term + Conformal term
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Evolution equation for color dipoles in N=4

(1. Balitsky and G.A.C. 2009)
4 U501
= % [z Jo {1 [T onZon 2]}
253253 4 2%2 2%2
x [Tr{T202 0" T202 017} — NeTr{UZ Uj7}]
of [Pzdz 7,7, {1 I Zy% } In BaZ

4t 2?34 Z§3254 2%32%4 - 2532%4 214253
x Tr{[T, TP)02 T¥TY 07 + TPT20Y [T, T¥]0§7}(02 )% (07 — Ug)*

NLO kernel = Non-conformal term + Conformal term.

Non-conformal term is due to the non-invariant cutoff o < o = €7 in the rapidity
of Wilson lines.
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Evolution equation for color dipoles in N=4

(1. Balitsky and G.A.C. 2009)
4 U501
= % [z Jo {1 [T onZon 2]}
253253 4 2%2 2%2
x [Tr{T202 0" T202 017} — NeTr{UZ Uj7}]
of [Pzdz 7,7, {1 I Zy% } In BaZ

4t 2?34 Z§3254 2%32%4 - 2532%4 214253
x Tr{[T, TP)02 T¥TY 07 + TPT20Y [T, T¥]0§7}(02 )% (07 — Ug)*

NLO kernel = Non-conformal term + Conformal term.

Non-conformal term is due to the non-invariant cutoff o < o = €7 in the rapidity
of Wilson lines.

For the conformal composite dipole the result is Mobius invariant
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Evolution equation for composite conformal dipoles in N =

[Tr{U"UT"}]“’”f — Tr{UZ0}"}

/d2 z 2%3 —Ctr{U”Uia”}tr{U;’aUT”} TrH{UZ057)] Z;fzgs+0( 2)

d [Tr{U" UT”}] conf

Oéch T

2
A A RIS f
/d223 2%3253 1 a 4 ?} [Tr{TaUZUZ'TaUZSU}j} - NcTr{UZUZ’}]con

2Z 2 n 122%4 2522%4 2%3254
i [P 2532%4254{2| 2z gz zaz%s}

x Tr{[T3, T?J07 T¥TY 07 + TOT20Y [T, T¥)0{7}[(07)% (01 — (24 — 23)]

Now Mo6bius invariant!
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NLO evolution of composite “conformal” dipoles in QCD

d N « A A NN
d—[tr{UhU; }]Conf = 2_7:2/d223 ([tr{UleT }tr{UZsUEZ} - thr{U21U;f2}]Conf

asNe By, 72, 67 72
zfzg[ Ty DA Z%Z%' 2t )

&’z H, > 14 + 24’ By — 45,2 In 2142253}

Z, 2214725 — 224°235) 22425

x [tr{U, U] }tr{U,U] }{U, U] } — tr{U, U} U, U] U,0]} — (22 — 25)]
252254 252254 (1 Zo%s ) In 2532242}

2%3224 455 LBy — Bty 04’Zy

% [tr{U UL {0z 0% 1r{U2,0%} — tr{05,05,05,04,02, 01} - (2 — 20)]}

|2

b= 1N — Zny |. Balitsky and G.A.C

KnLo Bk = Running coupling part + Conformal "non-analytic” (in |) part
+ Conformal analytic (N = 4) part

Linearized KyLo sk reproduces the known result for the forward NLO
BFKL kernel Fadin and Lipatov (1998).
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Conclusions

m High-energy operator expansion in color dipoles works at the NLO
level.

m The analytic NLO photon impact factor in coordinate space and in
Mellin space has been calculated: the result is conformal invariant.

m The NLO BK kernel in QCD and A/ = 4 SYM agrees with NLO
BFKL eigenvalues.

m The NLO BK kernel in QCD is a sum of the running-coupling part
and conformal part.

m The planar (leading Nc) and non-planar (next-to-leading Nc)
contribution to the triple Pomeron vertex has been derived through
the Wilson line formalism.
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Outlook

= NLO pA.

m Composite conformal dipole from conformal Ward identity.
m B-JIMWLK evolution equation at NLO.

m Application of NLO B-JIMWLK to gluonic TMD.
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