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What is the right way to 
write down gauge and gravity 
scattering amplitudes?

compact?

insightful?

doable?
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Consider a Vilanelle
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Minimal information in.

Relations propagate this 
information to a full solution.

What’s going on?
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Consider an Amplitude
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So what are these relations for YM?

as Henrik discussed: a duality between 
color and kinematic numerator factors for 
gauge theories

write down gauge theory 
amplitudes with minimal 

input from theory

trivially write down 
related gravity 

amplitudes 

completely changing
our way of calculating

(`i)L
gn`2+2L

Aloop=
X

G2cubic

Z LY

l=1

dDpl
(2ı)D

1

S(G)
n(G)c(G)
D(G)

(n=numerator, c=color,
S=symmetry, D=denominator)
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Graphy way of thinking

Tree insights from loop level results

(sometimes it’s easier to discover things 
at loops!)

Generalizing duality to loop level

Current Knowledge/Future outlook

Map of talk
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Operator Overload!
Appropriate level of 

abstraction

Introduce butterfly operator:

takes everything to butterflies
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Operator Overload!

Set of Everything

...

takes everything to butterflies
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Operator Overload!

(  )
Butterfly operator in action: 

tofu -> butterfly
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Operator Overload!

(  )
Thursday, September 29, 11



Operator Overload!

(  )
Ok, silly example but there’s a point:

I’m going to talk about operators on graphs

I want you to think about graphs as objects
and operators taking graphs to other objects like 

numerators, and denominators in expressions
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graphs have edges

edges have momenta

momenta conserved at vertices

gluonic graphs:
vertices track color

Instead of butterfly operators, we’ll have 
operators taking graphs to other graphs
or taking graphs to expressions  -- functions
of color or momenta 
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Take seriously the idea of momentum-flow graphs as a 
very natural way to organize amplitudes

“Recent” wisdom: these sorts of diagrams are a
 (occasionally) handy old-fashioned trick for calculating.
but local representations are having a come-back!

Conventional wisdom: these sorts of diagrams are 
a handy trick for calculating.

The point: this is more than a trick...
Conservation of momenta is a very physical symmetry - 
representations making this manifest are natural places to hunt 
for physical kinematic structure.

Amplitude ~ 

The ability to simultaneously encode color information is 
very special for gauge theory amplitudes.

X

i

f(graphi)

Graphy Thinking!
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Amplitude ~ 

n(.) kinematic numerator “dressing”(antisymmetric)
c(.) group theoretic color factor:

Cubic Organization:

Gauge theory:

Theory dependent

X

i2cubic

h(graphi)

D(graphi)

D(graphi) =
Y

p2internal edges

p2

h(graphi) / n(graphi)c(graphi) ´ ´ ´

Dress vertices of diagram       with 
the structure constants  

(i)
fabc = Tr([Ta; T b]T c)
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Cubic 4-pt Tree Example:

1
2 3

4 1
2 3

4 1
2 3

4
s t

u
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Cubic 4-pt Tree Example:

1
2 3

4 1
2 3

4 1
2 3

4

1
2 3

4 4
1 2

3 1
3 2

41
2 3

4
=

All three graphs relabels of the same “half-ladder”

Atree
4 = g2YM

X

labels

c(          ) n(          )
d(          )

n(.) kinematic numerator “dressing”(antisymmetric)
c(.) group theoretic color factor

s t
u
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c(            ) =

n(            ) = 

d(            ) = 

1

2 3

4

1

2 3

4

1

2 3

4

K4 = s12s23A
tree
4 (1,2,3,4)

sab = (ka + kb)
2

f̃abc = i
p
2fabc = Tr{[T a, T b]T c}

f̃a1a2b f̃ ba3a4

(k1 + k2)
2 = (k3 + k4)

2

(antisymmetric)

A = g2YM

X

g

c(g)n(g)

d(g)

color-stripped tree

✓
K4

s12s23s13

◆
s12(s13 � s23)
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n(            ) = 1

2 3

4

(antisymmetric)

✓
K4

s12s23s13

◆
s12(s13 � s23)

consider antisymmetry

K4 = s12s23A
tree
4 (1,2,3,4)

sab = (ka + kb)
2

color-stripped tree
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n(            ) = 1

2 3

4

(antisymmetric)

✓
K4

s12s23s13

◆
s12(s13 � s23)

n(             )
1

2

3

4

consider antisymmetry

K4 = s12s23A
tree
4 (1,2,3,4)

sab = (ka + kb)
2

color-stripped tree
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n(            ) = 1

2 3

4

(antisymmetric)

✓
K4

s12s23s13

◆
s12(s13 � s23)

n(             )
1

2

3

4

✓
K4

s21s13s23

◆
s21(s23 � s13)=

consider antisymmetry

K4 = s12s23A
tree
4 (1,2,3,4)

sab = (ka + kb)
2

color-stripped tree
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n(            ) = 1

2 3

4
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✓
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n(            ) = 1

2 3

4

(antisymmetric)

✓
K4

s12s23s13

◆
s12(s13 � s23)

n(             )
1

2

3

4

n(             ) 1

2

3

4

✓
K4

s21s13s23

◆
s21(s23 � s13)

✓
K4

s12s24s14

◆
s12(s14 � s24)

=

=

consider antisymmetry

K4 = s12s23A
tree
4 (1,2,3,4)

sab = (ka + kb)
2

color-stripped tree
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n(            ) = 1

2 3

4

(antisymmetric)

✓
K4

s12s23s13

◆
s12(s13 � s23)

n(             )
1

2

3

4

n(             ) 1

2

3

4

✓
K4

s21s13s23

◆
s21(s23 � s13)

s14 = s23

✓
K4

s12s24s14

◆
s12(s14 � s24)

=

=

consider antisymmetry

K4 = s12s23A
tree
4 (1,2,3,4)

sab = (ka + kb)
2

color-stripped tree
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n(            ) = 1

2 3

4

(antisymmetric)

✓
K4

s12s23s13

◆
s12(s13 � s23)

n(             )
1
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4
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✓
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s21s13s23

◆
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s14 = s23

✓
K4

s12s24s14

◆
s12(s14 � s24)
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consider antisymmetry

K4 = s12s23A
tree
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n(            ) = 1

2 3

4

(K4) s12

(K4)

n(            ) = 1

2 3

4

n(            ) = 1

2 3

4 (K4) s
2
12

N=4 sYM ladders numerators through 3 loops

K4 = s12s23A
tree
4 (1,2,3,4)

sab = (ka + kb)
2

color-stripped tree

(keeps going)

Loop order has 
incredibly compact 

expressions on these 
cubic graphs
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5 loop, 4pt, planar N=4 sYM
Bern, JJMC,  Johansson, Kosower

2007
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3 loop, 4-pt full N=4 sYM 
3 loop, 4-pt full N=8 SUGRA

Bern, JJMC, Dixon, 
Johansson, Kosower, 

Roiban

2007, 
2008,
2010
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Bern, JJMC, Dixon, Johansson, Roiban

4 loop, 4pt full N=4 sYM and N=8 SUGRA
2009,
2010
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Why need anything more?
Go beyond four-loops (five-loop N=8 SUGRA 
critical test for question of finiteness)

Go beyond four-point -- there are entire 
theories to understand, and more to a theory 
than its UV behavior

Scattering is very physical way at getting at the 
information in a QFT -- discovering structures in 
scattering (even perturbative) ==> discoveries 
about the language of the theory
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Surprise at tree-level! BCJ (2008)

(a+b)

a

b c

d (a+d)

b c

da

(a+c)

a

b c

d( )O ( )O ( )O+=

O(.) = n(.)O(.) = c(.)

Atreem = g(m`2)
X

G2cubic

„
c(G)n(G)
D(G)

«

(originally verified thru 8pt, now we know it’s true)

Can always find a representation, so for every int. edge:

(Graph statement of Jacobi Relation)
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Introduce 3 graph operators taking
  edge -> graph (of new edge)

(a+b) (a+c)
û

a

b c

d
a

b c

d

(a+b)

(a+d)

t̂
a

b c

d

a

b c

d

(a+b)

a

b c

d

ŝ (a+b)

a

b c

d
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Look at N=4 SYM, 2-loops 

Scalar integrals with diagrams encoding 
conservation of momenta

Numerator “dressings” of integrals (      )

(a) (b)

Bern, Dixon, Dunbar, Perelstein, Rozowsky

(k1 + k2)
2 (k1 + k2)

2

1

2 3

4 1

2 3

4

A(2)
4

/
X

ext: leg perms:

ˆ
C(a)I(a) + C(b)I(b)

˜

ni

(surpressing prefactor)

Why do (a) and (b) have the same 
numerator n?

Thursday, September 29, 11



The numerator dressings  n( graph ) obey the 
graphical Jacobi relation on all edges:

n
�
ŝ( n

�
t̂(

n
�
û(

)
�
= )

�

+ )
�

Hint of a new duality: BCJ

n
�
ŝ( n

�
t̂(

n
�
û(

)
�
= )

�

+ )
�
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The numerator dressings  n( graph ) obey the 
graphical Jacobi relation on all edges:

�
n
�

=

+

�
n
�

�
n
�

Hint of a new duality: BCJ

n
�
ŝ( n

�
t̂(

n
�
û(

)
�
= )

�

+ )
�
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The numerator dressings  n( graph ) obey the 
graphical Jacobi relation:

Hint of a new duality:

= 0 + 

1

2 3

4 1

2 3

4

1

2 3

4

(k1 + k2)
2 (k1 + k2)

2

�
n
�

=

+

�
n
�

�
n
�

BCJ
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N=4 SYM, 3-loops

2 3

1 4

5

6

(e). (i).

1 4

2 3

5

67

Numerator “dressings” of integrals  n( graphs )

Bern, JJMC, 
Dixon, 
Johansson, 
Kosower,
Roiban

A(3)
4 �

�

ext. leg perms

9 integrals

s1;2s4;5 s1;2s4;5 ` s1;2s4;6
`1
3
(s1;2 ` s1;4)l27

sa;b = (ka + kb)
2
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=n
�
ŝ( n

�
t̂(

n
�
û(

)
�

)
�
+

)
�

Off-shell, doesn’t (automatically) work 
at 3-loops!

n(graph) = numerator kinematic dressing

=n
�
ŝ( n

�
t̂(

n
�
û(

)
�

)
�
+

)
�

BCJ
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=n
�
ŝ( n

�
t̂(

n
�
û(

)
�

)
�
+

)
�

Off-shell, doesn’t (automatically) work 
at 3-loops!

n(graph) = numerator kinematic dressing

�
n
� = �

n
�

+
�

n
�

BCJ
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=n
�
ŝ( n

�
t̂(

n
�
û(

)
�

)
�
+

)
�

With all but indicated momenta on shell: p2 = 0

�
n
� = �

n
�

+
�

n
�

n(graph) = numerator kinematic dressing

=n
�
ŝ( n

�
t̂(

n
�
û(

)
�

)
�
+

)
�

BCJ
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With all but indicated momenta on shell: p2 = 0

1

2

4

3

5

6

1 45

2 3
6

1 45

2 3

6

n(graph) = numerator kinematic dressing
sa;b = (ka + kb)

2

�
n
� = �

n
�

+
�

n
�

BCJ

Thursday, September 29, 11



With all but indicated momenta on shell: p2 = 0

1

2

4

3

5

6

1 45

2 3
6

1 45

2 3

6

s12s45 s14s46= +
( - )

n(graph) = numerator kinematic dressing

s12s45 s14s46

sa;b = (ka + kb)
2

�
n
� = �

n
�

+
�

n
�

BCJ
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With all but indicated momenta on shell: p2 = 0
�

n
� = �

n
�

+
�

n
�1

2

4

3

5

6

1 45

2 3
6

1 45

2 3

6

�
n
� = �

n
�

+
�

n
�

n(graph) = numerator kinematic dressing

BCJ
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With all but indicated momenta on shell: p2 = 0
�

n
� = �

n
�

+
�

n
�

n(graph) = numerator kinematic dressing

BCJ
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With all but indicated momenta on shell: p2 = 0
�

n
� = �

n
�

+
�

n
�

c
�

c
�

c
�

� �
�= +

n(graph) = numerator kinematic dressing
c(graph) = color factor

examine color factors of 4-pt 
uncut gluonic tree:

true by Color Jacobi identity!

BCJ
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u

1

2 3

4

s

1

2 3

4

t
1

4

2 3

= +( ) ))

Four-point tree amplitude:

Turns out that all         choices satisfy a duality 
between color and kinematics:

 as long as

This can be generalized...

Of course there’s a freedom (“generalized gauge invariance”):

So what’s going on? Let’s get graphy!

kinematic “dressing” color factor
O(.) = n(.) O(.) = c(.)

O (O (O

g2(
csns
s
+
ctnt
t
+
cunu
u
)

ni ! ni +´i
cs´s
s
+
ct´t
t
+
cu´u
u

= 0

´

BCJ

Zhu; 
Goebel, Halzen, Leveille

Thursday, September 29, 11



m-point gauge tree amplitude:

General freedom: 

Conjectured can always find a choice of        such that for all graphs & 
edges,

Hypothesize to all points:

,

Color         Kinematic Duality

kinematic “dressing” color factor
(originally verified thru 8pt, now we know it’s true)

O(.) = n(.) O(.) = c(.)

(a+b)

a

b c

d (a+d)

b c

da

(a+c)

a

b c

d( )O ( )O ( )O+=

n(G)! n(G) + ´(G)
X

G2cubic

„
c(G)´(G)
D(G)

«
= 0

´

Atreem = g(m`2)
X

G2cubic

„
c(G)n(G)
D(G)

«
BCJ
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Atreem /
X

G2cubic

„
n(G)c(G)
D(G)

«

color factors just sitting there obeying 
antisymmetry and Jacobi relations.

Gravity? BCJ
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Atreem /
X

G2cubic

„
n(G)c(G)
D(G)

«

color factors just sitting there obeying 
antisymmetry and Jacobi relations.

�iM tree
n =

X

G�cubic

n(G)ñ(G)
D(G)

= Gravity amplitude
in a related theory

Gravity? BCJ
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Interesting tree-level Jacobi-satisfying 
numerator representations!

 Mafra, Schlotterer, Stieberger

BCJ
Bern, Dennen, Huang, Kiermaier

Kiermaier
Bjerrum-Bohr, Damgaard, Sondegaard, Vanhove

Broedel, JJMC

Thursday, September 29, 11

http://inspirebeta.net/author/Mafra%2C%20Carlos%20R.?recid=897331&ln=en
http://inspirebeta.net/author/Mafra%2C%20Carlos%20R.?recid=897331&ln=en
http://inspirebeta.net/author/Schlotterer%2C%20Oliver?recid=897331&ln=en
http://inspirebeta.net/author/Schlotterer%2C%20Oliver?recid=897331&ln=en
http://inspirebeta.net/author/Stieberger%2C%20Stephan?recid=897331&ln=en
http://inspirebeta.net/author/Stieberger%2C%20Stephan?recid=897331&ln=en


How to find duality-satisfying numerators?
Easy way at tree-level is to involve 

color-ordered partial amplitudes

BCJ
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With particles all in the adjoint representation of               , 
the full tree amplitude can be decomposed:

SU(Nc)
(color group generators)

color ordered (stripped) `partial’ 
amplitude annotated with roman 

Full gauge theory amplitudes given with calligraphic

Structure constants:

Atreen (1; : : : ; n) = gn`2
X

P (2;:::;n)

Tr[Ta1 : : : T an]ˆ

Atreen (1; : : : ; n)

fabc = Tr([Ta; T b]T c)

A
A

How to find duality-satisfying numerators?
Easy way at tree-level is to involve 

color-ordered partial amplitudes

BCJ
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How to find duality-satisfying numerators?

 1) Write all m-point graphs and all independent Jacobi 
relations between their numerators 

m-point

BCJ

let’s do 4-pt   (yes, 4pt is special, but it doesn’t change 
the procedure -- you’ll see how it shakes out)
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How to find duality-satisfying numerators?

 1) Write all m-point graphs and all independent Jacobi 
relations between their numerators 

m-point

BCJ

let’s do 4-pt   (yes, 4pt is special, but it doesn’t change 
the procedure -- you’ll see how it shakes out)

1
2 3

4 1
2 3

4 1
2 3

4
s t

u
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How to find duality-satisfying numerators?

 1) Write all m-point graphs and all independent Jacobi 
relations between their numerators 

m-point

BCJ

let’s do 4-pt   (yes, 4pt is special, but it doesn’t change 
the procedure -- you’ll see how it shakes out)

1
2 3

4 1
2 3

4 1
2 3

4
s t

u

ns = nt + nu
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How to find duality-satisfying numerators?
m-point

BCJ

2) Solve linear equations in terms of (m-2)!  Jacobi-independent 
numerators  (e.g. can let them all be half-ladders)

So for 4-pt solve for any of the 3 
numerators in terms of 2:

nu ⌘ ns � nt
(for interesting non-half-ladder topologies 
have to go to 6 pt:

expansion. We fit this ad-hoc Ansatz to the Jacobi relations,
the symmetry constraints, and the cubic-graph decompo-
sition of the partial amplitude. Such an intuitive approach
yielded a valid expression but with some—perhaps not so
surprising—limitations. The following compact expression
for n6hl only holds in four dimensions, and only holds for
MHV and MHV amplitudes as it relies on special four-
dimensional identities,

n6;hlða; b; c; d; e; fÞ ¼
sab
15

ð$sdcsefAabdcef þ sdcsfeAabdcfe

$ sdfsecAabecdf $ scfsedAabedcf

$ scdsefAabefcd þ sdesfcAabfcde

þ scesfdAabfdce þ scdsfeAabfecdÞ;
(5.2)

where Aabcdef & Atree
6 ða; b; c; d; e; fÞ.

Under those limitations it does generate the appropriate
symmetric, BCJ, amplitude-encoded representations of
Yang-Mills and gravity theories, respectively,

Að0Þ
6 ¼ g4

X

q2S6

!
1

8

chlðqÞn6;hlðqÞ
phlðqÞ

þ 1

48

ctriðqÞntriðqÞ
ptriðqÞ

"
; (5.3)

M ð0Þ
6 ¼ i

!
!

2

"
4 X

q2S6

!
1

8

ðn6;hlðqÞÞ2
phlðqÞ

þ 1

48

ðntriðqÞÞ2
ptriðqÞ

"
: (5.4)

The factors of 8 and 48 are the symmetry factors of
the half-ladder and trimerous graphs. One sees that, as
before, the gravity amplitude is manifestly permutation
symmetric.

It should be stressed that the limitations of this repre-
sentation does not reflect any tension between BCJ
representations and non-MHV amplitudes. Indeed, the
all-multiplicity amplitude-encoded BCJ representations
in the literature hold in any dimensions, independent of
external states. The struggle is to find an Ansatz general
enough to allow for the solution of the functional con-
straints, and at the same time being computationally trac-
table. It is easy to believe that a form of the type Eq. (3.10)
may work in D dimensions, independent of external states,

but the most direct path to reveal it seems to await a better
understanding of the structures involved.

VI. CONCLUSIONS

After we worked out the four-point BCJ, amplitude-
encoded, symmetric numerator in explicit detail, we
presented two independent five-point D-dimensional rep-
resentations, one of which is related to the structure re-
cently uncovered at multiloop five point in the maximally
supersymmetric theory. Exploring the consequences of
these two representations, we rendered, en passant, the
five-point multiloop amplitudes as virtuous as the four-
point multiloop amplitudes by finding an amplitude-
encoded form of the " function, Eq. (4.14). In effect, this
relates, in the maximally supersymmetric theory, the state
sum of all three-particle cuts involving two five-point
subamplitudes, to the known three-particle cut of the
four-point two-loop amplitude. We also presented a
slightly less virtuous six-point representation.
An obvious goal is to identify a constructive principle

for virtuous representations. The underlying kinematic
algebra responsible for the color-kinematic correspon-
dence, however, is unknown beyond certain sectors in
four dimensions [26]. The existence of such an algebra is
suggested in general, not only by the kinematic Jacobi
relations, but additionally by a trace basis identified by
Bern and Dennen in Ref. [45]. They present an alternative
amplitude representation based on swapping the role of
color and kinematics in the traditional color-trace decom-
position of Eq. (2.4). The partial amplitudes in their rep-
resentation involve the color factors as numerators, and
they introduce kinematic ‘‘traces’’ #ðq1 . . . qmÞ in place of
the trace over color generators. It is perhaps worth noting
that the numerator functions presented here, for five and six
points, each lead to a symmetric #, i.e. a single function
that takes any labeling to the appropriate kinematic
contribution.
The appeal of BCJ representations at loop level resides

in the ability to propagate a minimal amount of informa-
tion from the theory into the full amplitude [5,8,30], as well
as the ability to trivially generate loop-level gravity ampli-
tudes. At tree level, where representations are already
known for both Yang-Mills and gravity theories, the appeal

FIG. 4 (color online). Illustration of the kinematic Jacobi relation associated with the indicated edge, as given in Eq. (5.1), which
expresses the numerator of the trimerous topology on the left in terms of the difference between the two half-ladders on the right.

VIRTUOUS TREES AT FIVE- AND SIX-POINT LEVELS . . . PHYSICAL REVIEW D 00

9

)
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How to find duality-satisfying numerators?
m-point

BCJ

3) Expand all color-ordered amplitudes in terms of their constituent 
graphs:

pear in eq. (2.1),

Atree
m (1, 2, 3, . . . ,m) =

X

g2cyclic

n(g)Q
l2p(g) l

2
, (2.5)

where the sum is over all cyclic-relabelings of all topolo-
gies that can contribute to the particular color ordering.

One could imagine that for m interacting gluons there
might be m! distinct partial amplitudes (all the di↵er-
ent orderings). Conveniently, a number of relations exist
which ultimately constrain the count to (m � 3)! inde-
pendent partial amplitudes.

First, the color-ordered partial amplitudes satisfy the
cyclic and reflection properties,

Atree
m (1, 2, . . . ,m) = Atree

m (2, . . . ,m, 1) , (2.6)

Atree
m (1, 2, . . . ,m) = (�1)mAtree

m (m, . . . , 2, 1) .

Second, they satisfy the “photon”-decoupling identity
(or subcyclic property) [36, 37],

X

�2cyclic

Atree
m (1,�(2, 3, . . . ,m)) = 0 , (2.7)

where the sum runs over all cyclic permutations of legs
2, 3, 4, . . .m.
Next are the Kleiss-Kuijf relations [37]:

Atree
m (1, {↵},m, {�}) = (�1)n�

X

{�}i2OP({↵},{�T })

Atree
m (1, {�}i,m) ,

(2.8)
where the sum is over the “ordered permutations”
OP({↵}, {�T }), that is, all permutations of {↵}

S
{�T }

that maintain the order of the individual elements be-
longing to each set within the joint set, where n� is the
number of � elements. Following [37] we use the notation
{�T } to represent the set {�} with the ordering reversed.
These relations were first conjectured in ref. [37] and later
proven in ref. [38]. After taking all of the above relations
into account, the number of independent m-point ampli-
tudes is (m� 2)!.
Finally the ability to construct BCJ representations

at tree level was used [3] to predict additional relations
between color-ordered partial tree amplitudes, which re-
duce the number of independent amplitudes to (m� 3)!.
While the general form of the identities is somewhat in-
volved, the structure and the occurrence of kinematic
coe�cients in the relations can be seen in the following
five-point example:

s24s245A
tree
5 (1, 2, 4, 5, 3) = �Atree

5 (1, 2, 3, 4, 5)s34s15

�Atree
5 (1, 2, 3, 5, 4)s14(s245 + s35) , (2.9)

where sij... = (pi + pj + · · · )2, and the set of (5 � 3)!
independent five-point tree amplitudes on the right-hand
side is obtained by keeping legs 1 through 3 fixed. An all
multiplicity expression is given in ref [3]. These relations
were later derived and proven from string theory using

monodromy [39–41], as well as in a pure field-theoretic
approach using on-shell recursion [42, 43].

It should be emphasized that all of these relations
between partial amplitudes share an important feature:
they hold in arbitrary dimensions. As such, they can
be used to analytically establish D-dimensional repre-
sentations without explicit evaluation in any particular
dimension.

III. METHODS

Finding an amplitude-encoded BCJ satisfying repre-
sentation at m-point tree-level is straightforward. We
start by identifying the cubic tree graphs with m ex-
ternal legs, independent under vertex-flip antisymmetry,
and write down the linear system of equations generated
by the Jacobi relations between kinematic numerator fac-
tors. We can reduce this linear system by simple elimina-
tion of kinematic factors, solving each in terms of simple
linear combinations of others, until no more elimination
is possible, and we are left with a solution for every kine-
matic factor as a linear functional of the graphs indepen-
dent under these relations. These independent graphs
are termed “master graphs”, as they e↵ectively encode
the full amplitude. It is important to realize that these
master graphs are often related by graph isomorphisms,
their ‘independence” is only under the Jacobi relations.
As such, the same topology may appear several times
with di↵erent labelings in the master graphs.

We can take any set of independent partial amplitudes,
decompose them into their cubic-graph representation,
and express their kinematic factors in terms of the mas-
ter kinematic factors. As there are (m� 3)! independent
partial amplitudes for m-point interaction, this allows us
to solve for (m � 3)! of the master kinematic factors in
terms of the independent partial amplitudes, propaga-
tors, and the remaining unconstrained kinematic factors
associated with the other master graphs.

At this point we have a complete BCJ, amplitude-
encoded representation: all external dependence of the
scattering amplitude are encoded in the (m � 3)! color-
ordered partial amplitudes, and the representations sat-
isfy the color-kinematic Jacobi relations by construction.
None of the unconstrained factors can a↵ect the ac-
tual value of the scattering amplitudes if the constrained
(m � 3)! numerator kinematics have been defined as
above, so they are described as parameterizing a gen-
eralized gauge freedom [3]. These dynamic3 parameters
can be set to any value. They could be set to vanish, or
chosen to be functions that maximize the total number of
graphs whose numerators vanish, c.f. the representations
of ref. [18, 21].

3
Functions of kinematics.

4

A(1, 2, 3, 4) =
ns

s
+

nt

t

1 independent color ordered tree at loop-level

1
2 3

4 1
2 3

4s tA(1, 2, 3, 4)graphs:
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How to find duality-satisfying numerators?
m-point

BCJ

A(1, 2, 3, 4) =
ns

s
+

nt

t

4) Write the graphs in the (m-2)! graph basis from (2), and solve 
the linear relations in terms of the color-ordered amplitudes 
from (3)

nu ⌘ ns � nt

nt ⌘ t⇥
⇣
A4(1, 2, 3, 4)�

ns

s

⌘
)

(symmetric is trickier)
This is it--you have a duality-satisfying representation.
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Features:
Completely straightforward solution of linear 
relations (trickiest bit is drawing graphs)

Makes all residual gauge-freedom manifest:  
gauge freedom = (m-3)x(m-3)! completely 
unconstrained numerator functions.   (can use to, e.g. 
make symmetric numerator functions)

Independent of dimension and helicity structure

Interesting consequence for gauge-independent 
quantities: fewer independent color-ordered 
scattering amplitudes

BCJ

Thursday, September 29, 11



What have we gained?
BCJ

(2m-5)!! diags

(m-2)! numerators 
unconstrained by 
dual kinematic 

Jacobi

unique topologies

Multiplicity: (m)

http://oeis.org/A000672

Thursday, September 29, 11
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= +

All cubic trees in terms of 1 topology for each 
multiplicity

Symmetric numerator functions => only one 
numerator for each mulitplicity
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= +

All cubic trees in terms of 1 topology for each 
multiplicity

Symmetric numerator functions => only one 
numerator for each mulitplicity
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“Observable” implications:

We found a general formula expressing any n-point color 
ordered amplitude in terms of chosen (n-3)! basis for SYM.

Only (n-3)! independent color-ordered tree partial-
amplitudes for n-point interaction. (c.f. (n-2)! from Kleis-Kuijf)

Atree
5 ( )12345 Atree

5 ( )12354
e.g. 5 pt has 2 indep. color-ordered amps not 6:

BCJ

6 pt has 6 indep. color-ordered amps not 12:
Atree

6 ( )123456 Atree
6 ( )123564 Atree

6 ( )123645
Atree

6 ( )123546 Atree
6 ( )123465 Atree

6 ( )123654

since proved! 
Bjerrum-Bohr, Damgaard,  Vanhove; Stieberger

Feng,  He, (R.) Huang,  Jia
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KLT field expressions:

f(i1, . . . , ij) = s1,ij

j�1⌅

m=1

�
s1,im +

j⇤

k=m+1

g(im, ik)

⇥
,

f(l1, . . . , lj�) = sl1,n�1

j�⌅

m=2

�
slm,n�1 +

m�1⇤

k=1

g(lk, lm)

⇥

g(i, j) =
�

si,j if i > j
0 else

⇥

i ⇥ {2, . . . , n/2}
j ⇥ {n/2 + 2, . . . , n� 2}

Gravity tree amplitudes

Color-
ordered

gauge tree 
amplitudes

sa,b = (ka + kb)2

Bern, Dixon, Perelstein, RozowskyKawai, Lewellen,Tye

i(�1)n+1
�

perms(2,...,n�2)

�
Atree

n (1, . . . , n� 1, n)
�

perms(i,j)

f(i1, . . . , ij)

� f(l1, . . . , lj�) �Atree
n (i1, . . . , ij , 1, n� 1, l1, . . . , lj� , n)

�

Mtreen (1; : : : ; n` 1; n) =
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KLT field expressions:

f(i1, . . . , ij) = s1,ij

j�1⌅

m=1

�
s1,im +

j⇤

k=m+1

g(im, ik)

⇥
,

f(l1, . . . , lj�) = sl1,n�1

j�⌅

m=2

�
slm,n�1 +

m�1⇤

k=1

g(lk, lm)

⇥

g(i, j) =
�

si,j if i > j
0 else

⇥

i ⇥ {2, . . . , n/2}
j ⇥ {n/2 + 2, . . . , n� 2}

Gravity tree amplitudes

Color-
ordered

gauge tree 
amplitudes

sa,b = (ka + kb)2

Bern, Dixon, Perelstein, RozowskyKawai, Lewellen,Tye

i(�1)n+1
�

perms(2,...,n�2)

�
Atree

n (1, . . . , n� 1, n)
�

perms(i,j)

f(i1, . . . , ij)

� f(l1, . . . , lj�) �Atree
n (i1, . . . , ij , 1, n� 1, l1, . . . , lj� , n)

�

Mtreen (1; : : : ; n` 1; n) =
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KLT field expressions:

i ⇥ {2, . . . , n/2}
j ⇥ {n/2 + 2, . . . , n� 2}

Gravity tree amplitudes

Color-
ordered

gauge tree 
amplitudes

New “observable” relations allow 
re-expression of KLT in terms of 
different “basis” amplitudes:  Left-
right symmetric, etc. 

But we can do better...

Bern, Dixon, Perelstein, RozowskyKawai, Lewellen,Tye

i(�1)n+1
�

perms(2,...,n�2)

�
Atree

n (1, . . . , n� 1, n)
�

perms(i,j)

f(i1, . . . , ij)

� f(l1, . . . , lj�) �Atree
n (i1, . . . , ij , 1, n� 1, l1, . . . , lj� , n)

�

Mtreen (1; : : : ; n` 1; n) =
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i(�1)n+1
�

perms(2,...,n�2)

�
Atree

n (1, . . . , n� 1, n)
�

perms(i,j)

f(i1, . . . , ij)

� f(l1, . . . , lj�) �Atree
n (i1, . . . , ij , 1, n� 1, l1, . . . , lj� , n)

�

Writing color-ordered 
gauge tree amplitudes in 
representation of duality 
satisfying cubic-diagrams:

�Atree
n (i1, . . . , ij , 1, n� 1, l1, . . . , lj� , n)

Atree
n (1, . . . , n� 1, n)

M tree
n (1, . . . , n� 1, n) =

Clarifying Gravity Amplitudes
BCJ

(a+b)

a

b c

d (a+d)

b c

da

(a+c)

a

b c

d( )O ( )O ( )O+=

Atree(perm) =
X

G2graphs(perm)

n(G)
D(G)

~Atree(perm) =
X

G2graphs(perm)

~n(G)
D(G)
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Gives gravity tree amplitudes:

Gravity as the 
of gauge theory!

“double copy” 

BCJ
Clarifying Gravity Amplitudes

Writing color-ordered 
gauge tree amplitudes in 
representation of duality 
satisfying cubic-diagrams:

(a+b)

a

b c

d (a+d)

b c

da

(a+c)

a

b c

d( )O ( )O ( )O+=

�iM tree
n =

X

G�cubic

n(G)ñ(G)
D(G)

Atreem /
X

G2cubic

„
n(G)c(G)
D(G)

«
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Note      and      can come from different reps of same 
theory, or even different theories altogether.

Only one gauge representation need have duality imposed, 
consequence of general freedom:

can only depend on algebraic property of            not numeric 
values. So as long as             satisfies same algebra (i.e. duality)                   
can shift            as we please. 

n(G)! n(G) + ´(G)
X

G2cubic

„
c(G)´(G)
D(G)

«
= 0

c(G)
~n(G)

,

n(G)

�iM tree
n =

X

G�cubic

n(G)ñ(G)
D(G)

n ~n

N = 4 sYM˙N = 4 sYM) N = 8 sugra
N = p sY M ˙N = 4 sYM) N = 4 + p sugra

(see Henrik’s talk)
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This is all (semi)-classical
The world is QUANTUM - 
wouldn’t it be great to 
generalize to loop-order 
corrections?
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“One should always 
generalize.” - C. Jacobi

This is all (semi)-classical
The world is QUANTUM - 
wouldn’t it be great to 
generalize to loop-order 
corrections?
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= +

Hypothesize duality holds unchanged to all loops!
Representation freedom:

s

1

2 3

4
t

1

4

2 3

(`i)L
gn`2+2L

Aloop=
X

G2cubic

Z LY

l=1

dDpl
(2ı)D

1

S(G)
n(G)c(G)
D(G)

n(G)! n(G) + ´(G)
X

G2cubic

„
c(G)´(G)
D(G)

«
= 0,

Conjecture there is always a  choice of      causing     to satisfy for all 
internal edges from any representation same duality:

´ n

O O O u

1

2 3

4

O(.) = n(.) O(.) = c(.)

What’s the right generalization?
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then, through unitarity & tree-level expressions:

What we always wanted out of a “loop level” relations!

Gauge:

Gravity:

(`i)L
gn`2+2L

Aloop=
X

G2cubic

Z LY

l=1

dDpl
(2ı)D

1

S(G)
n(G)c(G)
D(G)

(`i)L+1
(»=2)n`2+2L

Mloop

=

X

G2cubic

Z LY

l=1

dDpl
(2ı)D

1

S(G)
n(G)~n(G)
D(G)

If conjectured duality can be imposed for:
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We know this works beautifully at 1 
and 2 loops for N=4 and N=8!

See amplitudes in Bern, Dixon, Dunbar, Perelstein, Rozowsky
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Original Palette of Diagrams
Bern, JJMC, Dixon, Johansson, Kosower, Roiban
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Original solution of
three-loop four-point

N=4 sYM and N=8 
sugra

BCDJKR
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Recipe for finding     so 
dressings satisfy duality:

�
Every edge represents a set of 
constraints on functional form of the 
numerators of the graphs.  Small 
fraction needed.

=n( n(

u

1

2 3

4
)n(

s

1

2 3

4
t
1

4

2 3

+)

Find the independent numerators (solve the linear equations!)

Build ansatze for the masters using functions seen on exploratory cuts

Impose relevant symmetries

Fit to the theory!
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BCJ (2010)
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BCJ (2010)
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BCJ (2010)
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Generic multiloop methods and application to N = 4 super-Yang-Mills 32

2
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32

1 4
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Jk
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2

1
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5

7

6

Jj

(j)1

2

4

7 Jn

1 4(n)

2 3

5 6Jm 4(m)
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1

6 7
5

(e) 41

2 3

5 6

7 7

6

Jf

(f)1

2 3

4

5

5 6 7

Jd

3

(d)

2

41

Figure 18. Three-loop four-point cubic graphs considered in the main text. The
external momenta is outgoing and the shaded (red) edges mark the application of
kinematic Jacobi relations used in (55). Note that only graphs (a)–(l) contribute to
the N = 4 sYM amplitude where the duality between color and kinematics is made
manifest.

5.3. Three-loop example

In this section we reexamine the four-point three-loop N = 4 sYM amplitude using

the duality between color and kinematics [28]. This amplitude was originally given in

[26, 27] in terms of nine cubic diagrams. For this exercise we start by considering a

larger set of 25 graphs, which are related to any of the original nine diagrams by a

single application of a kinematic Jacobi relation. However, eleven of these diagrams
contain triangle subgraphs, which the no-triangle property of N = 4 sYM [1] suggests

will not contribute. After removing those with one-loop triangle subgraphs we have the

14 graphs depicted in figure 18. We will see that this set of diagrams is sufficiently large

to admit a manifest representation of the duality.

Now we will introduce the kinematic Jacobi relations that the numerators of each

diagram must satisfy. Each numerator depends on three independent external momenta
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Solution is unique!

Only, e.g., require maximal 
cut information of (e) graph

to build full amplitude!

Squaring numerators 
gives N=8 supergravity!

u = (k1 + k3)2t = (k1 + k4)2s = (k1 + k2)2 fii;j = 2ki ´ lj

BCJ (2010)
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Note:

BOTH N=4 sYM and N=8 sugra

manifestly have same overall 
powercounting!

u = (k1 + k3)2t = (k1 + k4)2s = (k1 + k2)2 fii;j = 2ki ´ lj

BCJ (2010)
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This works too!
(non-trivial check)

X

G2cubic

Z LY

l=1

dDpl
(2ı)D

1

S(G)
n(G)~n(G)
D(G)

fii;j = 2ki ´ lj

BCJ (2010)
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This works too!
(non-trivial check)

X

G2cubic

Z LY

l=1

dDpl
(2ı)D

1

S(G)
n(G)~n(G)
D(G)

fii;j = 2ki ´ lj

BCJ (2010)
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Intermezzo: How do we know of 
amplitude is correct?

Integrand satisfies all D-dimensional 
generalized unitarity cuts.

Bern, Dixon and Kosower

ANSWER:
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all cuts:
  Leaves no topologies untouched for 

Feynman rule contributions to be hiding in.
 spanning set: any set sufficient to 

guarantee satisfaction of all cuts  given 
the theory

Bern, JJMC, Dixon, Johansson, Roiban (2010)

 Correct?
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 D-dimensional:

Venerable: N=1 in 10D
New Shiny: N=2 in 6D

(as tree multiplicity increases 
expressions can be unwieldy)

Bern, JJMC, Dennen, Huang, Ita

Cheung, O’Connell;
Dennen, Huang, Siegel;  Boels;

Solved D-dim. cuts special to maximal susy: 
Iterated 2-particle, Box, Pentacuts

Bern, JJMC, Dixon, 
Johansson, Roiban;

Broedel, JJMC

 Correct?

Super New Shiny: N=1 in 10D Caron-Hout, O’Connell;
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Ok -- we’ve seen it work 
through three-loops -- 

anywhere else?
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JJMC,  Johansson (2011)

Venerable form satisfies duality (no freedom)

Five point 1-loop N=4 SYM & N=8 SUGRA

Bern, Dixon, Dunbar, Kosower;
Cachazo
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Venerable form satisfies duality (no freedom)

Five point 1-loop N=4 SYM & N=8 SUGRA

Bern, Dixon, Dunbar, Kosower;
Cachazo
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JJMC,  Johansson (2011)

Venerable form satisfies duality (no freedom)

Five point 1-loop N=4 SYM & N=8 SUGRA

Bern, Dixon, Dunbar, Kosower;
Cachazo
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Five point 2-loop N=4 SYM & N=8 SUGRA
JJMC,  Johansson (2011)
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Five point 2-loop N=4 SYM & N=8 SUGRA
JJMC,  Johansson (2011)
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Five point 2-loop N=4 SYM & N=8 SUGRA
JJMC,  Johansson (2011)
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well -- that’s it for published multiloop, 
but here’s a preview of results to 

come...
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JJMC,  Johansson (to appear)Five point 3-loop N=4 SYM & N=8 SUGRA
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JJMC,  Johansson (to appear)Five point 3-loop N=4 SYM & N=8 SUGRA
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Bern, Czakon, Dixon, Kosower, Smirnov (2006)

Four loop planar (extracted cusp anom. dim)
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Bern, JJMC, Dixon, Johansson, RoibanFull four loop N=4 SYM & N=8 SUGRA

(to appear)
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Bern, JJMC, Dixon, Johansson, RoibanFull four loop N=4 SYM & N=8 SUGRA
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Contrast with BCDJR (2009)

Numerators determined from 2 906 
maximal and near maximal cuts

Completeness of 
ansatz verified 
on 26 generalized 
cuts

Ii =
⌅ �

4⇤

p=1

dDlnp

(2�)D

⇥
Ni(lj , kj)
l1l2...l13

YM diags thru KLT 
used as truth.

Thursday, September 29, 11



Leading numerators    

UV Divergence at Four Loops

Sub-leading divergence:

Represented by integrals which cancel in the full 
amplitude 

 would have D = 4.5 divergence
Ni � O(k4l8)

Ii =
⌅ �

4⇤

p=1

dDlnp

(2�)D

⇥
Ni(lj , kj)
l1l2...l13

O(k5l7)
trivially vanishes under integration by Lorentz invariance

k external
l internal:

too many are 
bad for UV

(2009)
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 (    annotates sums 
over external momenta)

Expand the integrands about small external momenta:

cancels after using D = 5 integral identities like:
Marcus & Sagnotti UV extraction method

corresponding to  D = 5  div.

UV Divergence at Four Loops

Ni � O(k6l6)

N (6)
i + N (7)

i

Kn · lj
l2j

+ N (8)
i

�
K2

n

l2j
+

Kn · lj Kq · lp
l2j l

2
p

⇥

Ki

Understand divergence, but UV structure was 
obscured!

(2009)
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So$the$leading$UV$pole$in$d=11/2$is$

M(4)

4

���
pole

= �23
8

⇣�

2

⌘
10

stu(s2 + t2 + u2)2 M tree

4

( + 2 + )

�256 +
2025

8
117propagator$integrals;$same$as$in$sYM$

127$and$137propagator$integrals$

As$for$comparison$with$the$single7trace$subleading$color$sYM$$

A(4)

4

���
SU(Nc)

pole

= �6 g10KN2

c

⇣
N2

c + 12 ( + 2 + )
⌘

⇥
⇣
s (Tr

1324

+ Tr
1423

) + t (Tr
1243

+ Tr
1342

) + u (Tr
1234

+ Tr
1432

)
⌘

It$seems$unlikely$that$rela9on$is$a$coincidence;$its$origin$and$$
implica9ons$however$are$not$clear;$may$con9nue$at$higher$loops$
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���
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= �23
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⇣�
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⌘
10

stu(s2 + t2 + u2)2 M tree

4

( + 2 + )

�256 +
2025

8
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127$and$137propagator$integrals$

As$for$comparison$with$the$single7trace$subleading$color$sYM$$

A(4)

4

���
SU(Nc)

pole

= �6 g10KN2

c

⇣
N2

c + 12 ( + 2 + )
⌘

⇥
⇣
s (Tr

1324

+ Tr
1423

) + t (Tr
1243

+ Tr
1342

) + u (Tr
1234

+ Tr
1432

)
⌘

It$seems$unlikely$that$rela9on$is$a$coincidence;$its$origin$and$$
implica9ons$however$are$not$clear;$may$con9nue$at$higher$loops$

In the new manifest representation, 
as we will hear, we have the power 
to identify remarkable structure 
between YM and Gravity

(to appear)
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QFT
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Underlying Algebra?  

Understanding in 4D in self-dual sector, 
translating into 4D MHV

Monteiro, O'Connell

Inverting standard color decomposition, 
i.e. tracing over kinematics

Bern, Dennen

Thursday, September 29, 11

http://inspirebeta.net/author/Monteiro%2C%20Ricardo?recid=899638&ln=en
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Solving the functional relations?  

These loop level calculations have 
worked beautifully!  

But what if we have trouble finding the 
building blocks for the right ansatz?

Want to figure out new techniques 
of how to solve these guys.
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Tree-level playground  

Tree-level imposition of symmetry provides 
many of the same challenges

Broedel, JJMC

We have all the data in terms of color-ordered 
amplitudes (don’t have to do any cuts!)
Downside: more complicated symmetry
Can be pretty sure the building blocks of any 
ansatze need only involve color-ordered trees and 
Lorentz products of external momenta

Proof of concept, I’ll take you through 5-pt
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Broedel, JJMC

See how this plays out at 5-point:

5 independent sij
6 Kleiss Kuijif independent color orderd 
Amplitudes, e.g Atree

5 (1,2, {perms})

a

b c d

e

(why Kleiss Kuijif?)

1st Ansatz:

s(ij) here is just a placeholder
the ansatz is the sum of all expressions 

of the above form in all independent 
combinations

n5 ⇠ s(ij)s(kl)A
tree
5 (1,2,perm)
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Broedel, JJMC

Ansatz must:
a

b c d

e

Atree
5 (1,2,3,4,5) =

1

s12s45
n5(1,2,3,4,5) +

1

s23s15
n5(2,3,4,5,1)

+
1

s34s12
n5(3,4,5,1,2) +

1

s45s23
n5(4,5,1,2,3) +

1

s15s34
n5(5,1,2,3,4)

Satisfy Jacobi on both edges:
n5(a, b, c, d, e) = n5(d, e, a, b, c) + n5(d, e, b, c, a)

n5(a, b, c, d, e) = n5(a, b, e, d, c) + n5(e, c, d, a, b)

Satisfy color-stripped decomposition

n5(a, b, c, d, e) = �n5(b, a, c, d, e) = �n5(a, b, c, e, d)

= �n5(e, d, c, b, a)

Satisfy Symmetries of the diagrams:
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Broedel, JJMCFind unique solution 
(up to KK identities & 

conservation of momenta ):

b c d

e

Aabcde ⌘ Atree
5 (a,b, c,d, e)

Aabcde = �Aedcba

h
sabsde(Aabcde �Aabced

�Abacde +Abaced)
i

a

3 blocks each independently satisfies 
antisymmetries, look at one block

h
sbasde(Abacde �Abaced

�Aabcde +Aabced)
i

under a<->b

under d<->eh
sabsed(Aabced �Aabcde

�Abaced +Abacde)
i

under c rotation
use:
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Broedel, JJMCFind unique solution 
(up to KK identities & 

conservation of momenta ):

b c d

ea

another block:
h
sab(scd � sce)(Aadceb +Aaecdb)+

sde(sac � sbc)(Aeacbd �Adacbe)
i

under a<->bh
sba(scd � sce)(Abdcea +Abecda)+

sde(sbc � sac)(Aebcad �Adbcae)
i
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Broedel, JJMCFind unique solution 
(up to KK identities & 

conservation of momenta ):

b c d

ea

another block:
h
sab(scd � sce)(Aadceb +Aaecdb)+

sde(sac � sbc)(Aeacbd �Adacbe)
i

under a<->bh
sba(scd � sce)(Abdcea +Abecda)+

sde(sbc � sac)(Aebcad �Adbcae)
i
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Broedel, JJMCFind unique solution 
(up to KK identities & 

conservation of momenta ):

b c d

ea

final self-symmetric block:h
(sabscd � sabsce)Aadceb + (sabscd � sabsce)Aaecdb

+(�saesbc � sbescd)Aadcbe + (sadsbc + sbdsce)Aaecbd

+(sacsbd + sadsce)Adaceb + (�sacsbe � saescd)Aeacdb

i

all 3 blocks come together w/ factor of 1/30
to satisfy Jacobi eqns.

verified D-dimensionally
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n5,1(a,b, c,d, e) =

1

30

 h
sabsde(Aabcde �Aabced �Abacde +Abaced)

i

+
h
sab(scd � sce)(Aadceb +Aaecdb)

+sde(sac � sbc)(Aeacbd �Adacbe)
i

+
h
(sabscd � sabsce)Aadceb + (sabscd � sabsce)Aaecdb

+(�saesbc � sbescd)Aadcbe + (sadsbc + sbdsce)Aaecbd

+ (sacsbd + sadsce)Adaceb + (�sacsbe � saescd)Aeacdb

i!

Solution:
Broedel, JJMC

b c d

ea
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n5,1(a,b, c,d, e) = 1

30

 h
sabsde(Aabcde �Aabced �Abacde +Abaced)

i

+
h
sab(scd � sce)(Aadceb +Aaecdb)

+sde(sac � sbc)(Aeacbd �Adacbe)
i

+
h
(sabscd � sabsce)Aadceb + (sabscd � sabsce)Aaecdb

+(�saesbc � sbescd)Aadcbe + (sadsbc + sbdsce)Aaecbd

+ (sacsbd + sadsce)Adaceb + (�sacsbe � saescd)Aeacdb

i!

A(0)
5 = g3

YM

X

{q1,...,q5}2S5

1

8

c(q)n(q)

p(q)

M(0)
5 = i

⇣
2

⌘3 X

{q1,...,q5}2S5

1

8

n(q)n(q)

p(q)

YM

GR

Solution:
Broedel, JJMC

b c d

ea
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Broedel, JJMC
b c d

ea

Loops?
a

b
c

d

e

Usual Grassman delta function

Conjecture in CJ:

JJMC, Johansson:

�abcde ⌘ �(8)(Q)
[ab] [bc] [cd] [de] [e a]

4 "(a,b, c,d)
n(1)
pentagon

=

n5 ⇠
X

�perm/s(ij)

"(1,2,3,4) ⌘ "µ⌫⇢�k
µ
1k

⌫
2k

⇢
3k

�
4

Thursday, September 29, 11



Broedel, JJMC
b c d

ea

Loops?

"(1,2,3,4) ⌘ "µ⌫⇢�k
µ
1k

⌫
2k

⇢
3k

�
4

�abcde ⌘ �(8)(Q)
[ab] [bc] [cd] [de] [e a]

4 "(a,b, c,d)

= �iAabcde ⇥ sabsbcscdsdeseq
"(a,b, c,d)

4G5

(absorbed the Grassman delta 
into MHV Superamplitude)

a

b
c

d

e

n5,1 ⇠ s2A5 ⇠ �

s

n5 ⇠
X

�perm/s(ij) ?

G5 ⌘ det(ki · kj matrix) =

(4D) �"2
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Broedel, JJMC
b c d

ea

Loops?
a

b
c

d

en5,2 ⇠
X

�perm/s(ij)

1

10

 h✓ 1

scd
� 1

sce

◆
�ab
i
+
h✓ 1

sac
� 1

sbc

◆
�ed
i

�
h�edcba

sae
+

�decab

sbd
� �edcab

sbe
� �decba

sad

i!

n5,2(a,b, c,d, e) =

�ij ⌘ �ijklm � �jiklm
(antisymmetric in ij)

Distinct from other solution!  Residual 5-pt gauge freedom
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Since both solutions satisfy color-stripped Amplitude 
decomposition, can re-express           in dimension
agnostic terms:

�ijklm

�D
12345 ⌘ s12s23s34s45s51

16G5

"
(s15s34 + s14s35 � s13s45)A12345

+2s14s35A12354

#

Verified this in D dimensions.

Broedel, JJMC

Nice N=4 cut implications...

G5 = det(ki · kj matrix)
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A(0)
5 = g3

YM

X

{q1,...,q5}2S5

1

8

c(q)n(q)

p(q)

M(0)
5 = i

⇣
2

⌘3 X

{q1,...,q5}2S5

1

8

n(q)n(q)

p(q)

YM

GR

5-pt virtuous solution:

Broedel, JJMC

n(q) = ↵n5,1(q) + (1� ↵)n5,2(q)
[s2A5] [�(D)/s]
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We don’t want to have to write an ansatz.  
Rather, a direct way to write down master.

As an intermediate step, we’ll be happy with 
greater control over more fluidly flowing 
between representations (c.f. polytopes)

Existence in higher-genus perturbative string 
theory?

Connection to recent understanding from Higher-
Spin work?

What is non-perturbative implication/barrier to  
gravity as a double-copy?

What’s the endgame?

proofs, generalizations, etc... Lots to do!
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Derivation of relations leading to (n-3)! 
amplitudes using monodromy of ST 
amps.

Bjerrum-Bohr, Damgaard,  
Vanhove

Stieberger

Mafra

Tye, Zhang

String Theory & Tree-level Duality

Duality first satisfied in 5-point ST using 
pure-spinor formalism

Insights into nature of duality in 
Heterotic strings due to parallel 
treatment of color and kinematics

n-point duality (local, asymmetric) 
satisfied in ST using pure-spinor 
formalism

 Mafra, 
Schlotterer, 
Stieberger
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Field Theory & Tree Level Duality 
Proof of double-copy form of gravity assuming duality

Bern, Dennen, Huang, Kiermaier

Existence of Lagrangian manifesting 6-point duality  

Relations with (some) non-SUSY matter Sondergaard

Derivation of relations leading to (n-3)! amplitudes using 
BCFW Feng, (R.) Huang,  Jia

Explicit (non-symmetric) duality-satisfying tree-level 
num. to all multiplicity.  Kiermaier

B-B,D,S, Vanhove

Using (n-3)! relations via BCFW for field theoretic 
proofs of KLT relations, new forms etc.

Bjerrum-Bohr,  Damgaard, Feng, Sondegaard
Feng,  He, (R.) Huang,  Jia

Symmetric, amplitude encoded, duality satisfying 
tree-level representations from 4-6 points JB, JJMC
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