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Ab-initio Calculation of Nucleon Structure

No satisfactory theoretical understanding of nucleon structure

Existing and coming experimental data:

Proton and neutron size and charge distribution

Partonic picture of nucleons

Origin of the nucleon spin: AM of gluons and quarks

Radius
〈r2
E〉p−n ≈ 0.85 fm2

Momentum
P+
N = p+

q + p+
g

Spin
1
2

= Sq + Lq + Jg

Next generation: JLab@12GeV, EIC, . . .
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QCD on a Lattice

Solving QCD on a Lattice

Euclidean QFT:


x0 ≡ t → −ix4 ≡ −iτ
p0 ≡ E → ip4

〈N(t)N̄(0)〉 → e−Eτ

Use a lattice regulator

Aµ(x)→ Ux,µ = Pe−i
∫ x+µ̂
x dx·A

Sg
[
Aµ
]
→
(
1− 1

Nc
ReTrUP

)
∼ (Fµν)2 +O(a2)

Y

µ

X

U

R

P

Sample Prob
[
U, ψ, ψ̄

]
∼ e−S[U,ψ,ψ̄] to compute path integral∫

DUDψDψ̄ O e−S[U,ψ,ψ̄] → 1

N

N∑
O
[
U, ψ, ψ̄

]
Tune αS and mq to reproduce physical observables
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QCD on a Lattice

Nucleon Matrix Elements

q

P

P’

τ

∆t

Extract 〈N(P ′)|O|N(P )〉
from 3-pt correlators:∑

~x,~y e
−i ~P ′~x+i~q~y 〈N(∆t, ~x)O(τ, ~y) N̄(0)〉

Signal / noise ∼ e−(MN− 3
2
mπ)·∆t

Excited states can lead to systematic bias in m.e. :

N̄lat|Ω〉 = |N〉+ C|X〉, ∆M = MX −MN ,

〈N |O|N〉lat ∼= 〈N |O|N〉+ |C|2 · 〈X|O|X〉 · e−∆M ·∆t
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QCD on a Lattice

Cost of QCD simulations

Solving QCD numerically is hard because

cost ∼ 1
mπ

with light quarks / pions

physical box size L & 4
mπ

to avoid finite volume effects

lattice size Llat = L
a

grows in the continuum limit a→ 0

chiral symmetry is expensive to preserve in lattice regularization

Cost at fixed phys. volume ∼
(
L
fm

)5

·
(

fm
a

)7

·
(

MeV
mπ

)
2 + 1 flavors,

mu = md � ms

Gauge ensembles:
[RBC/UKQCD,

MILC, BMW

collaborations]
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QCD on a Lattice

Chiral Symmetry on a Lattice

Chiral symmetry is important for

preserving original symmetries of QCD

removing O(a) term from the Lagrangian
Llat = LQCD +��

�HHHaL(5) + a2 L(6) + · · ·
simplifying quark operators renormalization

ΨL ΨR

s=0 s=Ls-1

mresΨR
†ΨL

x,y,z,t

Domain Wall :
5D Fermions have chiral modes on a 4D “defect”

spatially separate ψL and ψR in 4 + 1 space

additional dimension L5 = 16 (Lspace = 32!)

residual breaking ∼ mresψ̄LψR,
mres . 15% ·mq
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Lattice Results Vector form factors

Electromagnetic Form Factors

〈P ′ |q̄γµq|P 〉 = Ū(P ′)
[
F q

1 (Q2)γµ + F q
2 (Q2) iσ

µνqν
2MN

]
U(P ),

where q = P ′ − P and Q2 = −q2

Sachs form factors

GE(Q2) = F1(Q2)− Q2

4M2
F2(Q2), GE(0) = Q,

GM(Q2) = F1(Q2) + F2(Q2), GM(0) = µ.

“Radii”

F (Q2) ≈ F (0)
(
1− 1

6
〈r2〉 ·Q2 +O(Q4)

)
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Lattice Results Vector form factors

Electric Form Factor Gu−d
E vs. Q2

0 0.2 0.4 0.6 0.8 1
Q

2
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2
]

0

0.2

0.4

0.6

0.8

1

G
E

u-
d

mπ = 297 MeV, Fine
mπ = 355 MeV, Fine
mπ = 403 MeV, Fine
mπ = 330 MeV, Coarse
Phenomenology

Dipole fits
G(Q2) ∼ 1

(1+Q2/M2
D)2

give

M2
D ≈ 0.97 . . . 1.07 GeV2(
M2
D

)
exp

= 0.71 GeV2

GE(Q2) = F1(Q2)− Q2

4M2F2(Q2) ∼ 〈N(+ ~q
2
)|Q|N(− ~q

2
)〉

Fit to experimental data: [J. J. Kelly ’04]
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Lattice Results Vector form factors

Dirac Radius 〈r2
1〉u−d
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DWF a=0.084 fm
DWF a=0.114 fm
Mixed Action
Wilson a=0.116 fm
PDG 2008
Belushkin et al 2007

Agreement for
2 lattice spacings

2 volumes at
mπ = 250 MeV

3 LQCD actions

HBχPT+∆ at NLO:
δ[(r2

1)u−d] ∼ logmπ

[V. Bernard et al ’98]

Extract 〈r2
1〉 from dipole fits,

F1(Q2) ∼ 1
(1+ 1

12
〈r21〉Q2)2

≈ 1− 1
6
〈r2

1〉 ·Q2 +O(Q4)
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Lattice Results Vector form factors

Dirac Radius 〈r2
1〉u−d
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Agreement for
2 lattice spacings

2 volumes at
mπ = 250 MeV

3 LQCD actions

HBχPT+∆ at NLO:
δ[(r2

1)u−d] ∼ logmπ

[V. Bernard et al ’98]

Extract 〈r2
1〉 from dipole fits,

F1(Q2) ∼ 1
(1+ 1

12
〈r21〉Q2)2

≈ 1− 1
6
〈r2

1〉 ·Q2 +O(Q4)
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Lattice Results Vector form factors

Anomalous Magnetic Moment κv
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NLO HBChPT+∆ prediction [V. Bernard et al ’98]

Fit to NLO CBChPT [T. Gail & T. Hemmert ’08]
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Lattice Results Vector form factors

Anomalous Magnetic Moment κv
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NLO HBChPT+∆ prediction [V. Bernard et al ’98]

Fit to NLO CBChPT [T. Gail & T. Hemmert ’08]
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Lattice Results Axial form factors

Axial Form Factors

〈N(p+ q)|q̄γµγ5q|N(p)〉 = ūp+q
[
γµγ5GA +

qµ

2M
γ5GP

]
up

with

GA(Q2), axial form factor; axial charge gA = GA(0)

GP (Q2), induced pseudoscalar form factor

Nucleon structure seen by electroweak probes:

ν, ν̄ quasielastic scattering off protons & nuclei

charged pion electroproduction γ∗ +N → πa +N ′

muon capture p+ µ→ n+ νµ (+γ)
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Lattice Results Axial form factors

Axial Charge gA

Computations are performed with mπ & 300 MeV;

need low-energy theory to extrapolate results to mphys
π

0.1 0.2 0.3 0.4 0.5 0.6
m

π
  [GeV]

1

1.1

1.2

1.3

1.4

g
A

Wilson 
[DW (2.7 fm)

3
]

[Hybrid (2.5 fm)
3
]

2-param HBChPT+∆  [Hy]
2-param HBChPT+∆  [DW]

Experiment 1.267(3)

Fit to HBChPT+∆
[T. Hemmert et al ’03]

Hybrid 1.160(14)
Domain Wall 1.139(20)

≈ 10% smaller

Finite-volume effects?

Low-energy dynamics?
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Lattice Results Axial form factors

Axial Form Factor Gu−d
A vs. Q2
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GA(Q2) = gA
(1+Q2/M2

A)2
M exp

A = (1.026± 0.021) GeV [PDG 2000]

M lat
A ≈ 1.5 GeV
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Lattice Results Axial form factors

Axial Radius
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Domain wall, a=0.082 fm
Wilson, a=0.116 fm

〈r2
A〉 = − 1

6GA

dGA
dQ2

∣∣∣
Q2=0

(dipole fits,
GA ∼ gA

(1+Q2/M2
A)2

)

ν-scattering:
〈r2
A〉 = (0.665(14) fm)2

NLO Heavy Baryon ChPT prediction: 〈r2
A〉 ≈ const

[V. Bernard, H. Fearing, T. Hemmert, U.-G. Meissner (1998)]

rapid chiral dynamics beyond NLO?
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Lattice Results Axial form factors

Axial Form Factors and PCAC

Because of partial conservation of Aµ (PCAC),
GP is not independent from GA:

〈P ′|∂µAµ|P 〉 →
2MNGA(Q2)− Q2

2MN
GP (Q2) ∼ m2

πFπgπN
m2
π+Q2

πa

Aa
µ

N

N ′

γ5gπN

iFπpµ
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Q
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From NLO ChPT:

GP (Q2) =
2mNFπgπN
m2
π +Q2

− 2

3
gAm

2
N〈r2

A〉

+O(m2
π, Q

2)

[V. Bernard, H. Fearing, T. Hemmert,

U.-G. Meissner (1998)]

important aspect of low-energy QCD dynamics
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Lattice Results Axial form factors

Induced Pseudoscalar Gu−d
P
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Lattice Results Axial form factors

Check Pion-pole Dominance
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Lattice Results Quark Momentum and Angular Momentum

Nucleon Momentum and Spin from Quarks

Energy-momentum tensor T µνq = q̄γ{µ i
↔
Dν}q:

〈P ′|T µνq |P 〉 −→ {A20, B20, C2}(Q2)

quark momentum fraction

〈x〉q = Aq20(0)

quark angular momentum [X. Ji ’97]:

Jq = 1
2
[Aq20(0) +Bq

20(0)]

Separating contributions to nucleon spin:

quark spin 1
2
Σq = 〈1〉∆q

quark orbital angular momentum Lq = Jq − 1
2
Σq

gluons : the rest Jglue = 1
2
− 1

2
Σq − Lq
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Lattice Results Quark Momentum and Angular Momentum

Tensors on a Lattice

On a lattice, rotational symmetry is broken O(4)→ H(4)

Tensors split into irred. reps. of H(4)

E.g., for a rank n = 2 tensor there are two components:

(41)⊗2 = 11 ⊕ 61 ⊕ 63 ⊕ 31︸ ︷︷ ︸
trace=0, symm.

 1.69

 1.7

 1.71

 1.72

 1.73

 1.74

 1.75

 1.76

 1.77

 1.78

 1.79

 0  2  4  6  8  10  12  14

µ2 [GeV2]

Zn=2,τ(3) / ZRI’
n=2

Zn=2,τ(6) / ZRI’
n=2

P P

Zscale-indep.
O =

Z lat
O (aµ)

Zpert
O (µ)

Z31
O /Z

63
O ≈ 0.98
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Lattice Results Quark Momentum and Angular Momentum

Quark Momentum Fraction 〈x〉u−d
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u-
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Phenomenology (CTEQ6)
[DW (2.7 fm)

3
]

[Hy  (2.5 fm)
3
]

〈x〉q = Aq20(0)

=

∫
dxx

(
q(x) + q̄(x)

)
ChiPT:
δ[〈x〉u−d] ∼ m2

π logmπ

Results are consistently above the phenomenological value by
15− 25%.
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Lattice Results Quark Momentum and Angular Momentum

Quark Momentum Fraction 〈x〉u+d
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=

∫
dxx

(
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)

quarks carry ≈ 1/2 of boosted nucleon momentum

qualitative agreement with phenomenology
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Lattice Results Quark Momentum and Angular Momentum

Quarks Angular Momentum (1): Ju+d
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Following [X. Ji PRL ’97],

J3
q = 〈N |

∫
d3x M012|N〉,

Mαµν = xµTανq − xνTαµq

and

Jq = 1
2

[
Aq20(0) +Bq20(0)

]

Gluon contribution Jg = 1
2
− Jq ∼ 52% of the nucleon spin

result agrees with QCD sum rule estimations [Balitsky, Ji (1997)]
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Lattice Results Quark Momentum and Angular Momentum

Quarks Angular Momentum (2): Ju, Jd
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Following [X. Ji PRL ’97],

J3
q = 〈N |

∫
d3x M012|N〉,

Mαµν = xµTανq − xνTαµq

and

Jq = 1
2

[
Aq20(0) +Bq20(0)

]

Most contribution to the nucleon spine comes from u-quarks:

|Jd| � |Ju|
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Lattice Results Quark Momentum and Angular Momentum

Quark Angular Momentum: p,n-DVCS

Ph. Hägler, MENU 2010, W&M 19

Ju, Jd template figure

LHPC arXiv:1001.3620 (this work)

LHPC PRD `08 0705.4295

QCDSF (Ohtani et al.) 0710.1534

Goloskokov&Kroll EPJC`09 0809.4126

Wakamatsu 0908.0972

DiFeJaKr EPJC `05 hep-ph/0408173

(Myhrer&)Thomas PRL`08 0803.2775

[JLab Hall A PRL`07; HERMES JHEP`08]

DVCS provides GPD values {H, E}(x, ξ, t) at x = ±ξ
Ju,d = 1

2

∫
dxx(H+ E)

∣∣∣
ξ=0,t=0

depend strongly on GPD ansatz used
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Lattice Results Quark Momentum and Angular Momentum

Quark Spin and OAM
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In agreement with [Hägler et al (2007)]
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Lattice Results Quark Momentum and Angular Momentum

Quark Spin and OAM
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Summary

Summary

Nucleon structure observables are calculated from the
fundamental theory, QCD

accurate data with chiral quarks down to mπ & 300 MeV
preliminary studies with non-chiral quarks down to
mπ & 150 MeV

“Nucleon size” observables 〈r2
1,2〉v, 〈r2

A〉 undershoot
experimental values and weakly depend on mπ contradicting the
predictions of ChPT

Quark contributions to nucleon momentum and spin are in
qualitative agreement with phenomenology

Peculiar pattern of quark contributions to the nucleon spin:
|Jd| �

{
|Sd|, |Ld|

}
, |Lu+d| �

{
|Lu|, |Ld|

}
Lattice calculations will constrain experimental GPD fits
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Appendix

Backup slides

GPDs

Proton and neutron form factors from experiments

Dipole fits of lattice vector form factors

Dirac and Pauli Radii vs ChPT
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Appendix

Generalized Parton Distributions

Generalized Parton Distributions 〈P ′|O[γ5](x)|P 〉 → {H, E , H̃, Ẽ}(x, ξ, q2),

O[γ5](x) =
∫
dλ
2π e

2iλx q̄(−λn)

[
/n [γ5]W(−λn, λn)

]
q(λn),

x is the longitudinal momentum fraction
q2 links to the transverse (impact parameter) space

Computed on a lattice using local operators

O[γ5]
n = q̄

[
γ{µ1

[γ5] i
↔
Dµ2
· · · i

↔
Dµn}

]
q

corresponding to moments On =
∫
dxxnO(x)→ q̄γ+(i

↔
D+)nq

and reducing to Generalized Form Factors
〈P ′|On|P 〉 −→ {Ani, Bni, Cn, Ãni, B̃ni}(Q2),

e.g.
∫
dxxnHq(x, 0, q2) = An+1,0(q2),

∫
dxxnEq(x, 0, q2) = Bn+1,0(q2)

for higher n ≥ 4, mixing with n′ < n occurs ∼ a−(n−n′)
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Proton GE Discrepancy
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Rosenbluth separation
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Appendix

Neutron Electric Form Factor
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Appendix

Dipole Fits to Gu−d
E (mπ = 297 MeV)
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Dipole Fits to Gu−d
M (mπ = 297 MeV)
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Appendix

Dirac and Pauli Radii vs. ChPT
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