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The Path Integral
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The Lattice Path Integral
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The Lattice Path Integral
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The Lattice Path Integral
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The Lattice Path Integral
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Observables on the Lattice
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Observables on the Lattice
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Observables on the Lattice

Cx(0, t) = Zﬂ,scm;,snke_Mﬁt
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Lattice QCD

Observables on the Lattice
...That Are Exceedingly Difficult

@ Disconnected diagrams

strangeness of the proton, O—— > —0
gark nr%atter couplings) _
. PO > ® p
@ Zero-flavor physics 00— o 0

(r, ap properties)
@ Precision physics
(nuclear binding energies,
NPLQCD use 100s of sources) o
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Constructing the Dirac Operator

. 1
o = My — E : 2 ['Yu Us,uOx+px — ’VMUi,u‘Sx,X”rﬁ
=X,y

[ o o o C :
! 1
! 1
! 1
: 1
I 0] O (e} o} :
! 1
! 1
! 1
! 1
| o o !
! 1
! 1
: 1

1
: ° o > :

S. D. Cohen (U Washington) Lattice QCD Multigrid 2011 Jun 20 7 /26



Constructing the Dirac Operator
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Constructing the Dirac Operator

. 1
e = M Oxx! — E , 2 ['Yu U uOx+i1,x" = T Ul,u‘sx,X’ﬂi
w=x,y

L T
: :

: ° ° ° ° 1

1

! 1

! 1

: 1

e ° ° ° :

[ 1

! 1

! 1

: 1

I ) ° ° ° :

! 1

! 1

[ 1

! 1

: ° ° ° o |

1

: 1

S. D. Cohen (U Washington) Lattice QCD Multigrid 2011 Jun 20 7 /26



The Dirac Operator

Constructing the Dirac Operator
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Constructing the Dirac Operator
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The Dirac Operator

Constructing the Dirac Operator
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Naive Operator
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Naive Operator

. 1
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continuum

@ Straightforward discretization of

continuum operator

@ Results in 29 doubler modes
) lattice
3 n
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Wilson Operator

DWiIson _
x,x!

(m+d)¢ Z
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@ Suppresses doublers with Wilson term;
gives them a mass like 1/a

o Explicitly breaks chiral symmetry;
large additive renormalizations (e.g. to quark mass)
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Wilson Operator
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The Dirac Operator

A Chiral Fermion

Domain-Wall Fermions

o Low-lying eigenstates:
chiral modes bound to
the edges of 5"
dimension

@ Very helpful for weak
matrix elements (Bk),
NPR, operator mixing
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Domain-Wall Operator
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Domain-Wall Operator

Structure
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The Dirac Operator

Domain-Wall Operator

Spectrum
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Krylov Subspace Solvers

Krylov solvers spend 50-90% of a lattice calculation’s computer power

@ Includes the very common conjugate-gradients (CG) algorithm
e Constructs the Krylov subspace K, = {r, Ar, A®r,... A"r}

@ Number of iterations scales like the square-root of the matrix's
condition-number: /k

@ For the Dirac operator, k < 1/m = “critical slowing”

@ Very efficient at eliminating modes with large eigenvalues
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Krylov Subspace Solvers

Krylov solvers spend 50-90% of a lattice calculation’s computer power

e Conjugate-Gradients (CG)
e BiConjugate-Gradients Stabilized (BiCGStab)

o Generalized Conjugate-Residuals (GCR)
o Generalized Minimal Residual (GMRes)

@ Quasi-Minimal Residual (QMR)
@ Transpose-Free Quasi-Minimal Residual (TFQMR)
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Algorithm Study

Due to the indefinite spectrum of the DWF operator, none of the standard

Krylov solvers is guaranteed to work.

Ir[?

Most solvers, including \
BiCGStab, fail to converge. 0.1\

TFQMR and QMR work, but  1074:
very slowly. 107}

CGNR is by far the fastest. 10-10}

1 OO }&-ﬁ\
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Normal-Equation Solvers

If we accept that we must use the normal equation, most Krylov solvers

work.

CG remains fastest.

However, it cannot be
preconditioned in a flexible
way.

S. D. Cohen (U Washington)
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Sketch of Multigrid Algorithm

V-Cycling

Dx=Db
x1=S"(D'D,Db) x=x+Px,+S"DD, Dbz

b, =P (Db -DDx)

\QEVZ(F” D*Dwf
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Sketch of Multigrid Algorithm

Constructing the Coarse Space
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Multigrid

Sketch of Multigrid Algorithm

Constructing the Coarse Space

e

S. D. Cohen (U Washington)

Lattice QCD Multigrid

2011 Jun 20 18 / 26



Sketch of Multigrid Algorithm

Visualizing the Subspaces
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Sketch of Multigrid Algorithm

Visualizing the Subspaces
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Adaptive Smoothed Algebraic Multigrid

@ Find a set of near-null vectors V' for which ¢t DTD ~ 0 for all
Yev.

The method by which V' is constructed does not matter much. Using a
solver that will be reused later is convenient, but not necessary.
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Adaptive Smoothed Algebraic Multigrid

@ Find a set of near-null vectors V' for which ¢ DDy ~ 0 for all
Y e V.

@ Block the vectors to form the prolongator P. Let the unprolongator
be Pt

Since DTD is normal, its left and right eigenvectors are the same. P and R
can be constructed from the same set of near-null vectors.
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Adaptive Smoothed Algebraic Multigrid

@ Find a set of near-null vectors V' for which ¢t DTD ~ 0 for all
Yev.

@ Block the vectors to form the prolongator P. Let the unprolongator
be PT.

© Construct the coarse operator PTDYDP. Use a V-cycle with Krylov
smoother and Krylov iteration on coarse operator as a preconditioner
to an outer Krylov solver.

The outer solver must be flexibly preconditioned. The selection of the
smoother has some effect, but the coarse-level solver can be anything.
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Adaptive Smoothed Algebraic Multigrid

@ Find a set of near-null vectors V using the previously described
algorithm for which ¥TDT Dy ~ 0 for all ¢ € V.

@ Block the vectors to form the prolongator P. Let the unprolongator
be PT.

© Construct the coarse operator PTDYDP. Use a V-cycle with Krylov
smoother and Krylov iteration on coarse operator as a preconditioner
to an outer Krylov solver.

How is this “adaptive”? We can select new near-null vectors from those
that are poorly converged by our current algorithm. Repeat as necessary.
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Applied ASAM on DWF Normal Equation

20% x 8, U(1), quenched
This algorithm seems to work well on the 2d U(1) DWF normal equation,
removing the slowing at small masses.

2
Il

202 x 8 U(1) lattice

42 x 8 blocks 1000¢
N, =16
0.1t
Outer solver: CG
Smoother: GMRes(6) 10-5}
Coarse solver: CG A N
Coarse r?: 1073 10-%} RN

iter

T

50 100 150 200 250 300 ' 350
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Applied ASAM on DWF Normal Equation

20% x 8, U(1), quenched

This algorithm seems to work well on the 2d U(1) DWF normal equation,
removing the slowing at small masses.

Irf?
202 x 8 U(1) lattice 104
42 % 8 blocks 10.1,
N, =16
0.01r W
Outer solver: CG
Smoother: GMRes(6) 10.75}

Coarse solver: CG

10]—8,
Coarse r?: 1073

50 100 150 200 250 300
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Applied ASAM on DWF Normal Equation

16° x 32 x 16, SU(3), 6-flavor

The effect is equally impressive on a moderately-sized production lattice.
_6f 16°x32 Lattice (CG)

10°5¢

163 x 32 x 16 Technicolor lattice

4* % 16 blocks 1081
N, = 24 s
Outer solver: GCR(12) T 10

Smoother: 12 x GCR(12)
Coarse solver: CG -
Coarse r?: to 10™* then 1072/cycle

107"
0 500 1000 1500 2000 2500

iter
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Applied ASAM on DWF Normal Equation

16° x 32 x 16, SU(3), 6-flavor

The effect is equally impressive on a moderately-sized production lattice.
6f 16°x32 Lattice (MG) _

1075 L

163 x 32 x 16 Technicolor lattice

4* % 16 blocks |
N, =24 s
Outer solver: GCR(12) E 107}
Smoother: 12 x GCR(12)
Coarse solver: CG 104}
Coarse r?: to 10™* then 1072/cycle
o 70 500 \ 1000 1508 2000 2500
iter
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Applied ASAM on DWF Normal Equation

16° x 32 x 16, SU(3), 6-flavor

The effect is equally impressive on a moderately-sized production lattice.

_6f 16°x32 Lattice (MG)

163 x 32 x 16 Technicolor lattice o s

|| il
4 x 16 blocks 100} mw
N, = 24 ig 'm “
Outer solver: GCR(12) Tz 20} N
Smoother: 12 x GCR(12) H \!\.W
Coarse solver: CG 1074} Vi
Coarse r?: to 10™* then 1072/cycle Ly

10717
0 1000 2000 3000 4000 5000 6000
coarse iter
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Multigrid

Applied ASAM on DWF Normal Equation

16° x 32 x 16, SU(3), 6-flavor

The effect is equally impressive on a moderately-sized production lattice.

163 x 32 x 16 Technicolor lattice

4% x 16 blocks

N, =24

Outer solver: GCR(12)
Smoother: 12 x GCR(12)

Coarse solver: CG
Coarse r?: to 10™* then 1072/cycle

S. D. Cohen (U Washington)
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Is This Algorithm Good Enough?

@ Advantages
o Blocks away the entire 5th dimension.
o Factor of 4-8 decrease in fine-operator applications.
e Removes the critical slowing at small quark masses.

e Should have excellent scaling with the lattice volume.

@ Disadvantages
o Not a nearest-neighbor operator; poor parallelization.

o Are there more vectors in P (and R) than we need?
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Constructing a 1-Hop Coarse Operator

Can we use (PTDTP)(PTDP) as a coarse operator?

@ No, the DWF operator is not normal:
left-vectors are not right-vectors (conjugated).
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Constructing a 1-Hop Coarse Operator

Can we use (PTDTP)(PTDP) as a coarse operator?

@ No, the DWF operator is not normal:
left-vectors are not right-vectors (conjugated).

Can we use (P'T'sDP)? as a coarse operator?

o ['5 =R, where R reverses the 5th dimension

@ Sounds promising, but empirical tests show no convergence
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Constructing a 1-Hop Coarse Operator

Can we use (PTDTP)(PTDP) as a coarse operator?

@ No, the DWF operator is not normal:
left-vectors are not right-vectors (conjugated).

Can we use (P'T'sDP)? as a coarse operator?

o ['5 =R, where R reverses the 5th dimension

@ Sounds promising, but empirical tests show no convergence

We know (PTD'1)(1DP) works; how do we get closer to that?
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Constructing a 1-Hop Coarse Operator

Try (PTDTRT)(RDP) where dimR > dimP.
In the limit where dimR — dimD, this is the known-good algorithm.

6f 163x32 Lattice (P'D'RTRDP)

163 x 32 x 16 Technicolor lattice w0}
4* % 16 blocks

1078
N,(R) =48 s
N,(P) = 12-48 =

1; 10711,

mg = 0.01
Requires fast implementation of 107
rectangular-matrix linear algebra

R T

iter
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Summary

@ Conclusions

e Multigrid works for the DWF normal equation.
e lIteration count improved by factor of 4-8.

o Future Work

Scaling test on large lattices (Now running on Kraken)
Tuning the algorithm parameters

Further study of the unsquared coarse operator

Apply to our Disco project

@ Distant Future Work

o Port to GPUs
e Use TFQMR to make multigrid work without normal equations?
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