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LHC 

RHIC 

Hot QCD 
•  MaDer of sufficient energy density existed in the first  
10‐5 sec. ager Big Bang. 

•  Interiors of neutron stars? 
•  Probed experimentally in heavy ion collisions. 

RHIC: Au+Au collisions at 200 GeV/nucleon  LHC: Pb+Pb collisions at 2.76 TeV/nucleon 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QCD 

LQCD = ψ̄ (iγµ∂µ −m) ψ − gψAa
µψ̄T aψ − 1

4
Ga

µνGµν
a

QCD Lagrangian: 

Ga
µν = ∂µAa

ν − ∂νAa
µ − gfabcAb

µAc
ν

•  Asympto2c Freedom: Weak coupling at high energies 
•  Strong coupling at low energies 
•  Confinement: Only color singlets 
•  Chiral symmetry: Classical SU(Nf)L x SU(Nf)R x U(1)V x U(1)A 
symmetry 
•  Spontaneous χSB breaks SU(Nf)L x SU(Nf)R ‐> SU(Nf)V 
•  Anomalous U(1)A symmetry 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Finite Temperature QCD 

•  Hagedorn (1965) no2ced that apparent exponen2al rise in 
density of hadronic states could imply a limi2ng 
temperature. 

•  In reality, hadrons are not point par2cles.  At sufficiently 
high temperature Tc, thermal energy is sufficient to “melt” 
hadron states. 

•  Quark‐gluon plasma (QGP) 
•  Deconfinement: Colored gluons, quarks are no longer 

bound in hadrons – free to propagate. 
•  Chiral symmetry restora2on: Quarks propagate in QGP with 

current quark masses. 
•  Is the QGP truly a different phase?  What is the nature of 

the phase transi2on? 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Phase Diagram 

Image from GSI  7 LLNL‐PRES‐489635 



Larce QCD 

•  Normal field theore2c tools, i.e. perturba2ve expansion, does 
not work very well. 

•  Coupling is too strong for perturba2on series to converge. 
•  In addi2on, at finite temperature, there is added infared 

divergence that signals true non‐perturba2ve behavior. 

•  Consider instead (Euclidean) path integral: 
∫

[Dψ̄][Dψ][DAµ] exp
(
−

∫ [
ψ̄(iγµDµ −m)ψ − 1

4FµνFµν

])

•   Discre2ze on a 4‐dimensional space‐2me larce. 
•   V = L3 = (Nsa)3  t = Nta 
•   a is larce spacing; a‐1 sets UV cut‐off scale in calcula2on. 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Larce QCD at Finite Temperature 

•  Wish to calculate thermal expecta2on values: 

•  Thermal par22on func2on is just Euclidean 
path integral with T = 1/Nta and (an2‐)periodic 
BCs for (fermion) gauge fields. 

•  Work at fixed Nt.  Change temperature by 
varying the larce spacing. 

Z =
∫

[DAµ] det (M) e−
R 1/T
0 dt

R
d3xSG(x,t)

〈O〉 =
∑

n

〈n|Oe−HQCD/T |n〉
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Chiral Symmetry Restora2on 

•  SU(Nf)L x SU(Nf)R spontaneously broken to 
SU(Nf)V 

•  Chiral condensate develops – analog of 
magne2za2on in Ising model. 

•  Spontaneous ordering of QCD vacuum 
•  For T > Tc chiral symmetry is restored – chiral 
condensate vanishes. 

•  Chiral condensate is an order parameter for 
chiral symmetry restora2on. 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Banks‐Casher 

•  Banks‐Casher rela2on (1980): 

•  Remarkable result: Chiral condensate can be 
reconstructed using low‐lying modes of the 4‐d 
Dirac operator. 

•  Furthermore:  Condensa2on of modes at λ=0 in 
the chirally broken phase. 

•  Order of limits important: no χSB in finite volume. 

〈q̄q〉 = lim
mq→0

lim
V→∞

∫
dλρ(λ)

−2mq

λ2 + m2
q

= −πρ(λ = 0)
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U(1)A 

•  Classical symmetry of QCD Lagrangian. 
•  (Non‐)conserva2on of flavor singlet axial 
current. 

•  Violated by Adler‐Bell‐Jackiw anomaly. 

∂µJµ
5 =

g2Nf

16π2
tr

(
F̃µνFµν

)

Jµ
5 = q̄γµγ5q
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Gauge field topology 

•  RHS of anomaly equa2on corresponds to density of 
topological modes. 

•  Global topological charge – gauge field winding 
number 

•  Winding number equal to index of Dirac operator, i.e. 
difference between number of posi2ve and nega2ve 
chiral zero modes. 

Q(x) =
g2

16π
tr

(
˜FµνFµν

)

ν =
∫

d4xQ(x) = index(D) = n+ − n−
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U(1)A at finite temperature 

•  What happens to U(1)A at finite temperature? 
•  Naively, ABJ anomaly independent of 
temperature.  U(1)A breaking at finite T? 

•  U(1)A problem solved by ABJ anomaly and 
presence of non‐trivial topology. 

•   At high temperature, configura2ons with non‐
zero topology may be sufficiently suppressed 
so that U(1)A is effec/vely restored. 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Phase Diagram 

•  Nf ≥ 3 expected to be 
first order 

•  Nf = 2 is second order 
•  2+1f QCD with quarks 
at physical mass is 
likely crossover. 

•  U(1)A restora2on at 
Tc may cause Nf = 2 
case to be first order. 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Literature Review 

•  Pisarski Wilczek (1984) 

•  LQCD calcula2ons in mid‐late 1990s (Columbia, 
MILC, Kogut+Sinclair+Lagae, Karsch et. al., …) 

•  Connec2on to low‐lying Dirac modes: (Cohen, …) 

•  Many calcula2ons rely on staggered fermions – 
difficult because of reduced chiral symmetry at 
finite larce spacing – need to be close to 
con2nuum… 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Domain Wall Fermions 

•  Chiral fermions on the larce (Kaplan 1992). 
•  Leg and right‐handed chiral modes are bound 
to 4‐d walls of 5‐d theory. 

•  An exact chiral symmetry even at finite larce 
spacing. 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Residual Mass 

•  Residual chiral symmetry breaking from finite 
Ls.  Addi2ve renormaliza2on to quark masses. 

•  First term corresponds to localized larce 
disloca2ons that mix states on the boundaries. 

•  Zero modes of 4‐d Hermi2an Wilson operator: 

mres(Ls) =
c0

Ls
+

c1

Ls
exp (−αLs)

γ5DW (−M0)
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DSDR 

•  Disloca2on Suppressing Determinant Ra2o(DSDR). 
•  Introduce det(DW(‐M0)) into fermion ac2on (Vranas 2006, 

Fukaya et. al. 2006) 
•  Suppresses larce disloca2ons that dominate mres at coarse 

couplings. 
•  However, same modes responsible for topological change. 
•  Add extra weight factor: 

W(M0, εb, εf ) =
det

[
D†

W (−M0 + ıεbγ5)DW (−M0 + ıεbγ5)
]

det
[
D†

W (−M0 + ıεfγ5)DW (−M0 + ıεfγ5)
]

=
det

[
D†

W (−M0)DW (−M0) + ε2b

]

det
[
D†

W (−M0)DW (−M0) + ε2f

]
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Residual Mass with DSDR 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Calcula2on Details 

•  163x8 larce volumes 
•  7 temperature in the range T = 140 – 200 MeV 

•  3000‐6000 HMC trajectories per temperature 

•  Temperatures fixed by zero‐temperature 
calcula2ons at three different bare couplings 

•  Adjust mq  so that mπ = 200 MeV  

•  ms physical 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Screening Correlators 

•  Correla2on func2ons in mesonic channels with propaga2on 
along spa2al direc2ons. 

•  Can be used to extract screening masses. 
•  Different channels related by chiral symmetry 
•  Can be used to examine SU(2)L x SU(2)R or U(1)A restora2on 

in high temperature phase. 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Chiral Suscep2bility and Chiral 
Condensate 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〈ψ̄qψq〉
T 3

=
1

V T 2

∂ lnZ

∂mq
=

N2
τ

N3
σ

〈TrM−1
q 〉 , q = l, s .

χl,disc =
1

N3
σNτ

{
〈
(
TrM−1
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)2〉 − 〈TrM−1
l 〉2

}
∆l,s = 〈ψ̄lψl〉 − ml/ms〈ψ̄sψs〉
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Vector/Axial Vector Correlators 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Scalar/Pseudoscalar Correlators 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CSC(PS)(x) = 〈ūLdR(x)d̄LuR(0) + ūLdL(x)d̄LuL(0)〉
±〈ūLdR(x)d̄RuL(0) + ūRdL(x)d̄LuR(0)〉.
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Suscep2bili2es 

26 

χσ

T 2
=

∑

"x,τ

Gσ(τ, #x) =
χl,con

T 2
+

χl,disc

T 2

χδ

T 2
=

∑

"x,τ

Gδ(τ, #x) =
χl,con

T 2

χη

T 2
=

∑

"x,τ

Gη(τ, #x) =
χ5,con

T 2
+

χ5,disc

T 2

χπ

T 2
=

∑

"x,τ

Gδ(τ, #x) =
χ5,con

T 2

SU(2)L x SU(2)R restora2on: 

U(1)A restora2on: 

χπ = χσ; χη = χδ

∆π−σ =
χπ − χσ

T 2
=

χ5,conn − χl,disc − χl,conn

T 2

∆disc =
χ5,disc − χl,disc

T 2

lim
mq→0

→ ∆π−σ = ∆disc = 0

∆π−δ =
χπ − χδ

T 2

=
χ5,conn − χl,conn

T 2

lim
mq→0

→ ∆π−δ =
χl,disc

T 2
=

χ5,disc

T 2
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Scalar/Pseudoscalar Suscep2bili2es 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Correla2on to Topological Charge 

•  Contribu2ons to U(1)A breaking come seem to be 
highly correlated w/topological charge, i.e. U(1)A 
breaking comes from objects with non‐zero 
topology. 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Correla2on to Topological Charge 

•  Topological suscep2bility becomes smaller in the 
high temperature phase, i.e. object with non‐zero 
topology are suppressed ‐> contribu2ons to U(1)A 
are smaller. 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Dirac Spectrum 

•  Calculate low‐lying eigenvalues of 5‐D DWF operator. 
•  Lowest‐lying modes correspond to 4‐d modes bound to 
the wall. 

•  Connec2on between low modes of 5‐d operator and 4‐
d low modes (needed for Casher‐Banks) can be made 
via NPR. 

•  Modes with                  become zero modes relevant in 
the chiral limit. 

•  Can derive rela2on for Δπ‐δ in terms of ρ(λ) as well: 

λ ∼ mq

30 

∆π−δ =
∫

dλρ(λ)
4m2

q

(m2
q + λ2)2
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Dirac Spectrum 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T = 150 MeV  T = 160 MeV 

Pileup of near‐zero modes for T ≤ Tc 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Dirac Spectrum 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T = 170 MeV  T = 180 MeV 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Dirac Spectrum 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T = 190 MeV  T = 200 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Dirac Specrum and U(1)A 
•  Contribu2ons to U(1)A breaking come from 
configura2ons with small eigenvalues. 

•  Development of gap in eigenvalue spectrum: these 
contribu2ons should disappear. 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Conclusions 

•  The restora2on of SU(2)L x SU(2)R has been heavily studied 
because of its direct relevance to heavy ion collisions. 

•  Tc ≈ 160 – 170 MeV 
•  U(1)A for T ≥ Tc less well understood. 
•  Calcula2on with chiral fermion formula2on needed to 

clearly see connec2on between U(1)A restora2on, gauge 
field topology, low‐lying eigenmodes of Dirac operator. 

•  U(1)A breaking terms in scalar/pseudoscalar correlators are 
s2ll non‐zero at T = Tc 

•  However, development of gap in near‐zero modes of 
eigenvalue spectrum suggest that U(1)A may be restored in 
chiral limit. 

•  Larger volumes (ongoing), lighter mass? 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