
Energy of a trapped Fermi gas
with large scattering length

Shina Tan

INT  Symposium       May 15-20, 2011

1



Summary

• Contact               

• Some previous results involving the contact

• A few new results in an external potential
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Contact Interaction

Range of interaction:

Atoms in different spin states:  interact with a
Atoms in the same spin state:   noninteracting

T � 1 µK, n � 10−6nair

λdB � 1 µm, n−1/3 � 1 µm

λdB , n−1/3, |a| � r0

r0 ∼ 1 nm
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r0 = 0



rij ≡ |ri − rj | → 0 (i, j : different spin states)

Ψ(r1, r2, . . . , rN ) =
� 1

rij
− 1

a

�
A(

ri + rj

2
;R�) + O(rij)

�n↑n↓� =
C(x)
(4πr)2

, r → 0

C(x) ∝
�

|A(x,R�)|2d3N−6R� : Contact Density

I ≡
�

C(x)d3x : Contact
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Contact

Pair correlation:



contact

Some results involving the contact
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Momentum Distribution

nkσ =
C

k4
, k →∞
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C = I/volume



Closed channel fraction

7

if two atoms can scatter into other 
spin states with much lower energy

dNσ

dt
= −vI

from atomic physicsv :

Nclosed = sI

Two-body decay rate

s : from atomic physics



C = I/volume

Energy Relation

S. Tan, Ann. Phys. 2008

EU ∼ −∞I

EK + EU =
�

kσ

�2k2

2m

�
nkσ −

C

k4

�
+

�2I
4πma

Einternal ≡

E = EK + EU + EV

EV =
�

n(x)V (x)d3x

(kinetic+interaction+trapping)
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EK =
�

kσ

�2k2

2m
nkσ ∼ +∞I

Internal energy = linear functional of momentum distribution

(finite)

Braaten and Platter, PRL 2008



Adiabatic Relation
dE

d(−1/a)

���
adiabatic

=
�2I
4πm

S. Tan, Ann. Phys. 2008

I is a thermodynamic quantity
I Energy, Entropy, Pressure, ...
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Dynamic Relation
dE

dt
=

�2I(t)
4πm

d[−a−1(t)]
dt

Braaten and Platter, PRL 2008



Pressure Relation

S. Tan, Ann. Phys. 2008

P =
2
3
ρE +

�2

12πma
CUniform System:

Generalized Virial Theorem
E − 2EV = − �2I

8πma
Harmonically 

Trapped System:
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Braaten and Platter, PRL 2008



Clock Shifts
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Punk and Zwerger, PRL 2007

Baym, Pethick, Yu, and Zwierlein, PRL 2007

Schneider, Shenoy, and Randeria, arXiv:0903.3006
Zhang and Leggett, PRA 2009

ω − ω0 =
�

4πmN2

� 1
a12

− 1
a13

�
I

∆Eabrupt =
�2I
4πm

∆(−a−1)
Dynamic 
Relation

�ω RF pulse

RF photon
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Spectral Function

Combescot et al, PRA 2009
Schneider and Randeria, PRA 2010

Bending back seen in 
Photoemission Spectroscopy
Stewart, Gaebler, and Jin, Nature 2008.

Bending back of the 
dispersion relation

even in the normal state

Ψ ∝ 1/r↑↓, r↑↓ → 0 High-k atoms are paired:
{k↑, k� ↓} (k� ≈ −k)

RAPID COMMUNICATIONS

WILLIAM SCHNEIDER AND MOHIT RANDERIA PHYSICAL REVIEW A 81, 021601(R) (2010)

FIG. 1. (Color online) Logarithmic intensity plot of
A(k,ω)εF /(kF a)2 for the repulsive Fermi gas (kF a = 0.1,
na3 = 3.4 × 10−5). The most intense (red) line at ω ≈ ξk is the
quasiparticle. We focus on the unusual dispersion centered around
ω = −ε(k) (black dashed line) in the range ω = −ε(k) − 3εF ±
2vF k (white dashed lines); see text.

To understand this bending back, we write A ≈
|Im$(k,ω)|/{π [ω − ε(k)]2}. We need to determine when
Im$(k,ω) is nonzero for k $ kF and ω < 0. To understand
our result qualitatively, consider the diagram in Fig. 2. The
dominant contribution comes from small values of both |Q|
and &. (For large values of these variables there is no spectral
weight Im' for two-particle scattering.) Thus q % −k and
ω % −ξ (q) % −ε(k) for k $ kF . This shows that A &= 0 for
ω around negative ε(k).

To make this more quantitative, we use Eq. (1). From
the structure of L(Q,&), it follows that Im'(Q,&) &=
0 when & ! &0(Q) ≡ minp[ξ (p + Q/2) + ξ (−p + Q/2)] =
ε(Q)/2 − 2µ; see Fig. 2. From the difference of (
functions, kF " q " qmax(ω) ≡ kF (1 + |ω|/εF )1/2. This im-
plies that −|ω| " & " 0. Together with the kinematical
constraint |k − q| " Q " k + q, this leads to Qmin = |k −
qmax(ω)|. For nonzero Im$ we thus need the kinematically
allowed region (shaded rectangle in Fig. 2) to overlap with
& ! &0(Q). This leads to the simple condition Qmin " Q0,
where the definition &(Q0) = 0 leads to Q0 = 2kF . (We have

-2 µ

0

ω

Q

Ω
Qmin Qmax

Q0

Ω0 (Q)

q, ξq↑k,ω

Q,Ω

FIG. 2. Top: Kinematics of the processes that contribute to
imaginary self-energy in Eq. (1). Im$ is nonzero when the shaded
rectangle (allowed by kinematics and thermal factors) overlaps with
the region & > &0(Q) (in which Im' is nonzero). This leads to the
condition Qmin " Q0. Bottom: Diagram contributing to Im$.
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FIG. 3. (Color online) Momentum distribution tail for the dilute
repulsive Fermi gas with na3 = 3.4 × 10−5.

also found, but do not discuss here, the ω > 0 threshold
for A &= 0.)

Solving |k − qmax(ω)| = 2kF , we find A(k,ω < 0) &= 0 in
the range of energies ω = −ε(k) − 3εF ± 2vF k; see Fig. 1.
For k $ kF , this simplifies to |ω + ε(k)| " 2vF k. Although
the width of this range grows linearly with k, it becomes small
relative to the central energy which grows like −k2 for large k.
We plot in Fig. 3 the n(k) tail using

∫ 0
−∞ dωA(k,ω) and find

that it agrees with the analytical result [12]. The incoherent
spectral weight in A(k $ kF ,ω) in the interval |ω + ε(k)| "
2vF k is thus precisely (2kF a/3π )2(kF /k)4.

Highly imbalanced Fermi gas. We next turn to a two-
component attractive Fermi gas with scattering length a tuned
through a broad Feshbach resonance [18]. While the ground
state for equal spin populations is a superfluid exhibiting
the BCS-BEC crossover, we consider the different regime of
large spin imbalance n↑/n↓. There is by now considerable
theoretical [19,20] and experimental evidence [7,8] that, for
a sufficiently large imbalance, superfluidity is destroyed for a
large range of values of a, including unitarity |a| = ∞, and
the ground state is a (partially polarized) normal Landau Fermi
liquid.

For large |a|, we use the number of fermion species 2N with
an Sp(2N )-invariant interaction as an artificial parameter to
control the calculation in a large-N expansion [15,20]. To first
order in 1/N , ladder diagrams in the p-p channel determine
the self-energy. The resulting expressions are similar to those
used above and we show them schematically, highlighting
the differences that arise from spin imbalance. We now
have L = T

∑
G0

↑G0
↓ where G0

σ (k) = 1/[ikn − ξσ (k)] with
ξσ (k) = ε(k) − µσ . The minority self-energy is given by
$↓ = T

∑
'G0

↑. Im$↓ is then given by Eq. (1) with ξ replaced
by ξ↑ both in the ( function and in the definition of &.

We can analytically determine the energy range for which
Im$, and hence A, is nonzero. In Fig. 2 we must now
use &0(Q) ≡ ε(Q)/2 − 2µ with 2µ = µ↑ + µ↓. The final
result [21] is that, for k $ kF and ω < 0, A(k,ω) can be
nonzero only in the range of energies |ω + ε(k)| " αvF↑k

where α =
√

2(1 + εF↓/εF↑).
For concreteness, we focus here on unitarity |a| = ∞.

A(k,ω) for the highly imbalanced (n↓/n↑ = 0.01) unitary
gas is shown in Fig. 4. We have also verified that we get a
1/k4 tail for n(k) in this system. Our calculation of A(k,ω)
is controlled only within the 1/N expansion. Note, however,

021601-2

Schneider and Randeria, PRA 2010

A(k, ω) ≈ C

k4
δ
�
ω +

�k2

2m

�
, ω < 0, k � kF
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High-Frequency Tail of the RF spectrum
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�ω RF pulse

RF photon

Schneider, Shenoy, and Randeria, arXiv:0903.3006
Schneider and Randeria, PRA 2010

Perali, Pieri, and Strinati, PRL 2008

RF Transition Rate ∝ I(ω − ω0)−3/2 at ω − ω0 � EF /�
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a13 = 0



Dynamic Structure Factor

f(x) =
�

1− x/2
(1− x)2

+
1√
2x

ln
1 +

√
2x− x2

|1− x|

+
1

x
�

1− x/2

�
π2θ(x− 1)− ln2 1 +

√
2x− x2

|1− x|

�

Son and Thompson, PRA 2010
Taylor and Randeria, PRA 2010

S(q, ω) =
C

π

�
�

mω3
f(x), 0 < x ≡ �q2

2mω
< 2, x �= 1

S(q, ω) ≡
�

σσ�

�
d3rdt eiωt−iq·r�nσ(r, t)nσ�(0, 0)�

Solving two-body problem at ω,
�q2

2m
→∞,
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Alhassid’s Question
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E =
�

kσ

η(k)
�2k2

2m
nkσ +

�
V (x)n(x)d3x

In a harmonic trap,
is E a functional of occupation numbers
of energy levels?

E
?= E[nν ]

Yoram Alhassid
(Yale Univ)

Previous:

n1

nν

n0



The Answer: YES,
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E = E[nν ]

Generalized Energy Relation:

�ν : ν-th energy level in the potential

E =
�2I

4πma
+ lim

�max→∞

� �

�ν<�max

�νnν −
� I
π2

�
�max

2m

�

nν =
�

σ

nνσ

Moreover, this is valid for
any smooth potential         having a lower bound,
not just harmonic traps!

V (x)



Energy Distribution Function
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ρσ(�) ≡
�

ν

nνσδ(�− �ν)

Ε

ΡΣ�Ε�
It’s often
a “comb”

ρσ(�)
��
coarse-grained

=
� I

4π2
√

2m
�
−3/2 + O(�−5/2), �→∞



Occupation Numbers
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nνσ =
1
k4

ν

�
C(x)

��φν(x)
��2d3x, �ν →∞

kν =
√

2m�ν

�

φν(x) : wave function of the ν-th energy level
(normalized)



A remark about the 
derivation
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�ψ†
σ(x)ψσ(x + r)�

These 3 relations can be derived 
from the expansion of

at  r → 0, which was found previously



Possible applications
of the 3 relations

• Provide a robust benchmark for
theories of trapped Fermi gases

• Provide a robust benchmark for
numerical simulations of trapped Fermi gases

• Determine the relative importance
of high-lying energy levels

• Influence the theory of Fermi gases
in optical lattices
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