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Rapidly rotating bosons. Experiment and theory
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Q) < w, but |2 —w| < Q = Lowest Landau Level (LLL)

Vortex lattice. Mean-field Quantum Hall regime.
Number of vortices is much smaller than the number of particles

JILA experiment (E. Cornell group) and ENS experiment (J. Dalibard group)

Theoretical studies based on the GP equation and hydrodynamic approach
Last 10 years Ho, Baym, Fetter, Cooper, Aftalion, Dalibard, Sonin, etc.
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GP approach
o i = / dr [wp—w + SOt + V() - mm] o

Ground state 2—\110 + gl U2y + V(£)Tg — QLT = p,

Single-particle Hamiltonian H = (p — A)?/2 + m(w® — Q*)r?/2; A = m[Q x r]

dw=(w—0)<Q and ng < 2AQ = LLL = Uy(r) = V/nfo(2) exp(—|z|?/2)
2, 2= (x+y)/l; | =(h/mQ)/?

A

Q< 2Q O=0 20

Ldw

Y

Expand ¥ in ¢, = (2"/vVmn!) exp(—|z|%/2)
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Projected GP equation

Alternative = projected GP equation T
. 1 5
PF(z,2) = — /dwd’wexp[—\w\ + zw]F(w,w) = LLL
7

0 =w = geometry of an infinite plane

%9 [ dwdae 0+ o) fo(w) = Bol=); = e h2

Triangular vortex lattice fo(2) = (20)Y/49,(\/7vz, q) e* /2
q=exp(inT), T=u+1iv, v =3/2, u=—1/2

0.0

Wz, q) = 22 1) Hlg(n= 1/2)° sin(2n — 1)z

= ang; o =0.1596
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Alternative mean field approach

. hO% = Bk it + V) - 0L .
b =expi®Vn; T = Vaexp—i®; [A(r),d(r)] =id(r — ')
Small fluctuations of the density n = ng(r) + 67; ® = Py(r) + 6P
Linearize NLSE with respect to 67 and Vi®
Zero order = GP equation for Uy(r) = /ng(r) exp[i®o(r)]

Linear order

~ 2 (i) ~ R ~ SF

9 on :_h V(noV ]—I—VCIDQV on V26, on —l—hQi n
ot 2./ngo 2m \/1No /1o V210 0¢p 2./ng
oD h? &\ on oD
—h/rg— = (——V2%+3 Vi(r) — p— hQ — B/ ——
"0 ( om Y F3n0g £ V() —p EM)) 2 /o "0 5%

2 - . . .
on = /e #I'/2 Z[uk exp|—i1®g| — Uy exp|iPg]] exp|—iext]ax+h.C.
k

\_ a2 J
0P = —1P Oy A0 —1ext|ax+h.c.
> g zk:[uk exp|—i1Pg| + Uy exp[iPg]] exp|—iext]|ax+ -



Solution of projected BAG equations

|7 uk, Ux — Solutions of projected BdG equations T
29 P(|Wo[*ux) — gP(V3oy) = (i + ) uxe
29 P(|Wo[*t) — gP(Wguy) = (i — ex) i
Uk = Cl\/_%fo (Z + %) ezk_z/2e_k2/4 _ Clkp(foezkr)

Vg = C2_kf0 (Z _ 7’_“‘) e—zk_z/2e—k2/4 _ CQkP(foe_Zkr)

~

1/2 1/2
ak®/8. | B(k) — e | K2 (k)| k2/8
y Cok — e
2€K K5 (k)

~

K(k) =2K,(k) — K1(0; K;(0) = K2(0) = K(0) = o ~ 1.1596
Kl (k) — \/5 Z (_1)nme—7'rv(n2—|—m2)e_\/ﬁkjmn—l—l\/ﬁkyme—k‘i/él

LKQ(k) — \/E Z (_1)’nme—7ﬂ)(n2—|—m2)e—\/ﬁ(km—iky)(n—i—m)e—ki/2_|_ikxky/2J

n,m=—oQ
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Excitation spectrum

e = [2K1(k) — Kol* — [K2(k)[*
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Low-energy excitations

k2 (n+ 1)k k2 k4
k<l = K=ol 8+ e ],Kg oz( 4+ ) n = 0.821

€= M ng(kl)? ~ 0.2628 ng (kl)*
Exactly coincides with Sonin (2005)
Tight confinement in one direction = g = 2v/27h?a/mly; lo = \/h/mwy
Rb®" Q=100 Hz wy =300 Hz = ng/hQY ~ 0.1 atn ~ 3 x 108 cm~2 (LLL!)

Low-energy excitations = ¢ < 1 Hz

v =mnl?> > 1 — mean-field regime
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Damping rate

. k .

Beliaev damping

g

= <\/ﬁ folz) + ) [uxax exp(—iext) — iy, exp(iekt)]> exp(—ipt — |z]2/2)

k

-~ 2
V = g\/ﬁZ / dx dy [foupul*{u:l + 2folpuqVk — foUp0kUq — 2f§upu;‘<ﬁq} e 2I2l &L&L&p +h.c.
k,q

27 A
I'p = i Z |<kaQ|V|P>|2(1 + Nk + Nq)d(ep — €k — €q)
k,q

uie(r) exp(—[2/2) = ene 222 j%“”/ 2) exp(—k212/8) explikr/2)

\IJ()(Z — ’L]C_|_l/2)
v N

L D (r) exp(—|2]?/2) = cox exp(—k?1?/8) exp(—ikr/2) J
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Damping of low-energy modes

o’/2 Nng { €k N €q €p }_ o ng? (k4_|_q4_p4)l
S 8epereg L K(k) K(g) K)J 4v/2n/4\ S kqgp

1
I') = & g;02‘/ drz®y/1 — 22 coth (E—p :1:2>
0

167 h 2T
T=0= T,= % %pz 20.0055%]92
hI’ 0.065
PO _ - v=ml’>1 = hl'po < €
Ep 1%
. ™ T 1 T 1
Finte 7' = 1'pr = SPR R D 0.5?)% L <7

o . T
Excitations with €, < e, = — are overdamped
v
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Damping of low-energy modes

Involved thermal excitations = € ~ ¢, T
Relaxation time = 75 ~ T}
ep S €c = Trep S 1 = hydrodynamic regime
I' ~T',(epTr/R) = approaches e,

“A

|

Typical picture from the JILA experiment J
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One-body density matrix

(1) = (1 0)50)) = W) o) exp { - (6806 0002} |

§d(r) = _% 3 (Clkjﬁ@k) exp(ikr/2) ax +h.c.
k

(6@ (r) — §9(0))?) = ag/ (;iﬂf; (1+2Ny,)

11— Jo(kr/2)]
€k

2

~ R QCT
T—0= ((6d(r)—68(0))2) ~ — > 1n <—)

. r > Baym (2004)

/ 1//mrnl?
g1(r) o (‘)



One-body density matrix at finite T

|7 Validity of the mean-field approach = Small density fluctuations T
((6n(r) — 61 (0))?) _/ d*k  gak?l?
0

n? <k<i-1 (2M)7 0 26

(0n(r) — 60(0))%) 4T ( . )

n anngv

~

: B 21
t>ng = [=k,'

The state is ordered in the vortex lattice at r ~ ry = 2l exp(anngv /4T)

. . 8T r? o
Low- -off ((6®(r) — %) = -
ow-momentum cut-off ((§®(r) — §®(0))*) p——p In ( . )

4T r? T
g1(7r) o< exp [— 7“2 In (TO( ))]
anngv | r
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Outlook
f ro = verylarge T ~ng; v ~20 = rg >~ 300! —‘

Is likely to exceed the size of realistic systems

v~ 40 = ((6n(r) — 0n(0))?) ~ 0.3forr ~ 10l and T ~ ng —

"Irregularity” of the lattice

e. ~Tvr ~ 10 Hz for v ~ 40 even for T' ~ 20 nK

Damping of Tkachenko modes = signature of the approach to the melting point
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