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I am (we are) interested in
physics in the unitarity limit

(a→∞)

Why interesting ?
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• Strongest interaction
⇒ nontrivial phenomena
⇒ challenging problems (unitary Fermi gas)

• Scale invariance
⇒ constrain properties of unitary Fermi gas
⇒ Efimov effect for bosons

• Universality
⇒ atomic, condensed matter, nuclear phsics
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/36Physics at unitarity
• Strong interaction
• Scale invariance
• Universality

? Are there other
such interesting
systems ?
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Does the unitarity physics
(unitary Fermi gas & Efimov effect)

exist in other than d=3 ?
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Efimov effect
beyond 3D
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Efimov effect

a→∞

 When 2 bosons interact with infinite “a”, 
 3 bosons always form a series of bound states

Efimov (1970)
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/36Efimov effect

Efimov (1970)

R
22.7×R

(22.7)2×R

. . .

Discrete scaling symmetry

. . .

 When 2 bosons interact with infinite “a”, 
 3 bosons always form a series of bound states

RG limit cycle  (K. Wilson 1971, P. Bedaque et al. 1999)
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Efimov (1970)

R

a→∞ a→∞

Exchange of a light particle

Effective potential
between heavy particles

V (R) ∝ − �2

2mR2

Scale invariance

Quantum anomaly

Efimov effect (discrete scale invariance)
En+1/En = const

 When 2 bosons interact with infinite “a”, 
 3 bosons always form a series of bound states

Efimov effect 8



/36Efimov effect in D≠3 ? 9



/36Efimov effect in D≠3 ?

Nielsen et al., Phys. Rept. (2001)

Efimov effect  (2.3 < d < 3.8)
D

1 2 3 4

No Efimov effect

“3 spatial dimensions” are not essential 
but “3 relative coordinates” are essential !

E.g.   3 + 3 - 3  =  3
N�

i=1

di − dcom = drel
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/36Family of universal systems

New fields of universal few-body & many-body physics

Y. N. & S. Tan
PRL 101 (2008)

pure 3D 2D-3D mixture 1D-3D mixture

1D-1D-1D mixture

1D2-2D mixture pure 1D

1D-2D mixture2D-2D mixture
3 + 3 - 3 = 3 2 + 3 - 2 = 3 1 + 3 - 1 = 3

2 + 2 - 1 = 3 2 + 1 - 0 = 3 1 + 1 + 1 - 0 = 3

1 + 1 + 2 - 1 = 3 1 + 1 + 1 + 1 - 1 = 3
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/36Efimov effect “beyond” 3D

1D-3D mixture

2D-3D mixture

1D with 4-body interaction

Y. N. & D.T. Son (2010)
Y. N. & S. Tan  (2011)

Liberation of Efimov physics (1970~) from 3D !!!

a→∞

a→∞

a→∞

} Rn+1

Rn
= 12.4
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A ⇒ bosons :    Efimov effect occurs for any mass ratio mA/mB

A ⇒ fermions : Efimov effect occurs above a critical mA/mB

Efimov effect “beyond” 3D

A A

B

��������A
B 3D 2D 1D

3D
�

boson � � �
fermion 13.6 28.5 155

2D
�

boson � � �
fermion 6.35 11.0 ×

1D
�

boson � �
—

fermion 2.06 ×

Y. N. & S. Tan  (2011)
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A ⇒ bosons :    Efimov effect occurs for any mass ratio mA/mB

A ⇒ fermions : Efimov effect occurs above a critical mA/mB

Efimov effect “beyond” 3D

A A

B

��������A
B 3D 2D 1D

3D
�

boson � � �
fermion 13.6 28.5 155

2D
�

boson � � �
fermion 6.35 11.0 ×

1D
�

boson � �
—

fermion 2.06 ×

Y. N. & S. Tan  (2011)

Veff ∼ −
�2

mBR2
+

�2

mAR2
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/36Implication for 40K-6Li mixture

mK/mLi = 6.67

critical mA/mB

13.6 in pure 3D

6.35 in 2D-3D

2.06 in 1D-3D

Confinement induces the Efimov effect !!!

Y. N. & S. Tan
PRA 79 (2009)

5 experimental groups (MIT, Amsterdam, Paris, Munich, Innsbruck)

study Fermi-Fermi mixture of  A=40K  &  B=6Li
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/36Implication for 40K-6Li mixture
Ongoing experiment by the Amsterdam group
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/363-body recombination rate
3-body recombination (A+A+B->A+AB) results in atom losses

Its rate constant α has the characteristic log-periodic behaviors
with the scaling factor λ= 22.0  for  A=40K in 1D & B=6Li in 3D
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0.5
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aeff Κ"

0.5
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mAΑ! pz2aeff4

induced Efimov resonances for aeff<0 deconstructive interferences for aeff>0

ṅA ≈ −2 α n2
AnB

*Efimov parameter κ ≈1.91/ l   &   width parameter η ~(r0/ l )2.39 ≪1*

If observed, the first evidence of the Efimov effect of fermions !!!

Y. N. & S. Tan
PRA 79 (2009)
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Experimental realization
of mixed dimensions
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/36First experiment @ Florence
Bose-Bose mixture of  A=41K in 2D  &  B=87Rb in 3D
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/36First experiment @ Florence

38.4 G

38.4G
B

3D scattering length a (a0)

A=41K in 2D & B=87Rb in 3D
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38.4 G

A=41K in 2D & B=87Rb in 3D

B

3D scattering length a (a0)

scattering threshold

See also 0D-3D case;
P. Massignan & Y. Castin, PRA 74 (2006)

Multiple resonances in mixed D Y. N. & S. Tan
PRA 79 (2010)

�
1
2

+ n

�
�ωM − �2

ma2
=

1
2

�ωA

A

B
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�6000
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�2000

2000

4000
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http://arXiv.org/find/hep-ph/1/au:+Cavaglia_M/0/1/0/all/0/1
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10 20 30 40 50 60
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�2000
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10 20 30 40 50 60

�6000

�4000

�2000
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6000

B

3D scattering length a (a0)

scattering threshold

See also 0D-3D case;
P. Massignan & Y. Castin, PRA 74 (2006)

effective scattering length
“aeff”  in 2D-3D mixture

B

p-wave scattering
volume  “veff”

Multiple resonances in mixed D Y. N. & S. Tan
PRA 79 (2010)
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effective scattering length
“aeff”  in 2D-3D mixture

B

Multiple resonances in mixed D
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/36Applications of mixed D
Florence group experiment

• observed 2-body scattering resonances in mixed D
• demonstrated the tunability of interaction strength

  Important first step toward a rich variety of physics

✓ If A atoms are confined in 0D
           Impurities resonant in s-wave, p-wave, ... channels
• Anderson localization  [P. Massignan & Y. Castin, PRA 74 (2006)]

• Infrared catastrophe / Kondo physics  [work in progress with E. Demler]

✓ Efimov physics in mixed dimensions
Y. N. & S. Tan, PRL 101 (2008), PRA 79 (2009)

✓ Rich many-body physics           next part of this talk

24
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Many-body physics
in mixed dimensions

25



/36What’s unique in mixed D ?
• In condensed matter, layered systems have rich physics
because of long-range Coulomb interaction
E.g.  Interlayer exciton superfluidity in bilayer systems

J. P. Eisenstein, Science (2004)
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/36What’s unique in mixed D ?

Interlayer correlations induced by 3D atoms
can lead to rich physics !!!

• In condensed matter, layered systems have rich physics
because of long-range Coulomb interaction

• Multi-layers can be easily created by a 1D optical lattice
• However, separated layers decouple in neutral atoms

27



/36Bilayer Fermi-Fermi mixture
parameters of the system

d

aeff

kFA-1

kFB-1

A

B• aeff
• kFA
• kFB

• mA/mB

• T
• d

Y. N., PRA 82 (2010)
28
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intralayer p-wave SF

interlayer

s-wave SF

trimer FG

0

1

aeffkF

O(1)

O(1)kFd

dimer

BEC

0

∞

−∞ +∞

Bilayer Fermi-Fermi mixture
parameters of the system

kFd

1
aeffkF

d

aeff

kFA-1

kFB-1

A

B

Y. N., PRA 82 (2010)

kF

• aeff
• kFA
• kFB

• mA/mB < 6.35
• T=0
• d

weak
attraction

strong
attraction

}

small layer separation
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intralayer p-wave SF

interlayer

s-wave SF

trimer FG

0

1

aeffkF

O(1)

O(1)kFd

dimer

BEC

0

∞

−∞ +∞

Weak attraction (BCS) limit

d

B atoms in 3D induce an effective
attraction between A atoms in 2D

large d small d

Intralayer
P-wave

Interlayer
S-wave 0 1 2 3 4 5

0.0

0.5

1.0

1.5

2.0
kFBd

kFA

kFB

Intralayer P-wave

Interlayer S-wave
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intralayer p-wave SF

interlayer

s-wave SF

trimer FG

0

1

aeffkF

O(1)

O(1)kFd

dimer

BEC

0

∞

−∞ +∞

Strong attraction (BEC) limit

A atoms in 2D capture
B atoms from 3D to form dimers

Dimer BEC in each 2D layer

kF-1

aeff

d
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intralayer p-wave SF

interlayer

s-wave SF

trimer FG

0

1

aeffkF

O(1)

O(1)kFd

dimer

BEC

0

∞

−∞ +∞

Interlayer trimer formation

Trimer Fermi gas
bridging 2 layers

aeff

d

d > aeff d < aeff

d

aeff

−
�

2mABd2|E|
�0.4 �0.2 0.2 0.4 0.6

�0.8

�0.6

�0.4

�0.2

trimer

dimers

atoms
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intralayer p-wave SF

interlayer

s-wave SF

trimer FG

0

1

aeffkF

O(1)

O(1)kFd

dimer

BEC

0

∞

−∞ +∞

? ? ?

Phases of bilayer Fermi gas
Very rich but “minimal” phase diagram !!!

Highlighted in  Viewpoint of Physics 3, 58 (2010)
“The complexities of simplicity”  (P. Bedaque)

Y. N., PRA 82 (2010)
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/36Phases of bilayer Fermi gas
Very rich but “minimal” phase diagram !!!

Enlarge the scope of ultracold atoms

Previously, s-wave pairings and dimers have been realized
but p-wave pairings and trimers are difficult due to instability

intralayer p-wave SF

interlayer

s-wave SF

trimer FG

0

1

aeffkF

O(1)

O(1)kFd

dimer

BEC

0

∞

−∞ +∞

? ? ?

Y. N., PRA 82 (2010)
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/36Future prospects

intralayer p-wave SF

interlayer

s-wave SF

trimer FG

0

1

aeffkF

O(1)

O(1)kFd

dimer

BEC

0

∞

−∞ +∞

Q1. How does the trimer gas
       evolve into a gas of
       their fermionic constituents  ?
    (Cf. BEC→BCS crossover for dimers)
• How many phases appear  ?
• What is the nature of
 quantum phase transition(s)  ?
• Implications for nuclear-quark matter transition  ?

Q2. What are the critical temperature and
       experimental signatures of superfluid phases ?
• At weak coupling |aeff kF| ≪ 1,           
 How large it can be at strong coupling before the dimerization  ?
• Chiral p-wave superfluid in 2D is topological
 (Majorana fermions, non-abelian statistics, ...)

∆ ∼ εF e−#/(aeffkF)2

? ? ?
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/36Summary

✓2-body in pure 3D
✓2-body in 2D-3D mixture
• 2-body in 1D-3D mixture
• 2-body in 2D-2D mixture

• 2-body in 1D-3D mixture
• 3-body in 1D-1D-1D mixture
• 3-body in 1D2-2D mixture
✓4-body in pure 1D

Very rich new fields of universal few & many-body physics

• Confinement-induced Efimov effect
• Experimental realization (Florence, Amsterdam?, ...)
• Many-body phase diagram of multi-layered Fermi gas

Y. N. & D.T. Son, PRA (2010)

Efimov effect and Unitary Fermi gas exist
in 8 (7 new) classes of systems :
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Backup slides
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“BCS-BEC” crossover
in one dimension
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  4-component (σ= a,b,c,d) fermions on a 1D lattice

Lattice model

H = −t

�

�xy�, σ

c
†
xσcyσ − U

�

x

c
†
xac

†
xbc

†
xcc

†
xdcxdcxccxbcxa

Scattering of 4 particles with all different components

a b c d
x

(r1, r2, r3)

}
(r1, r2, r3)

≈

1 particle moving in a body-centered cubic lattice

�
−t

4�

i=1

∆i − δr,0 U

�
Ψ(r) = E Ψ(r) with r = (r1, r2, r3)

Scattering of 2 particles in 3D
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/36Mapping to 2-body scattering in 3D

− �2

2m
∇2

r Ψ(r) = E Ψ(r)

4-body scattering in 1D
�
−t

4�

i=1

∆i − δr,0 U

�
Ψ(r) = E Ψ(r)

Schrödinger equation in 3D !

Correspondence between 4-body interaction in 1D
and 2-body interaction in 3D

Both are characterized by scattering length “a” in the same way

Ψ(|r|→∞)|E=0 →
1

|r| −
1
a

with
l

a
=

Γ
�

1
4

�4

4π2
− 8πt

U

Resonance (a=∞) is achieved at U

t
= 32π3/Γ

�
1
4

�4 ≈ 5.742

Physical meaning of |r| is different :
hyperradius of 4 particles in 1D  vs.  separation of 2 particles in 3D
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/36Weak coupling (“BCS”) limit

-∞ : “BCS” limit “BEC” limit  : +∞
(akF)-1

0

H =
�

σ

ψ†
σ

�
−∇

2

2m
− µ

�
ψσ − c0 ψ†

aψ†
bψ

†
cψ

†
dψdψcψbψa with cr = −4πa

m

ψσ(x) � eikFxψR
σ (x) + e−ikFxψL

σ (x)linearization around Fermi points : 

HU(1) charge +H SU(4) spin

• Tomonaga-Luttinger liquid 
   with gapless dispersion (E = vs |k|) :

• Marginally relevant coupling 
   develops  3 spin gaps  (f=1,2,3) :

Andrei & Lowenstein, PLB 90 (1980)

∆f ∝ εFe−π2/(8|a|kF) sin
�

fπ

4

�

vs =
�

1− 6|a|kF

π2
+ · · ·

�
vF

Δ1,3

Δ2
∼ εFe−π2/(4|a|kF)

41



/36

Δ2

Δ3

Δ1

Strong coupling (“BEC”) limit

-∞ : “BCS” limit “BEC” limit  : +∞
(akF)-1

0

4 fermions form a tightly-bound tetramer :  E0=-1/(2 m a2)

 Fermions are largely gapped : 

• Dilute Bose gas of tetramers

   with tetramer-tetramer scattering length :

vs =
�

1− η
2akF

π
+ · · ·

�
vF

4

Its low-energy physics is governed by 
Tomonaga-Luttinger liquid with sound velocity :

att = −ηa (η > 0)

Lieb & Liniger, Phys.Rev. 130 (1963)

Htetramer = φ†
�
− ∇

2

2M
− 4µ

�
φ− 1

Matt
φ†φ†φφ

∆f →
f

8ma2
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/36“BCS-BEC” crossover ?
• Fermionic excitations are gapped
   (exponentially small in “BCS”
    but large in “BEC” limits)

• Gapless sound mode with linear dispersion E = vs |k|

0
(akF)-1

-∞ +∞

vs

vF
= 1− 6|a|kF

π2
+ · · ·

vs

vF
=

1
4
− η

akF

2π
+ · · ·

∼ εFe−π2/(8|a|kF)

0

Δ1,3
Δ2

Δ1

Δ2

Δ3

(akF)-1
-∞ +∞

1
8ma2

crossing

minimum

43



/36

Universal parameter ξ for 1D unitary Fermi gas :

Unitarity limit

-∞ : “BCS” limit “BEC” limit  : +∞
(akF)-1

0

Currently no reasonable estimate of ξ in 1D,
but numerical simulations or the ε expansion would help ...

Eunitary = ξ × Efree

�
= ξ π2

96mn3
�

ξ|d→ 2
3
→ 1 and ξ|d→ 4

3
→ 0 ξ ≈ 0.5  in 1D ???

E
εFn

=
1
3
ξ

P

εFn
=

2
3
ξ

µ

εF
= ξ

vs

vF
=

�
ξ
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/36Exact relationships in 1D

C ≡ �(mc0)2ψ†
aψ†

bψ
†
cψ

†
dψdψcψbψa�

E =
�

σ

� ∞

−∞

dk

2π

k2

2m

�
ρσ(k)−

√
3

4π

C
k2

�
+

C
4πma

0. contact density 1. momentum distribution tail

2. energy relation

4. pressure relation

P = 2E +
C

4πma

3. adiabatic relation

dE
da

=
C

4πma2

5. virial theorem

E = 2�Vω� −
�

dx
C(x)
8πma

6. “quadruplet” density within hyperradius < R→0

N4(R) ≡
�

|r|<R
dr �ψ†

aψa(xa)ψ†
bψb(xb)ψ†

cψc(xc)ψ†
dψd(xd)� →

C
4π

R

ρσ(k →∞)→
√

3
4π

C
k2
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