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Outline

® |ntroduction: thermalisation

® Thermalisation protocol: sudden turn on of system (S) -
bath (B) coupling

® Canonical Typicality and Eigenstate Thermalisation
Hypothesis

® exact diagonalization: small (2+7 sites) Hubbard ring

® (A) Long time: thermalisation as function of S-B
coupling

® (B) Dynamics of thermalisation
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Thermalisation
s 8

® subsystem reaches equilibrium with bath through energy/particle
exchange

® independent of the initial subsystem state

® independent of microscopic details of the bath: only macroscopic
quantities matter, eg. 7',

® |oss of coherence/entanglement with bath

® states of the subsystem are occupied with probability given by Gibbs
distribution
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Thermalisation: main results here
s 8

® Thermalisation in a small closed quantum system?

® yes, for surprisingly small systems

® dynamics of approach to thermalisation:
exponential and Gaussian regimes

S. Genway, A.F. Ho and D.K.K. Lee, PRL 105, 260402 (2010)
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Thermalisation

_

® prepare system in product state of decoupled system and bath:

1
W) = sty =[so) @) TRE 2,

energy shell
€y € [EO ’EO +5b]

® switch on coupling )1/ suddenly: Dynamics of the Hubbard Model
® unitary evolution: |g(4)) = e—iﬁt|\p(o)>

® Subsystem described by reduced density matrix
p(t) = Trparn [ W(1)) (W (?)]

® diagonal elements (s|p|s) = occupation probabilities of
subsystem states: becomes Gibbs distribution/canonical
ensemble!?

e off-diagonal elements = quantum coherence / entanglement:
shrinks to zero!
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Canonical Ensemble

® Gibbs-Boltzmann distribution

® subsystem state |5) with energy €
P X ZNbath(EO —&5)|8)(s|

~ Ze_ﬁss s)(s] for large bath (Ey > ¢,)

S

® temperature defined from:

1 o dIn Nbath

kgl dF

B

Eo
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Canonical Typicality

Goldstein et al. PRL 96, 050403 (2006)
Popescu et al. Nature Phys. 2, 754 (2006)

® Pick a random state

o |U) =) CulEa)
A

FE4): eigenstate of whole system
e (4 # 0 only in energy shell:
[E()a EO+5]

€5l

® Reduced density matrix p is
approximately thermal for almost all
choices of D)
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Eisenstate Thermalisation Hypothesis
Srednicki PRE 50,888 (1994), Rigol et al., Nature 452, 854 (2008)

® Project eigenstate |F,) to subsystem state |s) (energy €s):

Py =), |sb)(sb| for product states |sb)

Hypothesis: (E4|Ps|EA) ~ e 7%

® subsystem thermal behaviour encoded into |E,)

\

en)ler2) |
a)|eos) o = €77 e1)| Br)+e 2 eg) [ Bo) .

1) |€171)

&5
ot
\V]
~——
||

® For any state |V) = >, Ca|E4), time average 7.. =3 4 |Cal>(Ea|Ps|Ea)
is the thermal state independent of (4
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Eisenstate Thermalisation Hypothesis

€

Thermal  Q

Thermal E >Therma| state
o,

Thermal

Dephasing

Initial state
Initial state > it

Coherence

Eigenstate thermalization

Rigol et al., Nature 452, 854 (2008)
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Hamiltonian

He = — Z Jg(c]iaczg + h.c.) + U(ni4ni) + noyngy)
U_Tyi

Hp = —S: S: o ( cwcwla—khc +UZ7%T7%¢
1=3 o=T,{

AV = —)\ Z J {(650030 + CJ{JCLJ) + h cw

e 8 fermions: 47, 4

o J, =J(1+¢&sgno), £ =0.05
o U=J=1

e 15876 energy levels

e 16 subsystem energy levels

1
\J)\/\S{System

e A =1 — homogeneous ring
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Initial State

Bath

e Product states

U(t=0) =575 > |

shell bEshell
overlaps many exact eigenstates

|E4) in energy shell

Subsystem
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Initial State

e Product states

U(t =0)) = 1/2 > e)

she]l bEshell
overlaps many exact eigenstates

|[E4) in energy shell
e Switch on AV for ¢ > 0

o Evolve p(t) = Trbath(|\1’(t)><qj(t)‘)
with |B(t)) = e 1| )

5N N

AVAYYAVAYA
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Diagonal elements of p (U/J = A= 1)
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Subsystem evolution

Off-diagonal elements of p (U/J =X =1)
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(A) Long-time averages show thermalisation
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£12.3.4): subsystem eigenstates with 2 fermions and S, =0
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Effective Temperature

Tor down to quantum degeneracy for A <1

35 — -
30 - Eg=-2
EO='4 =
25 |-
_20 b
I_CD
15 |
10 |
Hr—D—A A A A
N e e = e A
0.1 1
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Memory of Initial State

Loss of memory for wide range 0.1 < A <4

Ar
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Closeness to the Thermal State

Subsystem thermalises for A > 0.1
0.8
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Eigenstate Thermalisation
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(B) Dynamics of Thermalisation

How does the subsystem reach thermalisation?
Initial state |¢5) = | T, 1) with composite energy Fy = —2

=1 -

I
0 80 160 240 O 0.5 1 1.5 2
t

t
small A < > larger A
. _ . 1242
Exponential, Ae~ 7" + const < s Gaussian A’e™!1"" + const
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Short Time Dynamics: perturbation theory

e Initial state |¥ (¢t =0)) = |sp) 1/2 Z €p)
shell bcshell

o Times greater than t; = 1/4.J = 1/single-particle bandwidth
e Perturbation theory for small A

A2 2 sin(Egp — Eagp, ) 4]
Pos )= N 5; ;_;l Fp— By, 0 1VF00

d SS
Fermi Golden Rule: Pss _ —YEGR X \?

dt

e "Very short’ times: ¢ < t4
e just one hop: |U(t)) = e *HY|W(0)) ~ (1 — iHt)|T(0))

4 1/2
IOSS( ) ~ 1 — F?hortt2 with I'spore = A Z |<Sb|V|\IJ(O)> .
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Relaxation Rates
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s Gaussian Behaviour Generic!?

e Gaussian rate I' ~ I'¢yort Short-time rate?

e exponential behaviour excluded if FGR rate becomes
comparable to I'ghore (single particle hopping rate)

o I'short ~ AJ ~ X independent of system size: Gaussian regime
persists to larger systems?

o fast decoherence after hopping into bath:

short inelastic scattering length ~ lattice spacing
(linel ~ J?/U? for small U/J and states far from Fermi level)

e Test numerically by considering

e Random couplings between system and bath:
(sb|V'|s'b') replaced with random numbers, preserving Tr(V?)

e Bose-Hubbard model
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Random Couplings

T il T R
K
"
K
+/%
o
Gaussian
E=1.77
®E=2 E
Exponential
xexp 7"Gauss
p ol | | L1
0.1 1 10 100
A

Shift in crossover.
Here t; = full
bandwidth ~ 20



Bose-Hubbard Model
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Conclusions

® Understanding thermalisation of systems from a
purely quantum-mechanical perspective is possible

® Surprisingly small Hubbard-model systems in pure
states demonstrate subsystem thermalisation for a
range of coupling strengths: short inelastic length

® Dynamics is strongly dependent on coupling
strength, with Gaussian behaviour seen at
moderate/strong coupling strength

® Believe that the Gaussian behaviour is generic and
that it holds in the limit of large bath
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