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Inclusion of the Coulomb interaction

Three-nucleon system

Three-body direct nuclear reactions
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Extension to atomic physics
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Faddeev equations

(E −H0− vα)|ψα〉 = vα ∑
σ

δ̄ασ|ψσ〉

|Ψ〉 = ∑
α
|ψα〉



Alt-Grassberger-Sandhas equations

Uβα = δ̄βαG−1
0 +∑

σ
δ̄βσTσG0Uσα

U0α = G−1
0 +∑

σ
TσG0Uσα

Tσ = vσ + vσG0Tσ

G0 = (E + i0−H0)
−1

channel states (E −H0− vα)|φα〉 = 0

...



AGS equations: numerical solution

Uβα = δ̄βαG−1
0 +∑

σ
δ̄βσTσG0Uσα

3 sets of Jacobi momenta

• pα

•

•

α
qα

momentum-space partial wave basis

set of coupled 2-variable integral equations

integrable singularities in kernel

Gaussian integration, spline interpolation,
Padé summation



Inclusion of Coulomb: screening

wR(r) = αe
r e−( r

R)n

standard scattering theory

vσ → vσ +wσR : Tσ, Uβα → T (R)
σ , U (R)

βα



Inclusion of Coulomb: screening

wR(r) = αe
r e−( r

R)n

standard scattering theory

vσ → vσ +wσR : Tσ, Uβα → T (R)
σ , U (R)

βα

nature: Coulomb is screened at large distances

large R:
physical observables insensitive to screening,
screened and full Coulomb physically indistinguishable



Screening and renormalization

J. R. Taylor, Nuovo Cimento B23, 313 (1974),
V. G. Gorshkov, Sov. Phys.-JETP 13, 1037 (1961):



Screening and renormalization

J. R. Taylor, Nuovo Cimento B23, 313 (1974),
V. G. Gorshkov, Sov. Phys.-JETP 13, 1037 (1961):

Renormalization of the on-shell screened Coulomb
transition matrix TR = wR +wRG0TR and wave function

TR z−1
R −−−→

R→∞
TC as distribution

(1+G0TR)|p〉z
−1

2
R −−−→

R→∞
|ψ(+)

C (p)〉

in the limit R → ∞ yields Coulomb amplitude
and Coulomb wave function

zR −−−→
R→∞

exp(−2i(σL −ηLR)) −−−→
R→∞

exp(−2iαeM/p [ln(2pR)−C/n])



Two-particle scattering

transition matrix
T (R) = v+wR +(v+wR)G0T (R)



Two-particle scattering

transition matrix
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with long-range and Coulomb-distorted short-range parts
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Two-particle scattering

transition matrix
T (R) = v+wR +(v+wR)G0T (R)

with long-range and Coulomb-distorted short-range parts

T (R) = TR +(1+TRG0)T̃ (R)(1+G0TR)

T̃ (R) = v+ vGRT̃ (R)

Renormalized amplitude:

T (R)z−1
R −−−→

R→∞
T = TC + 〈ψ(−)

C |T̃ (C)|ψ(+)
C 〉

= TC + lim
R→∞

z
− 1

2
R [T (R)−TR]z

− 1
2

R

short-range part: fast convergence with R



Three-particle scattering

long-range part
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W c.m.
αR
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αR G(R)

α T c.m.
αR



Three-particle scattering

Split into long-range part
•

•
•

W c.m.
αR

wβR

T c.m.
αR = W c.m.

αR +W c.m.
αR G(R)

α T c.m.
αR

and Coulomb-distorted short-range part

U (R)
βα = δβαT c.m.

αR +[U (R)
βα −δβαT c.m.

αR ]

[U (R)
βα −δβαT c.m.

αR ] = [1+T c.m.
βR G(R)

β ]Ũ (R)
βα [1+G(R)

α T c.m.
αR ]

U (R)
0α = [1+TρRG0]Ũ

(R)
0α [1+G(R)

α T c.m.
αR ] [ρ is neutral]



Three-particle scattering

Split into long-range part
•

•
•

W c.m.
αR

wβR

T c.m.
αR = W c.m.

αR +W c.m.
αR G(R)

α T c.m.
αR

and Coulomb-distorted short-range part

U (R)
βα = δβαT c.m.

αR +[U (R)
βα −δβαT c.m.

αR ]

[U (R)
βα −δβαT c.m.

αR ] = [1+T c.m.
βR G(R)

β ]Ũ (R)
βα [1+G(R)

α T c.m.
αR ]

U (R)
0α = [1+TρRG0]Ũ

(R)
0α [1+G(R)

α T c.m.
αR ] [ρ is neutral]

Renormalized amplitudes:

Uβα = δβαT c.m.
αC + lim

R→∞
Z
− 1

2
R f [U (R)

βα −δβαT c.m.
αR ]Z

− 1
2

Ri

U0α = lim
R→∞

z
− 1

2
R U (R)

0α Z
− 1

2
Ri fast convergence with R



Practical realization

Calculation of short-range part using
standard scattering theory (Faddeev/AGS)
for nuclear + screened Coulomb interaction

U (R)
βα = δ̄βαG−1

0 +∑σ δ̄βσT (R)
σ G0U

(R)
σα

T (R)
σ = v+wσR +(v+wσR)G0T (R)

σ

+ renormalization
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0 +∑σ δ̄βσT (R)
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T (R)
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σ

+ renormalization

Additional difficulties:
quasi-singular nature of screened Coulomb potential
slow partial-wave convergence



Practical realization

Calculation of short-range part using
standard scattering theory (Faddeev/AGS)
for nuclear + screened Coulomb interaction

U (R)
βα = δ̄βαG−1

0 +∑σ δ̄βσT (R)
σ G0U

(R)
σα

T (R)
σ = v+wσR +(v+wσR)G0T (R)

σ

+ renormalization

Additional difficulties:
quasi-singular nature of screened Coulomb potential
slow partial-wave convergence

Success of the method depends strongly on the choice
of screening function



Screened Coulomb potential

wR(r)
w(r) = e−( r

R)n
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Screened Coulomb potential

wR(r)
w(r) = e−( r

R)n

0

1

0 1 2

r/R

n  =  1
n  =  4
n → ∞
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Limits of practical applicability

p → 0:
κ = αM/p, σL = argΓ(1+L+ iκ), and zR diverge,
renormalization procedure ill-defined



Limits of practical applicability

p → 0:
κ = αM/p, σL = argΓ(1+L+ iκ), and zR diverge,
renormalization procedure ill-defined

⇒ slow convergence with R at low relative energies
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pd elastic amplitude: convergence withR
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pd elastic amplitude: convergence withR
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Coulomb vs 3NF:1H(d,pp)n at Ed = 130 MeV
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3He(γ, pn)p at Eγ = 55 MeV
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Application to 3-body nuclear reactions

p+(nA)

d +A

}

→



















n+(pA)

p+(nA)

d +A
p+n+A

with A = 4He, 10Be, 12C, 14C, 16O, 28Si, 40Ca, 58Ni, . . .

Validity test of approximate nuclear reaction methods:
CDCC, DWBA, Glauber, . . .

Novel dynamic input: nonlocal potentials, . . .



α-d breakup at Eα = 15 MeV: convergence withR
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CDCC test: 58Ni(d,d)58Ni and 1H(11Be,10Be)np
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Nonlocal optical potential: proton elastic scattering

VN(r ′, r) ∼ e−(r ′−r)2/β2
V ((r ′+ r)/2)

[ M. M. Giannini et al.,
Ann. Phys. (NY) 102, 458 (1976) & 124, 208 (1980)]
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Nonlocal OP: transfer reactions16O(d, p)17O
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4N scattering: symmetrized AGS equations

two-cluster 1+3 and 2+2 transition operators

U 11 = − (G0 T G0)
−1P34−P34U1G0 T G0U 11+U2G0 T G0U 21

U 21 = (G0 T G0)
−1(1−P34)+(1−P34)U1G0 T G0U 11

U 12 = (G0 T G0)
−1−P34U1G0 T G0U 12+U2G0 T G0U 22

U 22 = (1−P34)U1G0 T G0U 12

U j = PjG
−1
0 +PjT G0U j

P1 = P = P12P23+P13P23

P2 = P̃ = P13P24

T = v+ vG0T

scattering amplitude T f i = S f i〈p f φ f |U f i|piφi〉

|φ j〉 = G0T Pj|φ j〉



Screening and renormalization in 4N scattering

v → v+wR

T, U j, U f i, T f i → T (R), U (R)
j , U

(R)
f i , T

(R)
f i

isolate long-range interaction
•

•
•
•

W c.m.
R

and Coulomb distortion between c.m. of two clusters



Screening and renormalization in 4N scattering

v → v+wR

T, U j, U f i, T f i → T (R), U (R)
j , U

(R)
f i , T

(R)
f i

isolate long-range interaction
•

•
•
•

W c.m.
R

and Coulomb distortion between c.m. of two clusters

Renormalization:

T f i = lim
R→∞

Z
− 1

2
R f T

(R)
f i Z

− 1
2

Ri

= δ f iT
c.m.

C i + lim
R→∞

Z
− 1

2
R f [T

(R)
f i −δ f iT

c.m.
Ri ]Z

− 1
2

Ri

Coulomb-distorted short-range part: fast convergence with R



Practical realization

U 12 = (G0 T G0)
−1−P34U1G0 T G0U 12+U2G0 T G0U 22

I J

l l lx l lx

l

y

z

z y

I I’

momentum-space partial-wave basis
(up to 30000 partial waves)

set of coupled integral equations in 3 variables

integrable singularities in the kernel

Gaussian integration, spline interpolation,
double Padé summation



4N elastic, transfer, and charge exchange reactions
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Atomic systems

Realistic interactions very repulsive at short distances

Cutoff: 4He trimer BE and atom-dimer scattering
in agreement with r-space results by R. Lazauskas



Four-boson scattering

Effective separable potentials between 4He atoms:
B2 = 1.213mK, B3 = 128.43 mK, B3∗ = 2.186mK,
a0 = 104Å, σ0 = 4πa2

0

10-6

10-5

10-4

10-3

132 134 136 138

σ S
 / 

σ 0

Ea / B2

a+T → d+d

a+T → a+T

a+T → a+T*

10-4

10-2

0 50 100

 

 

10-2

10-1

100

0.0 0.5 1.0 1.5

σ S
 / 

σ 0

Ed / B2

d+d → d+d

d+d → a+T

d+d → a+T*



Summary

Faddev/AGS equations in momentum space

Coulomb interaction: screening and renormalization



Summary

Faddev/AGS equations in momentum space

Coulomb interaction: screening and renormalization

hadronic and electromagnetic 3N reactions

3-body nuclear reactions

low energy 4N scattering

atomic systems
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