HH Weakly Bound

Hyperspherical Harmonics for Weakly Bound
Systems

Nir Barnea

The Hebrew University, Jerusalem, Israel

8 March 2010



HH Weakly Bound

Outline

Nuclear force models

Hyperspherical Harmonics
m Short History
m Construction
= Summary

Symmetrization
Convergence
m Strategies
m The EIHH method
m Examples

Reactions

Conclusions



HH Weakly Bound

L Nuclear force models

Nucleon-nucleon interaction

m The underling theory for nuclear physics
is QCD.



HH Weakly Bound

L Nuclear force models

Nucleon-nucleon interaction

m The underling theory for nuclear physics
is QCD.
m At low energy QCD is non-perturbative

— lattice. @ @



HH Weakly Bound

L Nuclear force models

Nucleon-nucleon interaction

m The underling theory for nuclear physics
is QCD.
m At low energy QCD is non-perturbative

— lattice.
m Currently no reliable NN interactions

can be derived from lattice calculations

(this might change in the near future). @



HH Weakly Bound

L Nuclear force models

Nucleon-nucleon interaction

m The underling theory for nuclear physics
is QCD.
m At low energy QCD is non-perturbative

— lattice.
m Currently no reliable NN interactions

can be derived from lattice calculations
(this might change in the near future).
m Nuclear interaction is based on

phenomenology.



HH Weakly Bound

L Nuclear force models

Nucleon-nucleon interaction

m The underling theory for nuclear physics
is QCD.
m At low energy QCD is non-perturbative

— lattice.
m Currently no reliable NN interactions

can be derived from lattice calculations
(this might change in the near future).
m Nuclear interaction is based on
phenomenology.
m Effective Field Theory provides a

consistent way to derive the nuclear
interaction.
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Nucleon-nucleon interaction

m Long range - One Pion
Exchange, Yukawa potential.

m Short range - phenomenology.

m Reproduce NN phase shifts up to
pion threshold.
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X2/datum for the reproduction of the

1999 np database

Bin (MeV) # of dataJN°LO [NNLO

0-100

100-190

190290

0-290

1058 1.06 § 1.71
501 1.08 § 12.9
843 1.15 § 19.2
2402 1.10 § 10.1

NLO

5.20

49.3

68.3

36.2

AV18

0.95

1.10

1.11

1.04
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m Short range - phenomenology.

m Reproduce NN phase shifts up to
pion threshold.

m The 2-body NN force underbinds 5 -
3 4 x“/datum for the reproduction of the
He, “He,....

1999 np database

Bin (MeV) # of dataJN°LO [NNLONLO[ AV18

0-100 1058 1.06 § 1.71 [5.20] 0.95
100-190 501 1.08 § 12.9 [49.3] 1.10
190290 843 1.15 19.2 [68.3] 1.11

0-290 2402 1.10 § 10.1 §£36.20 1.04
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m Short range - phenomenology.

m Reproduce NN phase shifts up to
pion threshold.

m The 2-body NN force underbinds

3H 4H X2/datum for the reproduction of the

e, “He,....

m A 3-body, NNN, force must be 1899 np database
supplemented.

Bin (MeV) # of dataJN°LO [NNLONLO[ AV18

0-100 1058 1.06 § 1.71 [5.20] 0.95
100-190 501 1.08 § 12.9 [49.3] 1.10
190290 843 1.15 19.2 [68.3] 1.11

0-290 2402 1.10 § 10.1 §£36.20 1.04
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m Short range - phenomenology.

m Reproduce NN phase shifts up to
pion threshold.

m The 2-body NN force underbinds 5 -
3 4 x“/datum for the reproduction of the
He, “He,....
m A 3-body, NNN, force must be 1899 np database
supplemented.
. Bin (MeV f dataJN°LO JNNLO [NLOJ AV18
m The force can be local or mildly in (MeV) # of data
non-local. 0-100 1058 1.06 § 1.71 ||5.20]| 0.95
100-190 501§ 108 | 129 [49.3] 1.10
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m Short range - phenomenology.

m Reproduce NN phase shifts up to
pion threshold.

m The 2-body NN force underbinds 5 -
3 4 x“/datum for the reproduction of the
He, “He,....
m A 3-body, NNN, force must be 1899 np database
supplemented.
. Bin (MeV, f datal[NLO NNLO [NLOJ AV18
m The force can be local or mildly in (MeV) # of data
non-local. 0-100 1058 1.06 § 1.71 ||5.20]| 0.95
m Non-central. 100-190 501 1.08 § 12.9 [49.3] 1.10
190-290 843 115 | 19.2 [68.3] 1.11

0-290 2402 1.10 § 10.1 §£36.20 1.04
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Exchange, Yukawa potential.
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m Short range - phenomenology.

m Reproduce NN phase shifts up to
pion threshold.

m The 2-body NN force underbinds 5 -

3 4 x“/datum for the reproduction of the

He, “He,....

m A 3-body, NNN, force must be 1999 np database

supplemented.

. Bin (MeV f dataJN°LO JNNLO [NLOJ AV18

m The force can be local or mildly B0 (RGN & ok i

non-local. 0-100 1058 f| 1.06 | 1.71 | 5.20|| 0.95
m Non-central. 100-190 501§ 108 | 129 [49.3] 1.10
m EFT potentials are naturally 190-200 843 115 | 19.2 |68.3] 111

formulated in momentum space. 0-290 2402 B 1.10 | 101 362 1.04







The EFT expansion

2N Force 3N Force 4N Force

¢ X

The V8 potential

VNN (7i5) ZV 7:5)Op(i7)

Central terms p=1,..., 4

‘ L (0i-05), (7i - 73), (0 - ) (73 - 75) ‘

LS coupling p = 5,6
LS, LS(’H‘ . Tj)

Tensor force p = 7,8
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The Hyperspherical Harmonics

The HH were introduced in 1935 by

Zernike and Brinkman.

They were reintroduced 25 years later by

Delves and Smith.

In the 1970 Reynal and Revai derived
the HH transformation coefficients.

and in 1972 Kil’dushov derives the HH

recoupling coefficients.
All the rest of us ...

T
T2
T3
T4
Ts5

psin(a) cos(y)
psin(a) sin(7y)

—~

The “Tree” diagram

T4

X3 i) X1
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Hyperspherical coordinates
T1, T2, T3, ...TD —> p=/y 12,8
In hyperspherical coordinates
? D-10 K?

A= +=——> - =
Bp2+ p Op p?

p" Vik1(2) is a Harmonic polynomial.
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x5 = psin(a)sin(y)

The “Tree” diagram

x5 T4 T3 2 x1
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onstruction

The Hyperspherical Harmonics

Hyperspherical coordinates

T1, T2, T3, ...TD —> p=/y 12,8 x1 = pcos(a)cos(f)cos(d)
In hyperspherical coordinates z2 = pcos(a) Co(ﬁ) sin(d)
x3 = pcos(a)sin(f)
A ? D-108 K? za = psin(a)cos(y)
T 9p? + p Op p? x5 = psin(a)sin(y)
p" Vik1(2) is a Harmonic polynomial. The “Tree” diagram
The HH are eigenstates of K2
K*Y(Q) = K(K + D —2)Y(Q) Ts T4 T3 T2 T
J

Using the tree structure one can easily
construct HH starting from the leafs and
uniting branches.

Each junction is associated with a
quantum number.

Each junction adds a factor

N cos™r (0) sin™= (0) PR et) o, (cos(26))
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herical Harmonics

Removing the center of mass - The Jacobi coordinates

The normalized equal mass Jacobi coordinates

1
n o= 3
2 1
Ny, = § (7"3 - 5(?2 + ""3))
= N_z(r — (ri+re+--+7r ))
NMN—2 = N_\N27 5 2 N-3
N -1 1
Mn_1 = N (qu—N_l(r1+r2+~~~+mv71))
Xb,3
Xb,2

Xa,1 Xb,1
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The common “Tree”

N
Viky = [[]Ye.m; ()]
j=1

N . . 1o 8i=5
TIN5 (sinag) (eos )t RT3 (cos(201))]
Jj=2
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herical Harmonics

The Merits of the HH expansion

m A complete set of basis functions.

36 i g | L

m Easy transformation between configuration and momentum space
(2) D /2

M —
Qp @Qp)P72—1

Zl Q) Vi) (D Ik +D/2-1(Qp)

(K]

m Good asymptotics.

With appropriate choice of Jacobi coordinates and states clusterization
can be ”easily” treated.
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Summary
The HH expansion in 4 steps
1. Remove the center of mass
1, Ta,...T4 — éam, i ... a1

2. Introduce hyperspherical coordinates

M2 ... 7A—1 —>p=\/77§+77§+~-+773;7179

3. Expand the wave function using hyperspherical harmonics

U(p, Q= Y. Rup)Vix(Q)

K<Kmazx

4. Solve the Schrédinger equation

1(0> 34-408 K?
H=->|-—+ e Y Vit Vij
2<ap2 ) Op p2> ; ’ ;k "




Not so fast !!!

There are two Major obstacles

The HH basis has no good
permutational symmetry.
(Anti)Symmetrization must be
enforced.

B For some nuclear forces the
convergence of the HH expansion
is notoriously slow and must be
accelerated.
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- Symmetrization

Strategies

Apply the anti-symmetrization
to the HH basis

A= " sign(g)g

gESA

Do it recursively in steps
A= (1 C(1,A) —(2,A) — .. (A 1,A))
x(l —(1,3) - (2‘,‘3‘)) x (1 - (1,2))

Generate HH states from HO
Slater determinant.

det(HO) = 67%02,01{14(3}(9))((51'7 tz))

Use the group of kinematic
rotations n, — n}; = gn,

At a cost of A! operations.

At a cost of (A —1)
operations.

Probably the only viable
way to extend HH
calculations to large A.
There are CM issues.
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(Anti) Symmetrization via Kinematic rotations
Using the group of kinematic rotations 1, = gn,, the HH symmetrization
can be carried out in two steps
HH — O(Afl)

and
Oca—1) — Sa

In short we use the following group-subgroup chain
O34-1) CO3®0-1) CO3® Sa
K LM Aa_1 LM Yu
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- Symmetrization

(Anti) Symmetrization via Kinematic rotations
Using the group of kinematic rotations 1, = gn,, the HH symmetrization
can be carried out in two steps
HH — O(Afl)
and
Oca—1) — Sa
In short we use the following group-subgroup chain
O34-1) CO3®0-1) CO3® Sa
K LM Aa_1 LM Yu

6-body system: A comparison between direct symmetrization and
symmetrization through the kinematical group O(A-1)

K| HH—S4 HH—Owu_1y Owa_1) — Sa Ratio

2 198 56 108 1.21
4 11308 728 1528 5.01
6 516647 8771 16511 20.44
8 107 84700 127544 47.12



- Convergence

Convergence - Statement of the problem

200 -4

MTV —— Volkov —8—
Volkov —— MTV —=—

V [Mev]
8
/

E[Mev]

m For potentials with Coulomb type singularities the HH expansion of ¥
converge as K2,

m For Gaussian potentials U converge as e~ ¢Kmaz,

m Actually. The problem is not the slow convergence rate but rather the
fast growth in the number of HH states.
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L Conv

Strategies

Convergence

Correlations: CHH, PHH, CFHHM ...

U(p, Q) = F(ry) Z Rir)(p)Vix1 ()

K<Kmaz

Basis Reduction: The potential basis (Fabre de-la Ripple), The Pisa
Group, Efros.
For a Bose-system this expansion may take the following form

ZZR( ()Y () + ZZR&?) K (i) + -
ij 17,kl

Effective interaction for the HH expansion. Replace the bare potential
by an effective one:
Ve v

®) 3)
Vi — Vs



The Effective Interaction Hyperspherical Harmonics (EIHH)

The VE(; } is derived from a ”2-body” Hamiltonian

1 K? . , R
Hx(p) = %? +V(F= \/ipsmozN ‘AN,
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The Effective Interaction Hyperspherical Harmonics (EIHH)

The V2 oF f is derived from a ”2-body” Hamiltonian

1 K?
Ha(p) = == + V(= v2psinan i),
m p?
The effective Hamiltonian is constructed through the Lee-Suzuki similarity
transformation

1+w

Hyepr(p) = U (p)Ha(p)U(p) ; U= m
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L The EIHH method

The Effective Interaction Hyperspherical Harmonics (EIHH)

The V2 oF f is derived from a ”2-body” Hamiltonian

1 K?
Ha(p) = == + V(= v2psinan i),
m p?
The effective Hamiltonian is constructed through the Lee-Suzuki similarity
transformation
14+w

Hyepr(p) = U (p)Ha(p)U(p) ; U= m

The operator w = QwP is given by

(aliy = (alwlp)(pli) ; Hali) = Eili)

«

Finally the effective interaction is given by

Vaers(p) = Haers(p) — 5~ 7
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Examples

4-body ground-state

Convergence of the ETHH method for *He binding energy Fj, [MeV] and
root mean square matter radius (1"2)% [fm] with AV18 and AV18+4UIX

potentials.
AV18 AV184-UIX
Knax E, (r?)2 E, (r?)2
6 25.312 1.506 26.23 1.456
8 25.000 1.509 27.63 1.428
10 24.443 1.520 27.861 1.428
12 24.492 1.518 28.261 1.427
14 24.350 1.518 28.324 1.428
16 24.315 1.518 28.397 1.430
18 24.273 1.518 28.396 1.431
20 24.268 1.518 28.418 1.432
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- Convergence

Examples

4-body ground-state

Convergence of the method for *He binding energy E, [MeV] and
root mean square matter radius (7'2>% [fm] with AV18 and AV18+4UIX
potentials.
AV18 AV18+UIX
Komas By (r*)2 By (r*)2
6 25.312 1.506 26.23 1.456
8 25.000 1.509 27.63 1.428
10 24.443 1.520 27.861 1.428
12 24.492 1.518 28.261 1.427
14 24.350 1.518 28.324 1.428
16 24.315 1.518 28.397 1.430
18 24.273 1.518 28.396 1.431
20 24.268 1.518 28.418 1.432
FY [Nogga] 24.25 28.50
FY [Lazauskas] 24.22 1.516
HH [Viviani] 24.21 1.512 28.46 1.428
GFMC [Wiringa] 28.34 1.44
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- Convergence

Examples

BENCHMARK for “He ground state with AV8’ potential
H. Kamada et al., PRC 64 044001 (2001)

Method (T) (V) Ey (r2)
FY 102.39(5)  -128.33(10)  -25.94(5) 1.485(3)
CRCGV  102.25 -128.13 -25.90 1.482
SVM 102.35 -128.27 -25.92 1.486
HH 102.44 -128.34 -25.90(1) 1.483
GFMC  102.3(1.0) -128.25(1.0) -25.93(2) 1.490(5)
NCSM  103.35 -129.45 25.80(20)  1.485

EIHH  100.8(9)  -126.7(9) -25.944(10)  1.486
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Examples

The effective 3-body force

Convergence of °Li ground state with the AV8’ NN potential

] Kumax | BEV®eff | BE. (K3 =16) | BE. (K5 =20) |
2 39.80 38.83
4 33.43 30.37 30.27
6 31.02 31.11 30.94
8 31.13 31.17 30.94

10 30.23 31.22 30.88
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- Convergence

Examples

The effective 3-body force

Convergence of °Li ground state with the AV8’ NN potential

] Konax | BEV®eff | BE. (K3 =16) | BE. (K5 =20) |
2 39.80 38.83
4 33.43 30.37 30.27
6 31.02 31.11 30.94
8 31.13 31.17 30.94
10 30.23 31.22 30.88
NCSM [Navratil] 30.30

GFMC [Pieper]

29.70(5)
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- Convergence

- Examples

ETHH for Non-local interactions

Local potential: v p) was derived using the fact that V' is diagonal in
eff

configuration space.

Non-local potential: (or in general) we can construct EI from a ”2-body”
Hamiltonian of the form:

1 .y, 1
(nHaln) = 5K (0l 25 m) + (nfVa,a-1|m)

In this case

2 2 1 KQ 2
(nlV.FHN') = 8 (I HPy = 5= |m) + (1= 6, ) (VP )

P
Trame—— -16

.51 s He Vigo =

T v

-22 *He- Ve ——
o’ w2

28 e .

30 Bp

= -32 Bp——|
30 -34
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Transformed with Lorentzian kernel

2
\ |2

L(o) = /(/W,E(iff)w o /(/l.‘/, “x\l‘,/ ‘_() z,)\ N
' . (‘w'*f")"‘rl' . (]_‘,/*L,*(T)—Jrl—
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Reactions

The nuclear response function

R(w) = /d«z)f\wi 1O ) 28(Ey — Fi - w)

Transformed with Lorentzian kernel

_ Rw) |_ (s 10w
Uo) = [t =it |= [ e

The transform can be written as
L ' . 1 1 A
L(U):/(]l'f‘(:l', | O | )= - — — - — (s | O | )
) ) VEy—FEi—o0c—il'Ey —E; —o+1l
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Reactions

The nuclear response function

R(w) = /d«z)f\wi 1O ) 28(Ey — Fi - w)

Transformed with Lorentzian kernel

_ Rw) |_ (s 10 v
Uo) = [t =i |= [ e

The transform can be written as

. 1 1
L(U):/dwfwi|O‘wf>Ef—E'—a—iFEf—Ev—U+iF

(1/)f|é|¢i>

. ] .
—,‘l'/,\'\ﬂt‘/ ‘—,()
H—-FE;,—o0—il ! H—-FE;,— o+l



HH Weakly Bound

L Reactions

The Lorentz Integral transform (LIT) method

Using closure
, . 1 1 . -~
L = (|0 O | i) = (W | )
() VO —e i BB —oga” |V = WY
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The Lorentz Integral transform (LIT) method

Using closure

L) = @Wi0 ! !

H—-FE,—oc—i{"H—-E; -0+l
| 4) is the solution of the Schrédinger like equation

(H—Eo—a+if)‘¢>zélwo>-

Ol i) = (@ 19)

The LIT equation is just the Schrédinger equation with a source.

The only solution to the homogeneous equation is the trivial =0
solution.

Since the source is localized z; — 0asr — .
The LIT equation can be solved using bound state methods !!!
R(w) is obtained trough inversion of the transform, L(o).

V. Efros, W. Leidemann, and G .Orlandini, PLB 238,
130 (1994).
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Photoabsorption of Nuclei

Real Photon

&P ol = w

o (w) = 4r°awR ()

R(w) = ﬁj (W [EL| Wo) [ 6(Ey — o —w)

f
A 1+Ti3

El = Z (I‘i — RCM) 5

The MEC are implicitly included in the El-response via the Siegert theorem

(Eov Po)

Alternatively.... — g--e] T b
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3.5
L AV4  —— 4
3t 4 MN
3.5 - MTI=IIl —— 1
2.5
= =
E 27 E,
= L =
g 15 g
1l
0.5 |
o Lt
o 20 40 60 80 100 o 20 40 60 80 100
w [MeV] w [MeV]

Bacca, Marchisio, Barnea, Leidemann, Orlandini, PRL 89 (2002)
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Six-body Photoabsorption

3.5
AVA al AV4  —— i
3 E— MN ——
_— 3.5 - MTI=IIl —— 1
2.5
= = 8 ]
£ 2t E L ]
= L = t 4
g 15 g I 1
1l
05| | L J
o Lt
o 20 40 60 80 100 o 20 40 60 80 100
w [MeV] w [MeV]

Bacca, Marchisio, Barnea, Leidemann, Orlandini, PRL 89 (2002)

Th @ ol

neutrons protons halo a-core neutrons protons
6Lj 6He 6He
AVA V<r?> fm \/<rp>1fm
2.41(5) 1.80(4)

PRL 93 (2004) 142501 1.912+0.018
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Six-body Photoabsorption - Comparison with experiment

| MN —  MTIl— | 4
Berman (65) = MN %
oy 37 Junghans (79) o 3 MTI-HI
S b shin (75). = Aumann (98) «
= 9 E
3 sLj 2
° o
6He
1t 1
] &p
ep &
oL+~ . . . 0 ! S
0 5 10 15 20 25 30 35 0 1 2 3 4 5 6 7 8
w [MeV] o [Mev]
S. Bacca, N. Barnea, W. Leidemann, and G. Orlandini, PRC 69, 057001
(2004)

m MTI-III and MN are dominant S-wave potentials
(L-even) interactions
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Six-body Photoabsorption - Comparison with experiment

| AVA—  MN—  MTHI— | 41 Ava i ‘
Berman (65) = MN —_— % - -
= 31 Junghans (79) o g| MTHIL —
S b shin (75). = Aumann (98) «
= 9 E
3 L 2
) ¢ $g, 1 °
R 6He
T
1t i Eiii;iih %;%; 1 1
exp [ 1 ar
oz ol 1 -
0 5 10 15 20 25 30 35 0 1 2 3 4 5 6 7 8
o [MeV] o [MeV]
S. Bacca, N. Barnea, W. Leidemann, and G. Orlandini, PRC 69, 057001
(2004)

m MTI-III and MN are dominant S-wave potentials
(L-even) interactions

m AV4’ contains also (L-odd) interactions
Dominant S- and P-wave Potential
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Summary and Conclusions
The HH expansion (with some modifications) is well adapted for
treating weakly bound states.

In few-body nuclear physics we see intensive application of the HH
method to study bound states and reactions.

Extending the HH method to study large systems A > 10 is an open
challenge.

Thanks, and enjoy the workshop !!!




HH Weakly Bound

Conclusions

References

Reviews for the HH expansion and results

A. Kievsky, S. Rosati, M. Viviani, L. E. Marcucci, and L. Girlanda
J. Phys. G 35 063101 (2008)

R. Krivec
Few-Body Sys. 25 199 (1998)
Review of the LIT method and applications

V. Efros, W. Leidemann, G. Orlandini, and N. Barnea
J. Phys. G 34 R459 (2007)



	Nuclear force models
	Hyperspherical Harmonics
	Short History
	Construction
	Summary

	Symmetrization
	Convergence
	Strategies
	The EIHH method
	Examples

	Reactions
	Conclusions

