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Interacting fermions:

Examples: electrons, quasiparticles, fermionic atoms such as 6Li, 49K.

Generic action:

S = TZ%k iwy, — E)Voi + T Z ZUO k1, ko, k3) Yoy Vo ks Yoy Yoky

ky ko k3 0,0
where: 35 4
k= (wn, k)
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Frequency-dependent interactions

Examples:

Dynamical Coulomb screening
Phonon-mediated interactions

Interactions mediated by BEC fluctuations

Uo(ku, ko, k3)

Interactions mediated by any boson-exchange coupling

Retardation effects important when

UB,SUF
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2N (0)g° /wE

Uo(k1, ko, ks) = uo(ky, ko, k3) — 2g(k1, k3)g(ka, ks) D(k1 — k3)




Circular Fermi surface, isotropic interaction, BCS channel:

s-wave: | §(wq,ws) /d01/d63 —ks, k3, —kq, k1)
. d . > dw Ay v(w1,w, )0(w,ws, £)
RG for the couplings: — V) = —
Pling dgv(wlpw& ) /OO T A%—i—Zf(w)wQ

Initial condition:
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Self-energy correction:
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A7 + 772 (w)w?

matrix equation: U; = v(w;, ;)

a0
d¢

- -U-M-U

Exact solution:

Coupling diverges at t = {_ , where:

[1+U(0)- P(6)] U(0)

/O E dOM(1) .

det [1 + U(0) - P(£.)] = 0




Weak-intermediate coupling
McMillan, ‘68

Strong Coupling
Allen-Dynes, ‘75

T* calculated from:

det [1 + U(0). P(T*wg)] = 0

A =2N(0)g*/wg

Effective e-e interaction:

1 =wuo/(1+ug In(Ag /wE))

SWT, AH Castro Neto, R Shankar, DK
Campbell, PRB 72, 054531(2005)
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matrix equation:  U; = v(w;, ;)

Exact solution:

— _U-M-U U() = [1+U(0)-P)] " U(0)
P(l) — / M)

a0
d/¢

Coupling diverges at £ = {_, where: |det |1+ U(0)-P({:)] = 0‘

which is equivalent to: ‘[1 +U(0)-P(l.)] - f = 0‘

0= [ ), “meAse )

— gives ELIASHBERG’s equations at T=T,




Finite temperature: find a temperature T~
above which Fermi liquid is stable

Wp =aT*(2n + 1) A, — 0
Define: | ¢(wy,) = f(wn)/Z(wn)
Interaction:
O Z(@n)d(wn)=—nT" ) [uo—AwpD(wp—wn)] gb&:l)

™m.

— < Self-energy:

~ Z(wn) =14+ \wg

s

T*
Z s (W ) D(wn — wim)
Wn

» Eliashberg’s equations




RG evolution of the couplings in the BCS channel (A = 0.3, 4.0)
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Figure 1: Plots of the NxN matrix U7 at different RG scales £. Here the number of frequency divisions N =200, and the value
of the parameters used are A=0.3, Ao= 100, wgp=10, uo=0.1. Panels correspond to ¢ = 0, 2.5, 3, 5, 6.5, 6.9, 7.1, and 7.19.
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Figure 2: Plots of the NxN matrix [ at different RG scales £. Here the number of frequency divisions N =200, and the value
of the other parameters are A=4, Ao = 100, wp = 10, and up=0.1. Panels correspond to £ = 0, 1, 2, 2.5, 3, 3.13, 3.157, 3.172.
The scale 2W, == 40 distingnishes the high and low frequencies close to ..
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Circular Fermi surface, but anisotropic boson-exchange couplings

FIG. 2: Same as Fig.[1] but for the d,2_,2-channel, v = 2.
The six panels on the left side are the evolution of the matrix
elements at weak coupling, A = 0.4 and the panels on the

right side are the same but for the strong coupling regime,
A=4.0

Generalized Eliashberg equations.

R. Roldan, SWT, M. P. Lopez-Sancho, PRB 2009




Large-N analysis: . i

N=E./A

R. Shankar, Rev. Mod.
Phys. 68, 129 (1994)




Migdal’s theorem (‘58) \.\
u~g?~1/N

tHooft 1974

A - A <o Selfenergy
i

No e-ph vertex
-l L:vv:j — X 94/N2 corrections




1D Holstein-Hubbard model:
A

— _fz Ciiy oCio+Hec)+U anln |
—{—g],.‘[,Z(u + a;) ’”+’°(’Z[) b;,
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CDW

SDW

}\, - depz l (DO Ueff U - }\.

J. E. Hirsch and E. Fradkin, PRB 27, 4302 (1983)

also: H. Fehske, et al., PRB 69, 165115 (2004);
l. P. Bindloss, PRB 71, 205113 (2005)



More recently a third phase has been proposed:
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R. T. Clay and R. P. Hardikar, PRL 95,
096401 (2005)
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From Tomonaga-Luttinger liquid theory:

OCDW ~ x Kp

also: C. Wu, et al., PRB 52, 15683 (1995)
E. Jeckelmann, et al., PRB 60, 7950 (1999)

Y. Takada and A. Chatterjee, PRB 67, 0811102 (2003)

Y. Takada, J. Phys. Soc. Jpn., 65, 1544 (1996)



K.-M. Tam et al., PRB 75, 161103 (2007)

Functional RG analysis:

g1 — g1(wi,ws,ws,ws)
g2 — g2(w1, w2, ws, w4)
g3 — gz(wi,ws,ws,wsq)
g1 — ga(wi,ws,ws,ws)

W1 + w2 = w3 + w4

. 4
Initial conditions: t :X - >< ! >W"<
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RG flows of susceptibilities and couplings (o, = 1):
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K.-M. Tam et al., PRB
Frequency structure of g;(w,,0,,w;,m,)  [75 161103007
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How to conciliate with Kp > 1:

* Kp > 1 does not mean SC is dominant!

OODW(IL') x x—aKp — m—KCDW
O°“(z) x g7 P/ Ke = g—Ksc

D. Loss and T. Martin, PRB 50, 12160 (1994)
M. Tezuka, et al., PRL 96, 226401 (2005)

Ladder systems:

K.-M. Tam et al., PRB 75,
195119 (2007)

Direct calculation of susceptibilities (Determinantal Quantum

Monte-Carlo): -
—— pairing correlation
0.04 —o— charge correlation
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real space distance

K.-M. Tam et al. (unpublished)



Two-patch model for van Hove problem:

{0,1)

H. Schulz, Europhys. Lett. (1987)

0.0) G

N > N\

g =Ai(1221) g,= u(ll1l) g,= u(2211) £, u(1212)

phonon coupling: )\ =2N(0)g®/wE



Allow for anisotropic phonons, calculate flow of susceptibilities:

Uy = 0.5, w = 1.0
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FIG. 1: (Color online) Phase diagram for Einstein phonons
of frequency wy = 1.0. Four phases involving antiferro-
magnetism (sSDW) (purple squares), charge density wave
(sCDW) (green stars) and s-wave (sSC) (blue circles) and
d-wave (dSC) (red rhombs) superconductivity compete in the
vicinity where the average phononic strength A approaches
the bare on-site repulsion u; = 0.5. The lines distinguishing
the different domains are guides to the eye.
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RG evolution of g,(w,, - w4, w5, - w;) for A,=0.6, A_=0.4, and w.=1.0.
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Summary:

- Functional RG for interacting fermions with frequency-dependent
interactions.

- Multiple energy scales.

- Applications:

. 2D Circular Fermi surface, Eliashberg equations, large-N expansion
- 1D Holstein-Hubbard model

- 2D square lattice at half-filling

Fermion-Boson mixtures of cold atoms:

- fermionic atoms + BEC of bosonic atoms

- on-site repulsion + long-range attraction + lattice geometry
- Square lattice, triangular lattice

« L. Mathey et al., PRL 2006; PRB 2007, Klironomos et al., PRL 2007.
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