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          The QCD phase diagram 
                
                with RG methods



• QCD phase diagram

• Quark confinement & chiral symmetry breaking

• Chiral phase structure at finite density

• Summary and outlook

                 Outline  
                           



QCD phase diagram



FAIR, www.gsi.de

Strongly correlated quark-gluon-plasma

’RHIC serves the perfect fluid’

hadronic phase

confinement & chiral symmetry breaking

                 Phase diagram of QCD  
                           

massless quarks (chiral symmetry)

deconfinement

quarkyonic:

confinement & chiral symmetry?

http://www.gsi.de
http://www.gsi.de


          Phase diagram of two flavour QCD  
                           

(chiral limit)

 0

 0.2

 0.4

 0.6

 0.8

 1

 150  160  170  180  190  200  210  220  230

T [MeV]

fπ(T)/fπ(0)

Dual density

Polyakov Loop

160 180 200

χ
L

,d
u

a
l

 0

 50

 100

 150

 200

 250

 300

0 π/3 2π/3 π 4π/3

T
 [

M
e

V
]

2πθ

Tconf

Tχ

RG-flows in QCD

Braun, Haas, Marhauser,JMP ’09

Schaefer, JMP, Wambach ‘07

(chiral limit)

PNJL & PQM model

Continuum methods

Fukushima ’03
Ratti, Thaler, Weise ’06

Back-coupling of matter 
fluctuations to YM-sector



          Phase diagram of two flavour QCD  
                           

(chiral limit)

 0

 0.2

 0.4

 0.6

 0.8

 1

 150  160  170  180  190  200  210  220  230

T [MeV]

fπ(T)/fπ(0)

Dual density

Polyakov Loop

160 180 200

χ
L

,d
u

a
l

 0

 50

 100

 150

 200

 250

 300

0 π/3 2π/3 π 4π/3

T
 [

M
e

V
]

2πθ

Tconf

Tχ

Continuum methods

Braun, Haas, Marhauser,JMP ’09

(chiral limit)

   
   

  F
ull

 d
yn

am
ica

l Q
CD

PNJL & PQM modelRG-flows in QCD
Fukushima ’03

Ratti, Thaler, Weise ’06

Back-coupling of matter 
fluctuations to YM-sector

Schaefer, JMP, Wambach ‘07



Quark confinement & chiral symmetry breaking



                                Confinement

• Confinement: 

• Deconfinement:
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                                Confinement

• Confinement: 

• Deconfinement:

•          - symmetry:  

• broken by dynamical quarks

r

q q̄

q

q q

q̄

q̄q̄
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Order parameter

string breaking at r ≈ 1.1fm

Φ = e−
1
2 βFqq̄(∞)

Φ =0

Φ != 0

Symmetry 

Z3 q → zq

∼ ′〈q〉′



                  Chiral symmetry breaking 
       

chiral symmetry

chiral symmetry breaking



∝ α2
s

∫
d4x λψ

[
(q̄q)2 − (q̄γ5q)2

]

〈q̄q〉 #= 0

〈q̄q〉 q̄qmass term: 

                  Chiral symmetry breaking 
       



                  Chiral symmetry breaking 
       

• chiral symmetry: 

• symmetry breaking: 

•  

• broken to 

Order parameter

σ = 〈q̄q〉

σ = 0

σ != 0

chiral condensate

Symmetry 

SUL(Nf )× SUR(Nf )

SU(Nf )
mass term: 

∫
d4x λψ

[
(q̄q)2 − (q̄γ5q)2

]

〈q̄q〉 #= 0

∝ α2
s

〈q̄q〉 q̄q



Functional RG



 

• Introduction to Functional RG flows & some results in QCD (talks & lit)

• Integrals from differential equations: The FRG-idea in 0+0-dimensions                                  

• Confinement & chiral symmetry breaking from Functional Methods 

• On the phase diagram of QCD

• Aspects of the Functional RG

                           Functional RG
                                 

http://www.thphys.uni-heidelberg.de/~pawlowsk/NPgauge/bonus/idea.pdf
http://www.thphys.uni-heidelberg.de/~pawlowsk/NPgauge/bonus/idea.pdf
http://www.thphys.uni-heidelberg.de/~pawlowsk/talks/berlin08.pdf
http://www.thphys.uni-heidelberg.de/~pawlowsk/talks/berlin08.pdf
http://www.thphys.uni-heidelberg.de/~pawlowsk/talks/riezlern
http://www.thphys.uni-heidelberg.de/~pawlowsk/talks/riezlern
http://www.thphys.uni-heidelberg.de/~pawlowsk/FRG/literature/aspects.pdf
http://www.thphys.uni-heidelberg.de/~pawlowsk/FRG/literature/aspects.pdf


 

• Yang Mills Theory: 

• Fermions are straightforward  though ‘physically’ complicated

• no sign problem  numerics as in scalar theories

• chiral fermions  reminder: Ginsparg-Wilson fermions from RG arguments

• bound states via dynamical hadronisation   effective field theory techniques applicable 

RG-scale k: t = ln kφ = (A, C, C̄)

∂tΓk[φ] = 1

2

⊗

−

⊗

k∂kΓk[φ] =
1
2
Tr

1

Γ(2)
k [φ] + Rk(p)

k∂kRk(p)

                           Functional RG
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• Yang Mills Theory:

• Flow infrared finite   

RG-scale k: t = ln kφ = (A, C, C̄)

∂tΓk[φ] = 1

2

⊗

−

⊗

                           Functional RG
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• Yang Mills Theory:

• Flow ultraviolet finite   

RG-scale k: t = ln kφ = (A, C, C̄)

∂tΓk[φ] = 1

2

⊗

−

⊗

                           Functional RG
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• Yang Mills Theory:

• Perturbation theory 

                           Functional RG
                                 

RG-scale k: t = ln kφ = (A, C, C̄)

∂tΓk[φ] = 1

2

⊗

−

⊗

k∂kΓk[φ] =
1
2
Tr

1

Γ(2)
k [φ] + Rk(p)

k∂kRk(p)

∂tΓk[φ] = ∂t
1
2
Tr ln

(
S(2)

cl [φ] + Rk(p)
)



 

• Yang Mills Theory:

• Full flow 

                           Functional RG
                                 

RG-scale k: t = ln kφ = (A, C, C̄)

∂tΓk[φ] = 1
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+ ∂tΓ
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RG-improvement



Confinement



                                 Confinement
                                 Perturbation theory
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V UV[A0] =
1

2Ω
Tr lnS(2)

AA[A0]−
1
Ω

Tr lnS(2)
CC̄

[A0]

β4V UV[A0]
SU(2)

gβAc
0

SU(2) : Φ[A0] = cos
1
2
βgAc

0 with A0 = Ac
0

σ3
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                                 Confinement
                                 Continuum methods

Braun, Gies, JMP ‘07

V [A0] = −1
2
Tr log〈AA〉[A0] + O(∂t〈AA〉) − Tr log〈CC̄〉[A0] + O(∂t〈CC̄〉) + O(V ′′[A0])

(Functional RG-flows)

p0 → 2πTn− gA0

p2〈A A〉(p2) p2〈C C̄〉(p2)

p [GeV] Fischer, Maas, JMP ’08
       JMP, in preparation



                                 Confinement
                                 Continuum methods

p2〈A A〉(p2) p2〈C C̄〉(p2)
subleading for Tc,conf

V [A0] = −1
2
Tr log〈AA〉[A0] + O(∂t〈AA〉) − Tr log〈CC̄〉[A0] + O(∂t〈CC̄〉) + O(V ′′[A0])

‘Polyakov loop potential’ 

Braun, Gies, JMP ‘07

p [GeV] Fischer, Maas, JMP ’08
       JMP, in preparation



k ∂k
−1 = −

⊗
−

⊗
+1

2

⊗
+1

2

⊗

−1
2

⊗

+

⊗

k ∂k
−1 =

⊗
+

⊗

−1
2

⊗

+

⊗

                                Confinement
                                 Computation of propagators



                                Confinement
                                 Computation of propagators



                                 Confinement
                                 

Braun, Gies, JMP ‘07
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                                 Confinement
                                 

Braun, Gies, JMP ‘07

SU(N), G(2), Sp(2): Braun, Eichhorn, Gies, JMP, in preparation
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Braun, Gies, JMP ‘07

βgA0

2π

β4 V [A0]
SU(2)

260 MeV

266 MeV

270 MeV

275 MeV

285 MeV

Tc = 266± 10 MeV Tc/
√

σ = 0.605± 0.023 lattice : Tc/
√

σ = 0.709

Φ[A0] = cos
1
2
βgA0 Φ[π/(βg)] = 0



                                 Confinement
                                 

Braun, Gies, JMP ‘07
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Braun, Gies, JMP ‘07
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Universality?



      Universal properties & gauge independence 
                                 

JMP, Marhauser ‘08

Φ[A0]

T/Tc



      Universal properties & gauge independence 
                                 

JMP, Marhauser ‘08

Φ[A0]

T/Tc

Universality from V ′′ − terms



Phase structure at vanishing density



                  Chiral symmetry breaking 
       

• Ka

λ̂ψ

∂tλ̂ψ



                  Chiral symmetry breaking 
       

∫

p



                  Chiral symmetry breaking 
        Dynamical hadronisation (Functional RG-flows)

∫ k

k−dk

Dyn
am

ica
l

∫ k

k−dk

JMP ‘05

Gies, Wetterich ‘01

Flörchinger, Wetterich ‘09



        Full dynamical QCD: N_f = 2 & chiral limit

• RG-flow of Effective Action (Effective Potential) 

• flow of gluon propagator

Continuum methods (Functional RG-flows)

pure gauge theory flow     +       +     

quark quantum 
fluctuations

mesonic quantum 
fluctuations

∂tΓk[φ] = 1

2
− − + 1

2

 ...     



Continuum methods
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        Full dynamical QCD: N_f = 2 & chiral limit



Continuum methods & lattice

compatible with Karsch et al ’09

compatible with Fodor et al ’09

Nf = 2 + 1

Nf = 2 + 1
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Continuum methods & lattice
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Phase structure at finite density



                  Imaginary chemical potential

• Roberge-Weiss symmetry

Lattice & Continuum QCD

µI = 2πTθψθ(t + β, #x) = −e2πiθψθ(t, x) with

RW transition

RW Endpoint

chiral transition

2(chemical potential)
0

QGP

Hadrons

T
RW

T

−(2πTθ)2
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Continuum methods

chemical potential : µ = 2πi T θ
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        Full dynamical QCD: N_f = 2 & chiral limit



Continuum methods & lattice

lattice results 
Kratochvila et al ‘06 & Wu et al ‘06

adjust 8-fermi interaction

Polyakov-NJL model 
Sakai et al ‘09

compatibility
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        Full dynamical QCD: N_f = 2 & chiral limit



Herbst, JMP, Schaefer, in prep 

Polyakov - Quark-Meson model

             A glimpse at real chemical potential 

Mean field

quark-meson

fluctuations

quark fluctuations

in YM sector
Schaefer, JMP, Wambach ’07

RG

HTL/HDL



Summary & Outlook
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• Phase diagram of QCD

• Confinement & chiral symmetry breaking at finite temperature
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• Phase diagram of QCD

• Confinement & chiral symmetry breaking at finite temperature

• Dynamical hadronisation

• Next steps: real chemical potential & 2+1 flavours

QCD flows dynamically into hadronic effective theories

work in progress
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• Phase diagram of QCD

• Confinement & chiral symmetry breaking at finite temperature

• Dynamical hadronisation                                                                        

• critical point and phase lines in effective theories

• Hadronic properties

• Next step  

Top-down meets bottom-up

Refine effective hadronic theories

e.g.
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                      Summary  & outlook
 

• Phase diagram of QCD

• Confinement & chiral symmetry breaking at finite temperature

• Dynamical hadronisation                                                                         

• critical point and phase lines in effective theories

• Hadronic properties

• non-equilibrium physics



Additional material: dual density



        Full dynamical QCD: N_f = 2 & chiral limit

• RG-flow of Effective Action (Effective Potential) 

• flow of gluon propagator

Continuum methods (Functional RG-flows)

pure gauge theory flow     +       +     

quark quantum 
fluctuations

mesonic quantum 
fluctuations

∂tΓk[φ] = 1

2
− − + 1

2

 ...     



                  Imaginary chemical potential

• Roberge-Weiss symmetry

Lattice & Continuum QCD

µI = 2πTθψθ(t + β, #x) = −e2πiθψθ(t, x)

Zθ = Zθ+1/3

with

deconfining confining



                  Imaginary chemical potential

• Roberge-Weiss symmetry

Lattice & Continuum QCD

µI = 2πTθψθ(t + β, #x) = −e2πiθψθ(t, x) with

RW transition

RW Endpoint

chiral transition

2(chemical potential)
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QGP
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T
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                    Dual order parameter

• Lattice

• Continuum 

Lattice & Continuum QCD

z = e2πiθz order parameter for confinement

Oθ = 〈O[e2πiθt/βψ]〉 with ψθ(t + β, #x) = −e2πiθψθ(t, x)

imaginary chemical potential µ = 2πiθ/β for ψθ = e2πiθt/βψ

Dual order parameter

Braun, Haas, Marhauser, JMP ‘09 

Bruckmann, Hagen, Bilgici, Gattringer ‘08

Fischer, ’09; Fischer, Mueller ‘09 

Gattringer ‘06                                                                                       
Synatschke, Wipf, Wozar ‘08

imaginary chemical potential

Õ =
∫ 1

0
dθOθe

−2πiθ



• no imaginary chemical potential (lattice studies): 

• imaginary chemical potential I: evaluated at equations of motion

• imaginary chemical potential II: evaluated at a fixed background

Lattice & Continuum QCD

Õ =
∫ 1

0
dθOθe

−2πiθ

                    Dual order parameter

Õ[〈A0〉θ] ≡ 0

Õ[〈A0〉θ] #= 0

Roberge-Weiss

breaking of Roberge-Weiss

DSE: 4 loop and more Õ FRG: 3 loop and more

standard FRG & DSE
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                    Dual order parameter
Continuum methods (Functional RG-flows)

z = e2πiθz

∫ 1

0
dθOθe

−2πiθ order parameter for confinement

Braun, Haas, Marhauser, JMP ‘09 

fπ

θ

fπ(T, θ)

Oθ = 〈O[e2πiθt/βψ]〉 with ψθ(t + β, #x) = −e2πiθψθ(t, x)

T T

imaginary chemical potential µ = 2πiθ/β for ψθ = e2πiθt/βψ

’fermionic pressure difference’ p(T, θ) ! P (T, θ)− P (T, 0)

fixed A0: no Roberge-Weiss periodicity

θ

p



        Full dynamical QCD: N_f = 2 & chiral limit
Continuum methods
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        Full dynamical QCD: N_f = 2 & chiral limit
Continuum methods
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∆ñ
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Braun, Haas, Marhauser, JMP ‘09 



        Full dynamical QCD: N_f = 2 & chiral limit
Continuum methods & lattice

compatible with Karsch et al ’09

compatible with Fodor et al ’09
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        Full dynamical QCD: N_f = 2 & chiral limit
Continuum methods

chemical potential : µ = 2πi T θ
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        Full dynamical QCD: N_f = 2 & chiral limit
Continuum methods & lattice

lattice results 
Kratochvila et al ‘06 & Wu et al ‘06

adjust 8-fermi interaction

Polyakov-NJL model 
Sakai et al ‘09
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