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Dyson’s Hierarchical Model
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D : Dimension of the system.

φ : Scalar field in the configuration space.

c
4 = b−2−D : Control the decay of the interaction.

bD : Number of sites blocked in each RG iteration.

a : Lattice Spacing.

Λ : UV cutoff.
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Block Spin:

Lattice Spacing a → ba

UV cutoff Λ → Λ
b

The blocking parameter b can be continuous in the
momentum space.
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Dyson’s Hierarchical Model

Choices of initial measure:

Ising Measure: W0(φ) = δ(φ2 − 1)

Landau-Ginsburg measure: W0(φ) = exp(−1
2m

2φ2 − λφ4).

Block Spin transformation:

Wn+1(φ) = Cn+1e
β

2
( c
4
)n+1φ2 ∫

dφ
′

Wn(
(φ−φ

′
)

2 )Wn(
(φ+φ

′
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2 )

Fourier transform of the measure:

Wn(φ) =
∫

dk
2πe

ikφRn(k)
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Dyson’s Hierarchical Model

Recursion formula of the measure: R(k)
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Dyson’s Hierarchical Model

Recursion formula of the measure: R(k)

Rn+1(k) = Cn+1 e
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Ponchiski’s equation:

∂V

∂t
= DV + (1−

D

2
)φ

∂V

∂φ
− (

∂V

∂φ
)2 +

∂2V

∂φ2

HM =⇒ Polchinski’s Equation =⇒ γWP

b → 1
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Dyson’s Hierarchical Model

HM with Ising measure(bD = 2):

γ = 1.299140730159

WP:
γ = 1.299123547761

γWP 6= γbD=2

The difference is in the 5th digit.
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Dyson’s Hierarchical Model

Critical exponent γ for integer bD:
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Dyson’s Hierarchical Model

Critical exponent γ for integer bD:
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Dyson’s Hierarchical Model

Critical temperature for integer bD:
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Dyson’s Hierarchical Model

Fixed point Polynomial for integer bD:
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Linear Analysis

Unnormalized recursion:
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Linear Analysis

Unnormalized recursion:

Rn+1(k) = e−
1

2
β ∂2

∂k2

(

Rn(

√

c

4
k)
)bD

Truncation:

Rn(k) = an,0 + an,1k
2 + an,2k

4 + ...+ an,lmax
k2lmax

or equivalently,

Rn(u) = an,0 + an,1u+ an,2u
2 + ...+ an,lmax

ulmax
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Linear Analysis

Small ζ expansion:

bD = 2 + ζ

c
4 = b−2−D ≈ c0

4 (1−
5
6ζ)
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Linear Analysis

Small ζ expansion:

bD = 2 + ζ

c
4 = b−2−D ≈ c0

4 (1−
5
6ζ)

Fixed point equation:
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Linear Analysis

Fixed point equation:

RGζ=0[R
∗

0] = e−
1
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4
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= R∗

0

RGζ [R
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1] = R∗
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Linearization:

R∗

0 + δR′ = RGζ=0[R
∗

0 + δR] = R∗

0 + L[δR]

RGζ [R
∗
0]−R∗

0

ζ −−−→
ζ→0

L[G]

where L ≈ e−
1

2
βc

∂2

∂k2 [2R∗] is the transfer matrix.
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Linear Analysis

Transfer Matrix:
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Linear Analysis

First order fixed point equation:

L[R∗

1 +G] = R∗

1
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Linear Analysis

First order fixed point equation:

L[R∗

1 +G] = R∗

1

∑

αnvn
∑

βnvn
∑

αnvn

vn : Right eigenvectors of the stability matrix L.
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Linear Analysis

First order fixed point equation:

L[R∗

1 +G] = R∗

1

∑

αnvn
∑

βnvn
∑

αnvn

vn : Right eigenvectors of the stability matrix L.

λnαn + λnβn = αn

⇒ αn = βnλn

1−λn
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Window of Stability
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We need βn to be stable when we increase the polynomial order. However, it is only stable
for some finite lmax.

βn =

<vL|G>

<vL|vR>
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Improvement and Results

Results for noninteger bD:
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Improvement and Results

Results for noninteger bD:
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Further Plan

Develop technique to do large bD calculation.

Try to observe the log-periodic corrections.

Apply two lattice matching to the O(N) models.
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Thank You!
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