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The “exact”, “non perturbative”, “functional” 
Renormalization Group  

Basic strategy (ex scalar field theory)

Control infrared with “mass-like” regulator 

runs from microscopic scale  to zero (regulator vanishes)



An exact flow equation

Theory at “scale”  defined by the regulated action 

or the “effective action”

Exact flow equation (Wetterich, 1993)

Initial conditions



An infinite hierarchy of  
equations for n-point functions

Effective potential

2-point function

Note pattern of couplings 



Approximation schemes

Main interest of the eRG is to offer the possibility to 
implement approximations at the level of the effective 
action itself.



The local potential approximation

Assume for all 

Then

and the equation for the effective potential becomes a closed equation

one gets all correlation functions at once (but only 
at zero external momenta)



Two observations

The vertex functions depend weakly on the loop momentum

The hierarchy can be closed by exploiting the dependence 
on the field

Beyond the local potential approximation
J.-P. B, R. Mendez-Galain, N. Wschebor (PLB, 2006)



BMW Scheme

The 2-point function as an example (LO)



Structure of truncation

(LPA)

(BMW-LO)

etc.

The equation for the 2-point function becomes a closed equation



The equations to be solved (LO)

In fact, one needs to separate p=0 sector

and solve equation for 

NB.



Applications

- Bose-Einstein condensation

- Critical O(N) models

- Finite temperature



shift of BEC transition temperature due to 
weak repulsive interactions

The coefficient c is obtained from the change in the 

fluctuations in a classical field theory at criticality. 

G Baym, J-P Blaizot, M Holzmann, F Laloe, and D Vautherin, PRL (1999)



The calculation of c involves the 2-point 
function at all momenta

Crossover region
dominates integrand



(from F. Benitez, J.-P. Blaizot, H. Chate, B. Delamotte, R. Mendez-Galain, N. Wschebor, 
arXiv:0901.0128 [Phys. Rev. E80 (2009)])

Application to critical O(N) model

results for d=2, N=1

(exact results )
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Illustration of cut-off 
dependence and PMS

Anomalous dimension 

N=1



Scaling functions

Small x

(Ornstein-Zernicke)

large x   (Fisher-Langer)

Interpolation formula (Bray)



18

1 10
x

0

0.02

0.04

0.06

0.08

h
(x

)

BMW
C

2
=1.8 C

3
=-2.28 C

1
=0.924

C
2
=2.55 C

3
=-3.45 C

1
=0.918

Experimental

0 10 20 30 40
x

0

500

1000

1500

S
ca

li
n

g
 F

u
n

ct
io

n

BMW
Experimental Expt: P. Damay et al, 

PRB58 (1998) [ n scatt. 
on CO2 near critical pt]

A closer look :



Non perturbative renormalization group
at finite temperature

( J.-P B, A. Ipp, N. Wschebor, in preparation)



weak coupling
strong coupling

Flow of coupling constant
(LPA)
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Conclusions

eRG is  a nice tool
why does it work so well ? 


