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Why Large Nc QCD ?
1/Nc is a useful perturbative expansion.

In the Nc ➝ ∞ limit baryons fall into 
irreps of the contracted spin-flavor 
algebra SU(2 Nf)c .

Relates properties of states in different 
SU(3) multiplets.            

The breaking of spin-flavor symmetry 
can be studied order by order in 1/Nc  as 
an operator expansion.
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Baryons in large Nc QCD 

nucleon

g ∼
1

√
Nc

Large Nc counting rules 

∼

1

N
m−1
c

m-body operator 

Witten ‘79
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 Quark operator expansion

C.E. Carlson, C.D. Carone, J.L. Goity and R.F. Lebed , PRD59, 114008 (1999) 

R.F.Dashen, E.Jenkins and A.V.Manohar, PRD51, 3697 (1995) 

Mass operator :

J.L. Goity, PLB414, 140 (1997)

Ground state baryons:

Excited  baryons:

Hmass = ∑ ci Oi
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 Quark operator expansion

C.E. Carlson, C.D. Carone, J.L. Goity and R.F. Lebed , PRD59, 114008 (1999) 

where ci  are numbers that must be fitted to data.

R.F.Dashen, E.Jenkins and A.V.Manohar, PRD51, 3697 (1995) 

Mass operator :

J.L. Goity, PLB414, 140 (1997)

Ground state baryons:

Excited  baryons:

Hmass = ∑ ci Oi
power counting
natural size
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The N* spectrum for L=1
N3/2 (1700) 
N5/2 (1675)
N1/2 (1650) 

N1/2 (1535) 
N3/2 (1520)

⊗ =

orbital spin-flavor

S=1/2 ,3/2 mixing

J
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Example: The masses for L=1
Building blocks for the mass operator:

 
SU(4) generators acting on the core 

and  on the excited quark 

   orbital degrees of freedomspin-flavor
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The leading order 

with 

and

CCGL operators 

M̂ = C1O1 + C2O2 + C3O3 + O(1/Nc)
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The leading order 

with 

and
flavor exchange

CCGL operators 

M̂ = C1O1 + C2O2 + C3O3 + O(1/Nc)
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Mixing matrices

two mixing angles θ1/2 θ3/2, .
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M0 = C1Nc − C2 −

5

8
C3

M1 = C1Nc −

1

2
C2 +

5

16
C3

M2 = C1Nc +
1

2
C2 −

1

16
C3

We  expect 5, but we only get 3 different masses !
C.S, D.Pirjol,  Phys.Rev.D67, 096009 (2003)
T.Cohen, R.Lebed,  Phys.Rev.Lett. 91, 012001, (2003)
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The N* spectrum for L=1

N3/2 (1700) 
N5/2 (1675)
N1/2 (1650) 

N1/2 (1535) 
N3/2 (1520) K=2(3/2,5/2)

K=0(1/2)

K=1
(1/2,3/2)

Spectrum in the Nc         ∞    limit 

J = I + K
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SU(4) algebra
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Consistency relations

+

Amplitudes are finite !

R .F.Dashen, E.Jenkins and A.V.Manohar, 
PRD49, 4713 (1994) .

√

Nc

√

Nc

√

Nc

√

Nc
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Λ1/2 Σ1/2 Σ3/2 Σ5/2Λ3/2 Λ5/2

Including 1/Nc and SU(3) 

    Λ(1405)-Λ(1520) mass 
splitting reproduced by  
the L.s operator 

1400

1500

1600

1700

1900

1800
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Including 1/Nc and SU(3) 

N*1/2

1400

1500

1600

1700

1900

1800

N*3/2 N*5/2 Δ*1/2 Δ*3/2
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TABLE I

Operator Fitted coef. [MeV]

O1 = Nc 1 c1 = 449 ± 2

O2 = lh sh c2 = 52 ± 15

O3 =
3

Nc
l
(2)
hk gha Gc

ka c3 = 116 ± 44

O4 =
4

Nc+1 lh ta Gc
ha c4 = 110 ± 16

O5 =
1

Nc
lh Sc

h c5 = 74 ± 30

O6 =
1

Nc
Sc

h Sc
h c6 = 480 ± 15

O7 =
1

Nc
sh Sc

h c7 = -159 ± 50

O8 =
1

Nc
l
(2)
hk sh Sc

k c8 = 6 ± 110

O9 =
1

N2
c

lh gka{Sc
k, G

c
ha} c9 = 213 ± 153

O10 =
1

N2
c
ta{Sc

h, Gc
ha} c10 = -168 ± 56

O11 =
1

N2
c

lh gha{Sc
k, G

c
ka} c11 = -133 ± 130

B̄1 = t8 − 1
2
√

3Nc
O1 d1 = -81 ± 36

B̄2 = T c
8 − Nc−1

2
√

3Nc
O1 d2 = -194 ± 17

B̄3 =
1

Nc
d8ab gha Gc

hb +
N2

c−9
16
√

3N2
c (Nc−1)

O1+

+
1

4
√

3(Nc−1)
O6 +

1
12
√

3
O7 d3 = -150 ± 301

B̄4 = lh gh8 − 1
2
√

3
O2 d4 = -82 ± 57

10

SU(3) 
breaking

C.S., J.L.Goity and N.N.Scoccola, PRL88, 102002 (2002).
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Basic questions 

Is this operator basis general enough ?

What is the physics hidden in the 
coeff. ?

How can we match quark models to        
the 1/Nc expansion ?

C.S and Dan Pirjol, Phys.Rev. D78, 034026 (2008) 
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Recent work:

Theory:    Matching the quark model to 
the 1/Nc expansion                                       
L.Galeta, D.Pirjol, C.S., Phys.Rev.D80, 116004 (2009).                                   

Phenomenology: Two new relations for L=1 
excited baryons                                   
D.Pirjol, C.S., Phys.Rev.Lett.102:152002(2009).
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The Isgur-Karl model 
revisited

The quark spin can be S = 1/2, 3/2, which is combined with the orbital angular momen-

tum L = 1 to give the following N states: two states with J = 1/2 denoted N1/2, N ′
1/2, two

states J = 3/2 denoted N3/2, N ′
3/2, and one state with J = 5/2 denoted N5/2. In addition,

there are also two ∆ states, denoted as ∆J with J = 1/2, 3/2.

States with the same quantum numbers mix, and we define the relevant mixing angles in

the nonstrange sector as

N(1535) = cos θN1N1/2 + sin θN1N
′
1/2 , (3)

N(1650) = − sin θN1N1/2 + cos θN1N
′
1/2 , (4)

for the spin-1/2 nucleons, and

N(1520) = cos θN3N3/2 + sin θN3N
′
3/2 , (5)

N(1700) = − sin θN3N3/2 + cos θN3N
′
3/2 , (6)

for the spin-3/2 nucleons. The quark model basis states (NJ , N ′
J) have quark spin S =

(1/2, 3/2), respectively. It is possible to bring the mixing angles into the range (0◦, 180◦) by

appropriate phase redefinitions of the physical states. We will use in the numerical analysis

the hadronic masses in Table I, taken from Ref. [8].

III. THE MASS OPERATOR OF THE ISGUR-KARL MODEL

The Isgur-Karl model is defined by the quark Hamiltonian

HIK = H0 + Hhyp , (7)

where H0 contains the confining potential and kinetic terms of the quark fields, and is

symmetric under spin and isospin. The hyperfine interaction Hhyp is given by

Hhyp = A
∑

i<j

[8π

3
#si · #sjδ

(3)(#rij) +
1

r3
ij

(3#si · r̂ij #sj · r̂ij − #si · #sj)
]

, (8)

where A determines the strength of the interaction, and #rij = #ri−#rj is the distance between

quarks i, j. The first term is a local spin-spin interaction, and the second describes a tensor

interaction between two dipoles. This interaction Hamiltonian is an approximation to the

gluon-exchange interaction, neglecting the spin-orbit terms2.

2 In Ref.[1] A is taken as A = 2αS

3m
2 .

5
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5

In the original formulation of the IK model [1] the confining forces are harmonic and we

will refer to this model as IK-h.o. (harmonic oscillator). We will derive in the following

the form of the mass operator without making any assumption on the form of the confining

quark forces. We refer to this version of the model as IK-V(r).

We obtain in the following the explicit form of the mass operator of this model in the

system of the L = 1 negative parity baryons, following the method based on the permutation

group S3 presented in I. The interaction Hamiltonian Eq. (8) has the general form

Hhyp =
∑

i<j

Rij · Oij , (9)

where Rij are orbital operators acting on the coordinates of the quarks i, j, and Oij are

spin-flavor operators. Both can also carry spatial indices, which are contracted to form a

scalar in Hhyp, as indicated by the dot product in Eq. (9).

The orbital and spin-flavor operators for the contact and tensor interactions are

Rij = 8π
3 Aδ(3)("rij) , Oij = si · sj ,

Qab
ij = A

r3

ij

(3r̂a
ij r̂

b
ij − δab) , Oab

ij = 1
2(s

a
i s

b
j + sb

is
a
j ) ,

(10)

where a, b are spatial indices. All these operators are symmetric under the permutation of the

two quark indices i, j, but belong to the reducible representation 3 under the permutation

of the three quarks.

It has been shown in I that the hadronic matrix elements of the Hamiltonian Hhyp can

be expressed in terms of matrix elements of spin-flavor operators Oi that are related to the

decomposition of Oij into irreducible representations of S3, the permutation group of three

objects

〈B|Hhyp|B〉 =
∑

i

ci〈Φ(JSI)|Oi|Φ(JSI)〉 , (11)

where the coefficients ci contain the reduced matrix elements of the orbital operators Rij ,

and can be written in terms of overlap integrals of the quark model wave functions. The

matrix elements of the spin-flavor operators in Eq. (11) are a convenient way to obtain the

reduced matrix elements of the projections of Oij onto irreducible representations of Ssp−fl
3 .

They have been computed in I, and are taken between the states |Φ(JSI)〉 constructed in

Ref. [4] as the tensor product of the “excited” quark 1 with a core of unexcited quarks 2,3,

and projected onto the MS irrep of spin-flavor SU(4). The advantage of this representation

is that the relevant matrix elements can be immediately read off from the tables in Ref. [4].

6

confining potential + hyperfine interaction: 

Matching: find  ci and Oi

L.Galeta, D.Pirjol, C.S., Phys.Rev. D80, 116004 (2009) 
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IK model interactions  

The general form of the matrix element of Hhyp can be taken from Eq. (37) of I, which

we repeat here for the convenience of the reader:

〈B|Hhyp|B〉 =
1

3
〈RS〉〈OS〉 +

1

3
〈RMS〉〈OMS〉 . (12)

The reduced matrix elements 〈OS〉 and 〈OMS〉 for the spin-spin and tensor interac-

tion are written in terms of matrix elements of spin-flavor operators taken between

the |Φ(JSI)〉 states. The corresponding expressions for arbitrary Nc can be found in

Eqs.(39),(42),(49),(55) of I. Here we present the Nc = 3 expression, where the spin-flavor

operators are understood as their corresponding matrix elements

〈B|Hhyp|B〉 =
1

3
〈RS〉

(1

2
!S2 −

9

8

)

+
1

3
〈RMS〉

(

− !S2 + 3!s1 · !Sc +
9

4

)

(13)

+
1

3
〈QS〉

(1

4
Lab

2 {Sa , Sb}
)

+
1

3
〈QMS〉

(3

2
Lab

2 {sa
1 , Sb

c}−
1

2
Lab

2 {Sa , Sb}
)

.

The first line corresponds to the contact term, and the second line to the tensor term, with

Lab
2 = 1

2{L
a, Lb} − 1

3L(L + 1)δab. The reduced matrix elements of the orbital operators

〈RS〉, 〈RMS〉, 〈QS〉, 〈QMS〉 are given by (unknown) overlap integrals of the corresponding

operators with the wave functions of the states of interest. This is shown below in Eq. (21)

for the orbital operator R12 appearing in the definition of the spin-spin interaction, and in

Eq. (22) for the orbital operator Qab
12 appearing in the definition of the quadrupole interaction.

We examine now closer the structure of the orbital matrix elements. There are three or-

bital operators Rij , which transform as a combination of S and MS under S3. The symmetric

projection is

RS = R12 + R13 + R23 , (14)

and the MS operators are

R2
MS = R13 −R23 , (15)

R3
MS = R12 −R23 . (16)

Their matrix elements on a 2-dimensional basis of MS wave functions (χ2, χ3) with their

reduced matrix elements defined by Eqs. (34)-(36) in I, are given by

〈χi|RS|χj〉 = 〈RS〉







2 1

1 2







ij

, (17)
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+

In the original formulation of the IK model [1] the confining forces are harmonic and we

will refer to this model as IK-h.o. (harmonic oscillator). We will derive in the following

the form of the mass operator without making any assumption on the form of the confining

quark forces. We refer to this version of the model as IK-V(r).

We obtain in the following the explicit form of the mass operator of this model in the

system of the L = 1 negative parity baryons, following the method based on the permutation

group S3 presented in I. The interaction Hamiltonian Eq. (8) has the general form

Hhyp =
∑

i<j

Rij · Oij , (9)

where Rij are orbital operators acting on the coordinates of the quarks i, j, and Oij are

spin-flavor operators. Both can also carry spatial indices, which are contracted to form a

scalar in Hhyp, as indicated by the dot product in Eq. (9).

The orbital and spin-flavor operators for the contact and tensor interactions are

Rij = 8π
3 Aδ(3)("rij) , Oij = si · sj ,

Qab
ij = A

r3

ij

(3r̂a
ij r̂

b
ij − δab) , Oab

ij = 1
2(s

a
i s

b
j + sb

is
a
j ) ,

(10)

where a, b are spatial indices. All these operators are symmetric under the permutation of the

two quark indices i, j, but belong to the reducible representation 3 under the permutation

of the three quarks.

It has been shown in I that the hadronic matrix elements of the Hamiltonian Hhyp can

be expressed in terms of matrix elements of spin-flavor operators Oi that are related to the

decomposition of Oij into irreducible representations of S3, the permutation group of three

objects

〈B|Hhyp|B〉 =
∑
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and can be written in terms of overlap integrals of the quark model wave functions. The

matrix elements of the spin-flavor operators in Eq. (11) are a convenient way to obtain the

reduced matrix elements of the projections of Oij onto irreducible representations of Ssp−fl
3 .

They have been computed in I, and are taken between the states |Φ(JSI)〉 constructed in

Ref. [4] as the tensor product of the “excited” quark 1 with a core of unexcited quarks 2,3,

and projected onto the MS irrep of spin-flavor SU(4). The advantage of this representation

is that the relevant matrix elements can be immediately read off from the tables in Ref. [4].
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and can be written in terms of overlap integrals of the quark model wave functions. The

matrix elements of the spin-flavor operators in Eq. (11) are a convenient way to obtain the

reduced matrix elements of the projections of Oij onto irreducible representations of Ssp−fl
3 .

They have been computed in I, and are taken between the states |Φ(JSI)〉 constructed in

Ref. [4] as the tensor product of the “excited” quark 1 with a core of unexcited quarks 2,3,

and projected onto the MS irrep of spin-flavor SU(4). The advantage of this representation

is that the relevant matrix elements can be immediately read off from the tables in Ref. [4].

6

spatial spin-flavor

Using the permutation group S3

tensor  interaction
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IK model matching 

In the original formulation of the IK model [1] the confining forces are harmonic and we

will refer to this model as IK-h.o. (harmonic oscillator). We will derive in the following

the form of the mass operator without making any assumption on the form of the confining

quark forces. We refer to this version of the model as IK-V(r).

We obtain in the following the explicit form of the mass operator of this model in the

system of the L = 1 negative parity baryons, following the method based on the permutation

group S3 presented in I. The interaction Hamiltonian Eq. (8) has the general form

Hhyp =
∑

i<j

Rij · Oij , (9)

where Rij are orbital operators acting on the coordinates of the quarks i, j, and Oij are

spin-flavor operators. Both can also carry spatial indices, which are contracted to form a

scalar in Hhyp, as indicated by the dot product in Eq. (9).

The orbital and spin-flavor operators for the contact and tensor interactions are

Rij = 8π
3 Aδ(3)("rij) , Oij = si · sj ,

Qab
ij = A

r3

ij

(3r̂a
ij r̂

b
ij − δab) , Oab

ij = 1
2(s

a
i s

b
j + sb

is
a
j ) ,

(10)

where a, b are spatial indices. All these operators are symmetric under the permutation of the

two quark indices i, j, but belong to the reducible representation 3 under the permutation

of the three quarks.

It has been shown in I that the hadronic matrix elements of the Hamiltonian Hhyp can

be expressed in terms of matrix elements of spin-flavor operators Oi that are related to the

decomposition of Oij into irreducible representations of S3, the permutation group of three

objects

〈B|Hhyp|B〉 =
∑

i

ci〈Φ(JSI)|Oi|Φ(JSI)〉 , (11)

where the coefficients ci contain the reduced matrix elements of the orbital operators Rij ,

and can be written in terms of overlap integrals of the quark model wave functions. The

matrix elements of the spin-flavor operators in Eq. (11) are a convenient way to obtain the

reduced matrix elements of the projections of Oij onto irreducible representations of Ssp−fl
3 .

They have been computed in I, and are taken between the states |Φ(JSI)〉 constructed in

Ref. [4] as the tensor product of the “excited” quark 1 with a core of unexcited quarks 2,3,

and projected onto the MS irrep of spin-flavor SU(4). The advantage of this representation

is that the relevant matrix elements can be immediately read off from the tables in Ref. [4].

6

Using this relation in Eq. (13), one finds that for Nc = 3 the most general mass operator

in the IK model depends only on three unknown orbital overlap integrals, plus an additive

constant c0 related to the matrix element of H0, and can be written as

M̂ = c0 + aS2
c + bLab

2 {Sa
c , Sb

c} + cLab
2 {sa

1 , Sb
c} , (24)

where the spin-flavor operators are understood to act on the state |Φ(JSI)〉 constructed as

a tensor product of the core of quarks 2,3 and the ‘excited’ quark 1. The coefficients are

given by

a =
1

2
〈RS〉 , (25)

b =
1

12
〈QS〉 −

1

6
〈QMS〉 , (26)

c =
1

6
〈QS〉 +

1

6
〈QMS〉 . (27)

Evaluating the matrix elements using the tables in Ref. [4] we find the following explicit

result for the mass matrix

M1/2 =







c0 + a −5
3b + 5

6c

−5
3b + 5

6c c0 + 2a + 5
3(b + c)





 , (28)

M3/2 =







c0 + a
√

10
6 b −

√
10

12 c
√

10
6 b −

√
10

12 c c0 + 2a − 4
3(b + c)





 , (29)

M5/2 = c0 + 2a +
1

3
(b + c) , (30)

∆1/2 = ∆3/2 = c0 + 2a . (31)

In the next Section we study the implications of these results.

IV. PREDICTIONS FROM THE IK-V(R) MODEL

The IK model makes several predictions which are independent of the values of the overlap

integrals c0, a, b, c and are valid beyond the harmonic oscillator approximation.

First, the masses of the ∆1/2 and ∆3/2 states are predicted to be equal. Experimentally,

they are split by ∆3/2 − ∆1/2 = 80 ± 50 MeV. This mass splitting is introduced by the

spin-orbit coupling, which is neglected in the Isgur-Karl model.
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〈χi|R2
MS|χj〉 = 〈RMS〉







0 1

1 1







ij

, (18)

〈χi|R3
MS|χj〉 = 〈RMS〉







1 1

1 0







ij

. (19)

These equations can be solved for the matrix elements of R12, acting on quarks 1, 2, with

the result

〈χi|R12|χj〉 =
1

3







2(〈RS〉 + 〈RMS〉) 〈RS〉 + 〈RMS〉

〈RS〉 + 〈RMS〉 2〈RS〉 − 〈RMS〉







ij

. (20)

The spatial MS basis, as well as the operators, also carry angular momentum indices.

Applying the Wigner-Eckart for SU(2) one can factor the dependence on the magnetic

quantum numbers m, m′. In the case of a scalar operator like the spin-spin interaction one

obtains:

〈χi(1m
′)|R12|χj(1m)〉 =

1

3







2(〈RS〉 + 〈RMS〉) 〈RS〉 + 〈RMS〉

〈RS〉 + 〈RMS〉 2〈RS〉 − 〈RMS〉







ij

δmm′ . (21)

In the case of a tensor operator one obtains:

〈χi(1m
′)|Qab

12|χj(1m)〉 =
1

3







2(〈QS〉 + 〈QMS〉) 〈QS〉 + 〈QMS〉

〈QS〉 + 〈QMS〉 2〈QS〉 − 〈QMS〉







ij

(1

2
{La, Lb}−

2

3
δab

)

m′,m

(22)

The basis for the MS orbital wave functions in I is chosen such that χ2 satisfies P12χ2 =

−χ2, and is thus odd under a permutation of the quarks 1, 2. This implies that χ2(ri)

vanishes for r12 = 0, giving

〈χ2|δ(3)(#r12)|χ2〉 = 2(〈RS〉 + 〈RMS〉) = 0 , (23)

which implies a relation among the RS and RMS reduced matrix elements, generally valid

for any local interaction, 〈RMS〉 = −〈RS〉.

8

The result of the matching is 

for a contact interaction:

The operators that appear are O1, O6, O8, O17
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IK mass matrix 

Using this relation in Eq. (13), one finds that for Nc = 3 the most general mass operator

in the IK model depends only on three unknown orbital overlap integrals, plus an additive

constant c0 related to the matrix element of H0, and can be written as

M̂ = c0 + aS2
c + bLab
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c , Sb

c} + cLab
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c} , (24)
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given by

a =
1

2
〈RS〉 , (25)

b =
1

12
〈QS〉 −

1

6
〈QMS〉 , (26)

c =
1

6
〈QS〉 +

1

6
〈QMS〉 . (27)

Evaluating the matrix elements using the tables in Ref. [4] we find the following explicit
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√

10
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√
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3(b + c)





 , (29)

M5/2 = c0 + 2a +
1

3
(b + c) , (30)

∆1/2 = ∆3/2 = c0 + 2a . (31)

In the next Section we study the implications of these results.

IV. PREDICTIONS FROM THE IK-V(R) MODEL

The IK model makes several predictions which are independent of the values of the overlap

integrals c0, a, b, c and are valid beyond the harmonic oscillator approximation.

First, the masses of the ∆1/2 and ∆3/2 states are predicted to be equal. Experimentally,

they are split by ∆3/2 − ∆1/2 = 80 ± 50 MeV. This mass splitting is introduced by the

spin-orbit coupling, which is neglected in the Isgur-Karl model.

9

The reduced matrix elements 〈QS〉 and 〈QMS〉 can be determined from the matrix ele-

ments of Qab
12 on the Ψλ, Ψρ states. In this basis the matrix element of Qab

12 is diagonal as

in Eq. (51). The dependence on the angular momentum projections (shown in Eq. (22) ) is

easy to compute by choosing a = b = 3, which gives (1
2{L

3, L3}− 2
3)m′=1,m=1 = 1

3 . The two

matrix elements we need are

〈Ψλ
11|Q33

12|Ψλ
11〉 = 0 , (54)

〈Ψρ
11|Q33

12|Ψ
ρ
11〉 = −A

4α3

15
√

2π
= −

2

15
δ . (55)

The first relation can be understood intuitively as following from the fact that the orbital

angular momentum of the quarks 1,2 in the Ψλ state vanishes, Lρ = 0. The tensor operator

Qab
12 has Lρ = 2 and thus its matrix element on these states vanishes. Explicitly, the matrix

element is expressed as an integral over $ρ,$λ as

〈Ψλ
11|Q33

12|Ψλ
11〉 = A

α8

23/2π3

∫

d3ρ d3λ
1

ρ5
(3ρ2

z − ρ2)(λ2
x + λ2

y)e
−α2(ρ2+λ2) = 0 , (56)

since the angular ρ integration vanishes
∫ 1
−1 d cos θ(3 cos2 θ − 1) = 0.

The matrix element in Eq. (55) can be computed straightforwardly with the result

〈Ψρ
11|Q33

12|Ψ
ρ
11〉 = A

α8

23/2π3

∫

d3ρ d3λ
1

ρ5
(3ρ2

z − ρ2)(ρ2
x + ρ2

y)e
−α2(ρ2+λ2) = −A

4α3

15
√

2π
. (57)

Comparing the results with Eq. (51), one finds that the reduced matrix elements in the

IK model with harmonic oscillator wave functions are all related and can be expressed in

terms of the single parameter δ as

〈QMS〉 = 〈QS〉 = −
3

5
δ ; 〈RS〉 = δ . (58)

This gives a relation among the coefficients a, b, c of the mass matrix Eq. (24)

a =
1

2
δ , b =

1

20
δ , c = −

1

5
δ . (59)

We recover the well known result that in the harmonic oscillator model, the entire spec-

troscopy of the L = 1 baryons is fixed by one single constant δ, along with an overall additive

constant c0, and the model becomes very predictive. The explicit mass matrix is

M1/2 = (c0 +
3

4
δ)1 +

1

4
δ







−1 −1

−1 0





 , (60)

14

where

g1 =
1

3
m′

0 −
1

4
δ =

5MN − M∆

12
∼ 287 MeV , (71)

g3 = δ = M∆ − MN ∼ 300 MeV . (72)

This explicit example is useful to discuss the alternative approach to the 1/Nc expansion

for excited baryons presented in Ref. [5]. The authors of Ref. [5] propose the operator basis

below, that differs from the one in Ref. [4] in that only a subset of the operators are allowed,

arguing that the separation into excited quark and core quark operators is not necessary

Q1 = Nc1 , (73)

Q2 = Lisi , (74)

Q3 =
1

Nc
SiSi , (75)

Q4 =
1

Nc
T aT a , (76)

Q5 =
15

Nc
L(2)ijGiaGja , (77)

Q6 =
3

Nc
LiT aGia , (78)

Q7 =
3

N2
c

SiT aGia . (79)

The first observation is that these seven operators are not independent. We find that the

matrix elements of Q7 for the states of interest can be rewritten in terms of those of Q1,

Q3, Q4 as: Q7 = −3(4Nc−9)
16N3

c
Q1 + 3(Nc−1)

8Nc
(Q3 + Q4). Furthermore, using the matrix elements

from Table 3 in the first of Refs. [5] and equating
∑6

i=1 ciQi to the matrix elements of the

Isgur-Karl model, Eq. (60)-(63) it is easy to see that it is not possible to find coefficients ci

that reproduce the predictions of the IK model. This is an explicit example that shows that

the basis proposed in [5] is incomplete.

For the completely symmetric ground state baryons the {Qi} basis is correct, but over-

complete, as only Q1, Q3 are needed. The {Qi} basis constructed with symmetric operators

is only correct for symmetric spin-flavor states like the [56, L = 2], see for example Ref. [17].

VII. CONCLUSIONS

We showed in this paper how to construct the effective mass operator of the Isgur-

Karl model for the non-strange negative parity L = 1 excited baryons. The effective mass

17

The spatial integrals can be computed explicitly in the 
original IK model with harmonic confinement:

ground states
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IK-V(r)  vs. IK-h.o. 
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One gluon exchange model
The QCD Breit-Wigner interaction

Spin-spin 

Quadrupole 

Spin-orbit 

H =

∑

i<j

Vij V = Vss + Vq + Vso

Vss =
16παs

9

1

mimj

#si · #sjδ(#rij)

Vq =
2αs

3r3
ij

1

mimj

[ 3

r2
ij

("rij · "si)("rij · "sj) − ("si · "sj)
]

Vso =
αs

3r3
ij

[ 1

m2
i

("rij × "pi) · "si −
1

m2
j

("rij × "pj) · "sj

+
2

mimj

(!rij × !pi) · !sj −
2

mimj

(!rij × !pj) · !si

]
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One gluon exchange

Symmetrizing under the ‘excited’ quark index i = 1, 2, · · · , N , one finds for the properly

normalized symmetric state

|CCGL� → 1√
N

ΣN
i=1P1i|CCGL� = ΣN

i=1Σ
N
j=2(P1iφj)χi = −N − 1√

N
|MS� (13)

where the terms with different j in the sum are orthogonal states. This gives the relation

between the CCGL state and the symmetric state constructed above in Eq. (10).

B. SN → Sorb
N × Ssp−fl

N reduction of the interaction Hamiltonian

In this Section we study the SN transformation properties of the interaction Hamilto-

nian in the nonrelativistic quark model. For definiteness we adopt the one-gluon exchange

potential, which follows from a perturbative expansion in αs(mQ) in the heavy quark limit

mQ � ΛQCD. We formulate our discussion in sufficiently general terms to allow the treat-

ment of any other Hamiltonian containing only two-body interactions.

We consider a Hamiltonian containing a spin-flavor symmetric term H0 (the confining

potential and kinetic terms), plus spin-isospin dependent two-body interaction terms Vij

H = H0 + g
2

�

i<j

t
a
i t

a
jVij → H0 + g

2Nc + 1

2Nc

�

i<j

Vij (14)

The second equality holds on color-singlet hadronic states, on which the color interaction

t
a
i t

j
i evaluates to the color factor (Nc + 1)/(2Nc). We will restrict ourselves only to color

neutral hadronic states in this paper.

In the nonrelativistic limit, the two-body interaction Vij contains three terms: the spin-

spin interaction (Vss), the quadrupole interaction Vq and the spin-orbit terms Vso. We write

these interaction terms in a slightly more general form as [7]

Vss =

N�

i<j=1

f0(rij)�si · �sj (15)

Vq =

N�

i<j=1

f2(rij)

�
3(r̂ij · �si)(r̂ij · �sj)− (�si · �sj)

�
(16)

Vso =

N�

i<j=1

f1(rij)

�
(�rij × �pi) · �si − (�rij × �pj) · �sj] (17)

+2(�rij × �pi) · �sj − 2(�rij × �pj) · �sj

�

We would like to decompose the Hamiltonian H into a sum of term transforming according

to irreps of the permutation group acting on the spin-flavor degrees of freedom S
sp−fl
N . The

8

more general
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One pion exchange

One gluon exchange:

Vss =

N�

i<j=1

f0(rij)�si · �sj (1)

Vq =

N�

i<j=1

f2(rij)

�
3(r̂ij · �si)(r̂ij · �sj)− (�si · �sj)

�
(2)

Vso =

N�

i<j=1

f1(rij)

�
(�rij × �pi) · �si − (�rij × �pj) · �sj (3)

+2(�rij × �pi) · �sj − 2(�rij × �pj) · �sj

�

One pion exchange

Vss =

N�

i<j=1

g0(rij)�si · �sjt
a
i t

a
j (4)

Vq =

N�

i<j=1

g2(rij)

�
3(r̂ij · �si)(r̂ij · �sj)− (�si · �sj)

�
t
a
i t

a
j (5)

Vso =

N�

i<j=1

g1(rij)

�
(�rij × �pi) · �si − (�rij × �pj) · �sj (6)

+2(�rij × �pi) · �sj − 2(�rij × �pj) · �sj

�
t
a
i t

a
j

V =
2
N RSOS +

1
N

�N
j,k=2 RMSOMSMjkxx

�Vsymm� =
2

N(N − 1)
�OS��RS�+

N2 − 2N − 2

N3
�OMS��RMS�+ · · · (7)

M̂ =





1 − 1
N−1 − 1

N−1 · · · − 1
N−1

− 1
N−1 1 − 1

N−1 · · · − 1
N−1

− 1
N−1 − 1

N−1 1 · · · − 1
N−1

· · · · · · · · · · · · · · ·

− 1
N−1 − 1

N−1 − 1
N−1 · · · 1




(8)

|B� =

N�

k,l=2

φkχm
l Mkl (9)

|CCGL� = Φ(SI) ϕm
p (�r1)ΠN

i=2ϕs(�ri) (10)

1
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The permutation group SN

L=1 states = |S> = |MS> x |MS>

Ô= Ô x Ô
orbital 

spin-flavor 
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The permutation group SN

L=1 states = |S> = |MS> x |MS>

Ô= Ô x Ô
orbital 

spin-flavor 

<S | Ô x Ô | S> 

  S
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The permutation group SN

L=1 states = |S> = |MS> x |MS>

Ô= Ô x Ô
orbital 

spin-flavor 

MS x MS = S + MS + E + A’<MS | Ô | MS> 

<S | Ô x Ô | S> 

  S
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The permutation group SN

L=1 states = |S> = |MS> x |MS>

Ô= Ô x Ô
orbital 

spin-flavor 

Ô  

MS x MS = S + MS + E + A’<MS | Ô | MS> 

<S | Ô x Ô | S> 

  S
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The permutation group SN

VI. CONCLUSIONS

• Explicit MS basis

• SN symmetric states and relation to CCGL

• SN constraints on matrix elements

• core-excited quark separation necessary

• Widths of order N0
c .

• Relation between LO quark model operators and predictions from consistency rela-

tions.

APPENDIX A: THE PERMUTATION GROUP

In this Appendix we give a few details about the permutation group of N objects SN ,

and its irreducible representations which are used in the main text.

The irreps of SN are identified by a partition [n1, n2, · · · , nj] with
�j

i=1 ni = N . Each

partition can be represented as a Young diagram with n1 boxes on the first row, n2 on the

second row, etc.

The simplest irreps of SN which are also relevant for N = 3 are given in the table below.

We list also the characters for the conjugacy class 1α2β3γ · · · containing α 1-cycles, β 2-cycles,

etc. Using these expressions and the orthogonality theorem for characters, the projection of

any operator onto these irreps of SN can be computed explicitly.

Name Partition Dim Characterχ(R)
1α,2β ,3γ ,···

S [N ] 1 1

MS [N − 1, 1] N − 1 α− 1

E [N − 2, 2]
1
2N(N − 3)

1
2(α− 1)(α− 2) + β − 1

A� [N − 2, 1, 1]
1
2(N − 1)(N − 2)

1
2(α− 1)(α− 2)− β

The choice of a basis for a given irrep is not unique and several possible choices are adopted

in the literature. The most elegant choice is the orthogonal Yamanouchi-Katani basis, which

20

L=1 states = |S> = |MS> x |MS>

Ô= Ô x Ô
orbital 

spin-flavor 

Ô  

MS x MS = S + MS + E + A’<MS | Ô | MS> 

<S | Ô x Ô | S> 

  S
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The permutation group SN
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1
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The choice of a basis for a given irrep is not unique and several possible choices are adopted

in the literature. The most elegant choice is the orthogonal Yamanouchi-Katani basis, which

20

L=1 states = |S> = |MS> x |MS>

Ô= Ô x Ô
orbital 

spin-flavor 

Ô  

MS x MS = S + MS + E + A’<MS | Ô | MS> 

<S | Ô x Ô | S> 

  S

MS5

dim=4
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Two body operators

S = S x S + MS x MS + E x E 

     “Symmetric” two body operators :

 {Oij} = S + MS + E

<S | Ô x Ô | S> 

  S

f(rij) si . sj

N(N-1)
2

dim = 

Example:  the spin-spin interaction  f (rij)  si . sjo
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MatchingThe spin-flavor operator transforming in the MS irrep is OMS
k = (�s1−�sk)· �S,

and the corresponding orbital operator is RMS
k =

�N
j=2,j �=k[f0(r1j) − f0(rkj)].

Their reduced matrix elements are

�OMS� =
1

N − 2
�Φ(SI)|− �S 2 + N�s1 ·

�Sc +
3
4
N |Φ(SI)� (10)

�RMS� = (N − 2)(Idir − Is) − 2Iexc (11)

Gluon exchange potential:

M = c01 + g2 Nc + 1
2Nc

�
a�S2 + b�s1 ·

�Sc + cLab
2 SaSb + dLab

2 {Sa
c , sb

1}+ e�L · �S + f�L · �s1

�

a =
1
2
Is + Idir

b = Idir − Is

c = Kdir

d = −Kdir

e =
N

2
(3J S

dir − J
A
dir)

f =
N

2
(3J S

dir − J
A
dir)

Goldstone boson exchange potential:

M = c01 + g2
A

1
f2

π

�
a�S2

c + b�s1 ·
�Sc + ctaT a

c + dLij
2 giaGja

c + eLij
2 {S

i
c , Sa

c }

+fLiSi
c + gLitaGia

c + hLigiaT a
c

�

a = −1
4
Is + Idir − Is

b = c = −1
4
(Idir − 2Is)

d = −2Kdir

e = −1
4
Kdir

f = −3
4
J

S
dir

g =
3
2
J

S
dir −

1
2
J

A
dir

h =
3
2
J

S
dir −

1
2
J

A
dir

The 1/Nc expansion:

2

To extract the leading order , we use the Hartree picture

Idir = 〈sp|f0|sp〉

Is = 〈ss|f0|ss〉

Iexc = 〈sp|f0|ps〉

Overlap integrals

Example:  the spin-spin interaction Oij = f  (rij)  si . sjo
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Gluon exchange model 

Φ(SI) =
1�

N(N − 1)

N�

k=2

φk . (11)

�φi|O
MS
k |φj� = �OMS�(1 − δikδij) . (12)

�Φ(SI)|
N�

k=2

O
MS
k |Φ(SI)� = (N − 2)�OMS� (13)

N�

k=2

O
MS
k = −2

N�

i<j=1

Oij + N
N�

i=2

O1i for symmetric 2-body operators (14)

N�

k=2

O
MS
k =

N�

i=1

Oii + N
N�

i=2

O1i −
N�

i,j=1

Oij for symmetric 2-body operators(15)

N�

k=2

O
MS
k = −�S 2 + N�s1 ·

�Sc +
3
4
N (16)

Example:
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Idir =
�
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2
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3

S = Sc + s1
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Pion exchange model 

a =
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2
Is
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c = O(1/N)

d = −Kdir
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Pion exchange model 
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A different approach: 
Consider all possible 2-body 

interactions

D.Pirjol, C.S., Phys.Rev.Lett.102:152002(2009) 
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The most general 2-body 
quark interaction

Complete list of 2-body spin-flavor quark operators, and their 
projection onto irreps of S

sp−fl
3

C2(F ) =
F 2

− 1

2F
[Contribute on S, MS states] [Contribute on MS states]

Operator Oij OS OMS

Scalar 1 1 −
tai taj T 2 − 3C2(F ) T 2 − 3t1Tc − 3C2(F )

!si · !sj
!S2 − 9

4
!S2 − 3!s1 · !Sc −

9

4

!si · !sjt
a
i taj G2 − 9

4
C2(F ) 3g1Gc − G2 + 9

4
C2(F )

Vector (symm) !si + !sj
!L · !S 3!L · !s − !L · !S

(!si + !sj)tai taj
1

2
Li{Gia, T a}− C2(F )LiSi − 1

2
LiSi

c + Ligia
1 T a

c + Lita1Gia
c

Vector (anti) !si − !sj − 3!L · !s − !L · !S
(!si − !sj)tai taj − Ligia

1 T a
c − Lita1Gia

c

Tensor (symm) {sa
i , sb

j} Lij
2
{Si, Sj} 3Lij

2
{si, Sj

c}− Lij
2
{Si, Sj}

{sa
i , sb

j}t
c
i t

c
j Lij

2
{Gia, Gja} Lij

2
gia
1 Gja

c − 1

4
Lij

2
{Si

c, S
j
c}

Tensor (anti) [sa
i , sb

j ] − 0
[sa

i , sb
j ]t

c
i t

c
j − 0
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Basis of operators induced by 2-body quark operators

O1 = T
2

O2 =
!S

2

c

O3 = !s1 ·
!Sc

O4 =
!L ·

!Sc

O5 =
!L · !s1

O6 = L
i
t
a

1G
ia

c

O7 = Ligia

1 T a

c

O8 = Lij
2
{Si

c, S
j
c}

O9 = L
ij
2

s
i
1S

j
c

O10 = Lij
2

gia
1 Gja

c

spin-spin spin-orbit tensor

Hadronic mass matrix (L=1 states) N
∗

i =

10∑

i=0

M̂ijcj

N∗

i = (N1/2, N
′

1/2
, N1/2−N ′

1/2
, N3/2, N

′

3/2
, N3/2−N ′

3/2
, N5/2,∆1/2,∆3/2,Λ1/2,Λ3/2)

Valid for any model with only 2-body quark interactions.
The rank of M is 9, this leads to 2 mass relations:
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Two new mass relations
3

1

2
(N(1535) + N(1650)) +

1

2
(N(1535)− N(1650))(3 cos 2θN1 + sin 2θN1) (5)

−
7

5
(N(1520) + N(1700)) + (N(1520)− N(1700))

[

−
3

5
cos 2θN3 +

√

5

2
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]
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FIG. 1: Left: correlation in the (θN1, θN3) plane in the
quark model with the most general 2-body quark interactions.
Right: prediction for the spin-weighted Λ̄ mass in the SU(3)
limit as a function of the θN1 mixing angle, corresponding to
the two solutions for θN3. The green points correspond to
Λ̄ = Λ̄exp − (100 ± 30) MeV, with Λ̄exp = 1481.7 ± 1.5 MeV.

This expresses a correlation among the mixing angles
(θN1, θN3) which is universal for any quark model con-
taining only 2-body interactions. This correlation holds
also model independently in the 1/Nc expansion, up to
corrections of order 1/N2

c , since for non-strange states
the mass operator to order O(1/Nc) [9, 10] is generated
by the operators in Eq. (3). An example of an operator

which violates this correlation is Ligja{Sj
c , Gia

c }, which
can be introduced by 3-body quark forces.

On the same plot we show also the values of the mix-
ing angles obtained in several analyses of the N∗ →
Nπ strong decays and N∗ hadron masses. The two
black dots correspond to the mixing angles (θN1, θN3) =
(22.3◦, 136.4◦) and (22.3◦, 161.6◦) obtained from a study
of the strong decays in Ref. [11]. The second point is
favored by a 1/Nc analysis of photoproduction ampli-
tudes Ref. [12]. The yellow square corresponds to the
values used in Ref. [9, 10] (θN1, θN3) = (35.0◦, 174.2◦),
and the triangle gives the angles corresponding to the so-
lution 1′ in the large Nc analysis of Ref. [13] (θN1, θN3) =
(114.6◦, 80.2◦). All these determinations (except the
triangle) are compatible with the ranges θN1 = 0◦ −
35◦, θN3 = 135◦−180◦. They are also in good agreement
with the correlation Eq. (5), and provide no evidence for
the presence of 3-body quark interactions.

The second universal relation expresses the spin-
weighted SU(3) singlet mass Λ̄ = 1

6
(2Λ1/2 + 4Λ3/2) in

terms of the nonstrange hadronic parameters

Λ̄ =
1

6
(N(1535) + N(1650)) +

17

15
(N(1520) + N(1700))−

3

5
N5/2(1675)− ∆1/2(1620) (6)

−
1

6
(N(1535)− N(1650))(cos 2θN1 + sin 2θN1) + (N(1520)− N(1700))(

13

15
cos 2θN3 −

1

3

√

5

2
sin 2θN3) .

The rhs of Eq. (6) is plotted as a function of θN1 in the
right panel of Fig. 1, where it can be compared against
the experimental value Λ̄ = 1481.7± 1.5 MeV. Allowing
for SU(3) breaking effects ∼ 100 MeV, this constraint
is also compatible with the range for θN1 obtained above
from direct determinations of the mixing angles.

Combining the Eqs. (5) and (6) gives a determination
of the mixing angles from hadron masses alone, in con-
trast to their usual determination from N∗ → Nπ decays
[14]. The green area in Fig. 1 shows the allowed region
for (θN1, θN3) compatible with a positive SU(3) break-
ing correction in Λ̄ of 100 ± 30 MeV. One notes a good
agreement between this determination of the mixing an-
gles and that from N∗ → Nπ strong decays.

We derive next constraints on the spin-flavor structure

of the quark interaction, which can discriminate between
models of effective quark interactions. There are two
popular models used in the literature, see Ref. [3] for a
discussion in the context of the states considered here.
The first model is the one-gluon exchange model (OGE)
[1] which includes operators in Table I without isospin
dependence. Expressed in terms of the operator basis
O1−10 this gives the constraints

C1 = C6 = C7 = C10 = 0 . (7)

An alternative to the OGE model is the Goldstone
boson exchange model (GBE) [8]. In this model quark
forces are mediated by Goldstone boson exchange, and
the quark Hamiltonian contains all the operators in Ta-
ble I which contain the flavor dependent factor tai taj . The
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FIG. 1: Left: correlation in the (θN1, θN3) plane in the
quark model with the most general 2-body quark interactions.
Right: prediction for the spin-weighted Λ̄ mass in the SU(3)
limit as a function of the θN1 mixing angle, corresponding to
the two solutions for θN3. The green points correspond to
Λ̄ = Λ̄exp − (100 ± 30) MeV, with Λ̄exp = 1481.7 ± 1.5 MeV.

This expresses a correlation among the mixing angles
(θN1, θN3) which is universal for any quark model con-
taining only 2-body interactions. This correlation holds
also model independently in the 1/Nc expansion, up to
corrections of order 1/N2

c , since for non-strange states
the mass operator to order O(1/Nc) [9, 10] is generated
by the operators in Eq. (3). An example of an operator

which violates this correlation is Ligja{Sj
c , Gia

c }, which
can be introduced by 3-body quark forces.

On the same plot we show also the values of the mix-
ing angles obtained in several analyses of the N∗ →
Nπ strong decays and N∗ hadron masses. The two
black dots correspond to the mixing angles (θN1, θN3) =
(22.3◦, 136.4◦) and (22.3◦, 161.6◦) obtained from a study
of the strong decays in Ref. [11]. The second point is
favored by a 1/Nc analysis of photoproduction ampli-
tudes Ref. [12]. The yellow square corresponds to the
values used in Ref. [9, 10] (θN1, θN3) = (35.0◦, 174.2◦),
and the triangle gives the angles corresponding to the so-
lution 1′ in the large Nc analysis of Ref. [13] (θN1, θN3) =
(114.6◦, 80.2◦). All these determinations (except the
triangle) are compatible with the ranges θN1 = 0◦ −
35◦, θN3 = 135◦−180◦. They are also in good agreement
with the correlation Eq. (5), and provide no evidence for
the presence of 3-body quark interactions.

The second universal relation expresses the spin-
weighted SU(3) singlet mass Λ̄ = 1
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The rhs of Eq. (6) is plotted as a function of θN1 in the
right panel of Fig. 1, where it can be compared against
the experimental value Λ̄ = 1481.7± 1.5 MeV. Allowing
for SU(3) breaking effects ∼ 100 MeV, this constraint
is also compatible with the range for θN1 obtained above
from direct determinations of the mixing angles.

Combining the Eqs. (5) and (6) gives a determination
of the mixing angles from hadron masses alone, in con-
trast to their usual determination from N∗ → Nπ decays
[14]. The green area in Fig. 1 shows the allowed region
for (θN1, θN3) compatible with a positive SU(3) break-
ing correction in Λ̄ of 100 ± 30 MeV. One notes a good
agreement between this determination of the mixing an-
gles and that from N∗ → Nπ strong decays.

We derive next constraints on the spin-flavor structure

of the quark interaction, which can discriminate between
models of effective quark interactions. There are two
popular models used in the literature, see Ref. [3] for a
discussion in the context of the states considered here.
The first model is the one-gluon exchange model (OGE)
[1] which includes operators in Table I without isospin
dependence. Expressed in terms of the operator basis
O1−10 this gives the constraints

C1 = C6 = C7 = C10 = 0 . (7)

An alternative to the OGE model is the Goldstone
boson exchange model (GBE) [8]. In this model quark
forces are mediated by Goldstone boson exchange, and
the quark Hamiltonian contains all the operators in Ta-
ble I which contain the flavor dependent factor tai taj . The

#1 requires only isospin symmetry 

#2 includes SU(3) breaking 
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First universal relation
Correlation between mixing angles in the J=1/2 and 3/2 sectors
Requires only isospin symmetry

N
∗
→ Nπ data

hep-ph/9812440

hep-ph/0411092
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Compare with direct determinations of the mixing angles -> test for the 
presence of 3-body quark interactions

Tests for specific models of 2-body quark interactions, e.g. OGE model
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Second universal relation
Expresses the spin-weighted SU(3) singlet mass
Takes into account SU(3) symmetry breaking 

Combining the two universal relations gives a determination of the 
mixing angles from hadron masses alone

〈Λ〉 − 〈Λ〉exp
= 100 ± 30 MeV
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〈Λ〉exp

av
= 1481 ± 3.1 MeV

Λ̄ =
1

3
Λ1/2 +

2

3
Λ3/2
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Summary
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Summary
The coefficients of the 1/Nc expansion 
can be matched to spatial integrals in 
quark models
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Summary
The coefficients of the 1/Nc expansion 
can be matched to spatial integrals in 
quark models

Flavor dependent interactions are 
required. 
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Summary
The coefficients of the 1/Nc expansion 
can be matched to spatial integrals in 
quark models

Flavor dependent interactions are 
required. 

Two new mass relations for N*’s  that 
constrain the mixing angles and test for 
3-body forces
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