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Motivation

e Construct relativistic quantum models of systems with a
finite number of degrees of freedom

e Desirable features:

e Models motivated by field theory

e Cluster properties



Elements of relativistic quantum theory

Hilbert space H (requirement for a quantum theory)

Unitary representation of the Poincaré group
(requirement for relativistic invariance of quantum
probabilities).

Cluster properties (required for tests of relativity on
isolated subsystems)

Spectral condition (required for stability of theory)



Input

Reflection-positive Euclidean Green function(s) or generating
functional

Problem

Construct relativistic quantum mechanical models

(We want to avoid using analytic continuation!)



Field theory motivation

Euclidean generating functional or Green functions:

' fDe[qﬁ]e*AW*"‘ﬁ(f) ("
Z[f] == Dl = > SSa(f )
" n times

A[¢] = Action, D.[¢] = Euclidean “path measure”

f(7,x) = Positive Euclidean-time support test functions

Sy = {f(r,x) € S|f(r,x) =0, 7 <0}

Euclidean time reflection

0f(7,x) := f(—7,x)



Reconstruction of Quantum Mechanics
Osterwalder and Schrader - C.M.P. 31(1973)83;42(1975)281
Frohlich - Helv. Phys. Acta. 47(1974)265

Vectors (dense set)
Ny Ne _
B[#] = Z bjel¢(fj) Clg] = Z Cke'¢(gk)
j=1 k=1
bj,CkEC 6‘,ng8+ Np, N < o0

Hilbert space inner product

Ny N

(BIC) =" bfccZlgi — 0f]

j=1 k=1




Remarks

Bl¢] “wave functionals”

C

Ny
(BIC)=> " bfccZlgi — 0f]

Jj=1 k=1
The inner product is the physical (Minkowski) inner
product!

The generating functional and test functions are
Euclidean!

All integrals are over Euclidean space-time variables!

No analytic continuation is used to calculate the
Minkowski scalar product!



Reflection positivity

(Osterwalder-Schrader Positivity)

(B|By >0

Property of Z[f] or {Sp(x1, - ,xn)}

Mj=2Z[fi—0f]>0 ¥ {f,-- fy} €St



Operator algebra

(for scattering asymptotic condition)

Ny Nc

BCl¢] = B[9]Clg] = ) D bjeke™&F) = Z i)

Jj=1 k=1

Ng=NpNe  hn=gi+f  dn=bjck



Cluster properties

&a(7,x) := g(7,x — a)

im
|a|—o0

(Z[f + &a] — Z[f]Z[g]) — O

lim Sm+n(f7"' 7f7ga,"' 7ga) =

a]—o0

Sm(f,---)Sn(g,...,8)




Operators

[T(8,a), Bl[¢] := Z b

fo,p,a(T,%) == fn(T—ﬁ,X—a) B>0

[U(R). B[4 = Zbe'd’
fJ-',R(Tv X) = fJ-'(T7 RX) j S S+ >0
[W(00), Bl = 3 e
fj’)¢,ﬁ(7', X) = fJ‘(T ,X) ff S SXH’
S+ ={f €S |f(r,x) =0 tan_l(r;‘) > x}
Y <m/2—x

7' = 7 cos()) — xasin(v)) Xi = xa cos(ep) + 7 sin(v))



Poincaré generators

9

M. Bllo] = - 5

(T(8,0)B) [¢]s=0

P, Bllg] = ~i o (T(0,)8) [¢le-o

(K- 8), B =~ 57 (W, 0)B) [l
Kwﬁxmwnzf@%(mmwwnwWo

M2, 61061 = (5 + e ) (T2)E) oo



One parameter groups and semigroups

T(,B,a) — e—ﬁH-H'a-P



Domains for local symmetric semigroups
(A. Klein, L. Landau, J.F.A. 44(1981)121; Frorlich,
Osterwalder, Seiler, Ann. Math 118(1983)461)

05— ]




{H7 P? J? K}

Self-adjoint (on physical Hilbert space)

H>0 (Follows from reflection positivity)

Satisfy Poincaré commutation relations

No analytic continuation used!



Given a reflection positive Euclidean Green function or
generating function we have:

e Hilbert space scalar product.

e A dense set of normalizable vectors.

e A representation of the Poincaré Lie algebra in terms of
self-adjoint operators.



Comments:

e While analytic continuation is not used, reflection
positivity ensures the existence of an analytic
continuation.

e We can exploit the ability to calculate matrix elements
of all operators in a dense set of normalizable states.

e ¢ "H and H have the same eigenstates.



Particles: mass eigenstates

Dense set + Gram-Schmidt

4

Orthonormal basis of “wave functionals”

Bn[¢] <Bn|Bm> = 6mn
Solve for eigenstates in point spectrum of M?

(M?B))[¢] = A*By[4]
B,\[qb] = Z ann[¢]

> (Bm|M?|By)by = N by

n



Particles: mass-momentum eigenstates
(use translations and Fourier transforms)

Bi[¢] = Z bne!(fn) (mass eigenfunctional)

3 .
B0l = | oy IT02) B

Ne

d3a :
(CIBA(p)) = / eSS b 2l O

j=1 n



Particles: Mass-momentum-spin eigenstates
(project on SU(2) irreducible representations)

Normalize Bj (p)
Ba(p)[¢]  (Ba(p")|BA(P)) = (P’ —p)
Bu(p.lo] = [ o RLUCR), BRI (R
(CIBr (P 11)) =

d®adR o
@yt pazzcbz[fnm 081D’ (R)

fo,a,rR(T,X) = fu(7, Rx — a)



Finite Poincaré transformations
of one-particle states (\ € o)

One-particle subspaces are irreducible subspaces with respect to the
Poincaré group

I

(CIUIA, a]|Byj(p; 1)) =

J
3 / dp' (C|Bs (B 1)), [N 3]

p=—j

DM, A& =

P’ p'ip,p

’ w / —iwy(p’)a—ip’-a i — p/ P
5(Ap — ') wi((':)))e OTEREDL I COM)]

wa(P)=VX+p-p  (p) =Nows(p) + Nip*

Here A.(%) is a rotationless Lorentz boost.



Scattering

o Time-dependent scattering has been used successfully to
treat few-body problems (Kroger, Phys. Reports,
210(1992)46) in non-relativistic quantum mechanics.

e Calculations use wave packets and normalizable states.

e Haag-Ruelle scattering is a natural field theoretic
generalization of non-relativistic time-dependent
scattering theory (unlike LSZ it uses strong limits).



Haag-Ruelle Scattering (P.R. 112(1958),668, Helv. Phys.
Acta. 35(1962),147.)

Construct

J: ®H)\,,ji =Hf—H Uf[/\7 a] = ®U)\i7_/'i [/\7 a]

The strong limit exists

W) = lim e Ue™ M |Wey) = Qu|Wes)

The wave operators satisfy (Ruelle H.P.A. 35(1962)34)

U[/\, a]Qi = Qi Uf[/\, a]



Structure of J

Creates one-particle state out of the vacuum

/ Ji(pis 1) (p, 1) dp =

/(—iwA(p)BM(p, 1) — i[H, By j(p, 1)) f(p, ) dp

(+--) selects “creation part” of By j(p, 1)

J(p].)l'l’l? te aPmHn) = HJI(pH:U’I)’O>



Wave functional representation

Brj(p, 1) — Bxj(p, 1)[¢]

/ Ji(pir )01 (B 1) dp =

[ Cian®)Bas(p.0)l6] ~ i1H, By (p. )]l0]) F(p. 1)dp

Jio] = [ Ji(pi, )¢l



Two-space Scattering

lim [|(e” M |Wy) — Jem Mt wey))|| =0

t—+oo

W) = tﬂgoo e’.HtJe*’.Hft|Wfi> = Q4 (H, J, He)|Wy)

Si = (W |W_) = (W |QF (H, J, He)Q_(H, J, Hf )| Ws )

Ilm <Wf+|eintJTe—ZthJefot|wf_>
t—o0



Kato-Birman invariance principle

Jim (e W) = Jem W) = 0

. ine=PH ine~PHr
lim |(e Vi) — Je [Wrs))ll =0

n— oo
Provides a possible computational strategy

—ine=PH ine—PH —ine=PH
(Wey|S|Wr) & (Ve e "Jte? Je ")

2/nx Zcm N 2me Zcm(n)e

Convergence is uniform for each fixed n!



Matrix elements

Np N

(Ble™™H|C) => "> " brckZlgk,mp0 — OF]
=1 k=1

Clg] = Je~ e ™ Wy ) g]

e~ PHr

Blg] = Je™™ " We_)[¢]

Computable by quadrature in terms of Z[f] or {S,}



Scattering in Euclidean space

The results are standard Minkowski space results expressed in a
representation where the Minkowski scalar product is evaluated in
terms of a Euclidean generating functional.

The time limits in the scattering theory are strong limits (compared
with the weak limits used in LSZ scattering)

The Haag-Ruelle scattering theory does not distinguish elementary
and composite asymptotic states.

Explicit representations of the Poincaré group exist for the bound
and scattering states.

UIA, 3]0+ = Q4 Ur[A, 3]



Maiani-Testa No-Go Theorem (P.L.B. 245(1990)585)

(0] (p1) ¢ (p2)J(0)0)

Use LSZ interpolating fields for pions. Field creates more than
1-pion states from vacuum.

Uses 81 > 3, >0

Uses Euclidean correlation functions.

This approach

Uses Haag-Ruelle fields. Fields create only 1 pion states from
vacuum - products approach exact scattering states in strong limit.

5 is a fixed adjustable parameter (H — e~#").
Uses Minkowski scalar product.

Calculations require wave packets, one-body solutions; no
singularities, no analytic continuation.



Summary of formal results
Given a reflection positive generating functional

Hilbert-space scalar product, {H,P,J, K}
Single-particle states
Scattering states, S-matrix elements.

Finite Poincaré transformations on single-particle states
and scattering states.



Comments

Constructing a reflection positive Euclidean invariant
generating functional is almost equivalent to
constructing a non-trivial field theory (this must be
relaxed for model applications).

Practical calculations use a weakened form of reflection
positivity (limited permutation symmetry).

Full permutation symmetry = locality.

Osterwalder-Schrader reconstruction of relativistic
guantum mechanics does not require locality.



Green function approach - limited reflection positivity

Z[f]l= ZH:ZS”(f7"' ,f)
x = (7,x) Ox = (—,x) f(x1, - ,xn) € St
/d4x1 o d4X4f2*(0x2, 0x1)Sa(x1,%2; X3, X4 ) f2(x3,%4) > 0
/d4x1d4x2f1*(0x1)52(x1;x2)f1(x2) > 0.

Sa(x1,%2;%3,%a) = Sa(x2,x1;X3,%4) = Sa(x1,%2; X4,%3)



Green function representation

Sa(x;y) S3(xiy1,y2)
Z—S=| Ss(x1,x2;y) Sa(x1,x%2;y1,y2)
fi(x11)

Blg] — | f2(x21,x22)

(B|C) = (6fB, Sfc)e



(X[H|f) =

0 0 0
000 (5 + gy ) Boenrah )
(xIPIF) =

.0 { 0O 0
{0771877&(&1),*/( 7_,) fa(xa1, X22), -+ }
11

Oxz1 Ox22

XJIf) =

0 7] 9]
= f = = £
{0, —iX11 X % 1(x11), —i <X21 X 5o + X2 X 8)?22) (X1, %22), -+ - }

XIK|f) :=
. 0 o O
{0, (Xnyfl)1 - Xllﬁu) fi(xa),

L, 0 o O L, 0 o O
<x Ev X ?21+X223T(2]2 Xzz@) f(x21, %22), b



Modifications for spin

where

and

and D(g1, &) is a representation of SU(2) x SU(2).



Two- body scattering

Sa(x;y) K (x1,%2;y2,¥1)
So = Sa(x1;y1)S2(x2; y2)

S4 = So + SoKSs

s_ < Sa(x;y) 0 )
0 Sa(x1,%2;y1,Y2)

(C|B) = (0g1, 52f1)e + (082, Sato)e



Particles - scalar
(case of free S)

(f7 052f)e
1 /P (0x—y)
::EE;SI./nd4Xd4yd4pf(X)};?;f;;ff(Y)
1 4 4 4 e~ Po-(x0+Y0)+i5(R=)
= d xd yd pf(x . - i _ f y
(27r)4/ yd"pf( )(p°+/wm(p))(p° iom(3)) (y)

_ [ g2, 8B
= [ ook 2

where

P ! —wm(P)yo—ip-y
g(p) == W/d4yf(y)e (Plyo—iPy.



Particles - fermions
(Euclidean time reversal has a spinor component)

(fa 0’7052f)e
1

_ d*xd*vd*of ip-(Ox— y) om—p- ’Yef
Gyt [ dhd'ydor(0 0 TP e )

where




Scattering in Euclidean space

Approximation 1: Use sharply peaked (in momentum)
normalizable states to approximate plane-wave on-shell
transition matrix elements.

(Weg|SIWeo) = (W W) — 2mi(Wey [0(Ep — EL) TV )

(Ve [SIWro) — Gap(Wry | W)

/ / / / T ~
<pl),u’17 p27/JQ| ‘pluula p27:u2> 27TI<\|;f+|5(E+ — E,)‘\Uf_>



Scattering injection operators (N=2)

Approximation 2: Calculate ¥ (x,7; p, 1)

e n(x,7;p, 1) eigenstate of M2 P, j?, j, in one-body
Hilbert space generated by S,.

0
J,'(X,T; pnu) = (—iW)\(p) + iE)Tﬁ,\(X,T; Py/ﬁ)

J(x1, 71, X2, T2; P1, p1, P2, p2) = Ji(X1,71; P1, p1)J2 (X2, 72; P2, pi2)



Scattering in Euclidean space

Use time-dependent scattering to calculate S matrix
elements in normalizable states.

Use Kato-Birman invariance principle to express S in terms
of e PH,

(WrilSIVr-)

Wf eintJ'I'ef2thJefot Wf,
+

lim
t—o00

m <wf+’e—ine_ﬁ"’f JTeZine*SHJe—ine_ﬁHfN_,ff)

li
n—oo



Scattering in Euclidean space

Approximation 3: Replace n by large fixed n.

(Wep[SIWe)

~ <\Uf+‘efine_BHfJTe2ine*“3HJefine_6Hf ’\Uf,>



Approximation 4: Uniform polynomial approximation

o2ine” BH ~ Z Cm 5mH
note o(e ") € [0,1] (compact)
e2inx s Z Cm(n)Xm X —s e—ﬁH
5™ =" cm(n)x™| < e(n)  ¥x €[0,1]

I
I =3~ cm(m)(e ™I < e(m) )]



N
1
fle PH) ~ 50 To(e M) + Z cx Ti(e PH)
k=1
f(X) — e2inx
N+1

2inx
_pP T
¢ Wl < 2,



(Wi |SIWe) ~

=" () (Wrsle e St (e PmH) Jemine "y )

Each approximation converges - the order of the
approximations is important (1) — (2) — (3) — (4).



Three and four-body phenomenology and cluster properties

S71(123) =
S711)s71(2)s71(3) — K(12)S71(3)—
K(23)S71(1) — K(31)S7(2) — K(123)

S71(1234) =
STH)STH(2)STH(3)STH(4) + K(12)K(34) + K(13)K (24)+
K(14)K(23) — K(12)S71(3)S1(4) — K(13)S71(2)SH(4)+

—K(14)571(2)571(3) - K(23)S 1 (1)S 1 (4)+
—K(24)S7H1)S71(3) - K(34)S 1 (1)SH(2) + -



Test of method: non-relativistic separable potential
(solvable so all approximations can be tested)

k2
H=""—|g)\
p lg) Mgl
1
(klg) e

calculate (k'| T(kT)|k) using matrix elements of e~/ in
normalizable states.



Approximation 3:

Imaginary S vsn-limit - 1 GeV
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Approximation 3:

Red S-1vsn-limit - 1 GeV
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Degree 300 polynomial compared to e~ ™, n = 220

Approximation 4:

A cos(nx)

Assin(nx)

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

4.44089 x 1016
2.35367 x 10714
5.55112 x 1016
3.84137 x 10714
1.72085 x 10714
2.77556 x 10715
6.66134 x 1016
8.54872 x 10715
1.02141 x 10714
1.22125 x 10~15
4.88498 x 10~ 1°

8.32667 x 10~
1.46966 x 10~
3.6797 x 10714
1.80689 x 10~
1.32672 x 10~
2.93793 x 10714
3.33344 x 1014
2.50355 x 10714
1.35447 x 10~ 14
2.72282 x 10714
6.61415 x 1014




Real <k[T(K)|k>

0.1

0.01

0.001

0.0001

Real part of <k|T(k)|k> (exact - black, polynomial - red)

T T T

T T

ool vl il

|

o T

0.5

1
K (GeV)

15



Im <k[T(K)k>
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Conclusions - Outlook

Phenomenology based on model reflection-positive
Euclidean Green functions can be used to formulate a
relativistic quantum theory.

Analytic continuation is not necessary.

The Poincaré invariant S-matrix. Cluster properties are
easily satisfied for fixed N.

Models can be motivated by field-theory based
phenomenology.

A test using an exactly solvable model suggests that
GeV scale scattering calculations are possible in this
framework.



Future directions

Euclidean BS free S.

Euclidean BS S, with continuous Lehmann weight.

Nakanishi representation and reflection positivity.

Current matrix elements.
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e Workshop organizers

e Nuclear Theory Center

e U.S. D.O.E. Office of Science



