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Outline of this talk:
1. Brief review of Efimov physics for 3 particles (atoms) with short-

range interactions

2. The four-boson problem and the methods we developed to solve 
it 

3. Results for 4-body bound and resonant states predicted in 
Nature Physics 5, 417 (2009), and experimentally confirmed by 
Ferlaino, Knoop, Berninger, Harm, D’Incao, Nägerl, and Grimm, 
Phys. Rev. Lett.102, 140401 (2009)

4. 4-body recombination and its surprising importance

5. Theory (Mehta et al., PRL 103, 153201 (2009)) of 4-body and N-
body recombination processes, e.g.

A + A + A + A A3 + A

6.    Very recent headway for 3-bodies, a 4-body experiment at Rice 
Univ., and new theory for 5, 6, 7…8… bosonic atoms



Universality in Few-Body Physics

When a few particles interact via short-range interactions, 
and their scattering length is much larger than the range r0, 
their properties are observed to exhibit universality – i.e. 
binding energies scale in the same way from one level to the 
next, etc. 

The behavior is UNIVERSAL in the sense that very different 
systems, from nucleons in a nucleus, to atoms in an ultracold 
cluster, to molecules, all exhibit these same universal 
properties.

In a sense, few-body physics is a great unifier, as it embraces 
theoretical (and experimental) studies across the sub-
disciplines of physics, initially nuclear physics (Efimov) but 
more recently the torch has been taken up also by atomic 
physics, by high-energy physics, and even condensed-matter 
physics.



Mathematical Detail.  Once you have this “effective dipole-type 
attractive potential curve”, the rest is ‘TRIVIAL’!

Here, ‘trivial’ means that  the solutions are simply Bessel functions (of 
imaginary order, and imaginary argument).

To understand the Efimov effect, look at the effective potential
energy curve at unitarity, as a function of the hyperradius:

Potential 
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The “Efimov 
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Aside: It can be helpful to systematize the discussion of long-
range field effects, in order to include as much physics as 
possible analytically.  Ideas like this have arisen in different
subfields independently, often with different names:

Multichannel effective range theory (centrifugal only)

Bethe, Fermi, Breit...

Multichannel quantum defect theory (attractive Coulomb)

Seaton, Fano... (e.g. Seaton, Rep. Prog. Phys. 46, 1983)

Generalized quantum defect theory (arbitrary long range)

CHG, Fano, Rau, Mies, Gao, Bohn, ... e.g. PRL 81, 3355 
(1998);  PRA 26, 2441 (1982)

e.g., Ba excited state photoionization

ab initio R-matrix + MQDT



Qualitative and quantitative understanding of Efimov’s result

At a qualitative level, it can be understood in hindsight, because two 
particles that are already attracting each other and are infinitesimally close 
to binding, just need a bit of additional attraction from a third particle in 
order to push them over that threshold to become a bound three-body 
system.

Quantitatively, Efimov (and later others) showed that a simple wavefunction 
can be written down at each hyperradius, 
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2 rrrR ++∝ i.e. R measures the SIZE of the 3-
particle triangle, but not its 
shape.  The shape is measured 
by 2 hyperangles, ( )φθ ,

Aside: Efimov’s method is 
similar to Joe Macek’s 1968 
“adiabatic hyperspherical 
potential curve” method, 
although these two theorists 
were not aware of each others’
work until decades later.  See 
also Werner and Castin’s papers 
about the unitary gas limit.

Methodology:  diagonalize the fixed-R 
Schrödinger equation at each R to 

obtain potential curves and couplings, 
thus mapping the many-dimensional 

Sch. Eqn. onto 1D coupled equations.



J=0 
potentials



Fadeev treatment in momentum space, effective theory, 
comparison with hyperspherical calculation:

3-body recombination in 4He



Green’s function method to find 
the hyperspherical potentials



The hyperspherical potential curves are obtained as roots of a 
transcendental determinantal self-consistency condition:



Zero-range multichannel 3-boson potential curves versus hyperradius: 
Efimov effect at excited 3-body dissociation thresholds.
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Figure adapted 
from Esry & 
Greene, Nature 
2006 N&V

March 2010 issue of 
Physics Today:





Science, Dec.2009



Alternative theoretical 
method – low energy 
effective field theory

A formula for 3-body recombination into a shallow weakly bound 
dimer has been derived by Petrov, and in effective field theory by 
Braaten and Hammer, as:

This improves somewhat over a simplified 
version containing much of the same 
physical content, derived by Esry, Burke, 
and CHG, 1999 PRL



Two independent theoretical studies in 1999 considered the 
problem of 3-body recombination (i.e. 
Rb+Rb+Rb Rb2+Rb) from an adiabatic hyperspherical 
point of view.

Nielsen and Macek, 1999 PRL

Esry, Greene, and Burke, 1999 PRL

Conclusions:  

(1) Both groups found that there should be a series of 
minima in the 3-body recombination rate coefficient K3(a) 
at zero energy, for positive scattering lengths

(2) Esry et al. further predicted an infinite series of strong 
resonances in K3(a) at negative scattering lengths, having 
Efimov character.

In subsequent years, these conclusions were confirmed 
independently using effective field theory methods, by Braaten, 
Bedaque, and Hammer (see, e.g., Physics Reports 2006), who 
derived a convenient parameterization at large |A|.



Predicted 
dependence of the 3-
body recombination 
rate on the two-body 
scattering length, 

Esry, Greene, Burke, 
1999 PRL:

““...the zero-energy 
rate should be 
enhanced at an 
infinite number of 
Efimov-like shape 
resonances as A 
approaches –infinity.”



2006 exp. results            theory

Braaten-
Hammer
theory

Esry, Greene, Burke
theory 1999

T = 10nK

200nK

Efimov  resonanceEfimov  resonanceGrimm 
group, 
Nature 2006



Other groups have subsequently rederived the Efimov physics in the 
universality regime of large two-body scattering lengths, especially 
relevant for 3-body recombination, using other methods:

Braaten and Hammer, 2000-2006 – Effective field theory approach

Shepard, 2007 – Fadeev treatment in momentum space, effective theory

Lee, Köhler, Julienne, 2007 – 3-body Green’s function approach based 
on a transition matrix, basic formulation was developed in nuclear 
physics by Sandhas, Alt, and Grassman.

Gogolin, Mora, Egger, 2008 – Analytic solution of a model

Wetterich and coworkers, 2009 – functional renormalization approach





arXiv:0906.4731 and PRL 
103, 163202 (2009)



Universal 3-body physics for 3-component Fermionic 6Li







Typical result of universal theory with the three-body 
parameter adjusted to put the Efimov resonance(s) in the 
correct place.





And a third theoretical 
study looks similar, with 

reasonable overall 
qualitative agreement but 

again the higher-field 
resonance appears to be 
sharper in theory than in 

experiment





A very recent preprint arXiv:1002.4891



Since 2006 – We initiated a concerted effort on the 
4-body problem using hyperspherical coordinates

Recent papers either published or about to be:
arXiv:0904.1405 (PRA 

80, 022504, 2009)

arXiv:0903.3348 (PRL 
103, 033004, 2009)

arXiv:0903.4145 
PRL 103, 

153201 (2009)

Nature Phys. June 2009

Phys. Rev. A 79, 
030501(R), (2009)



2-component fermions: key observable that has to come 
out correctly is that dimer-dimer scattering length Add

Phys. Rev. Lett 93, 090404 (2004)
Predicted Add=0.6 a +/- 0.01a
Previous (ancient) theory had been based on the perturbative result Add=2 a
Others confirming this 0.6a result include, e.g. Radzihovsky and Gurarie

Subsequent work: von Stecher and Greene, 2007 PRL:
Our new results, from subtracting the noninteracting energy of two bosonic
molecules from the ground state energy on the BEC side of the crossover, have 
now pinned down the second digit:

Add=0.608 a +/- 0.003a  (distributed Gaussian diagonalization)
Add=0.636 a +/- 0.01a  (fixed-node Diffusion Monte Carlo – D. Blume)
Add=0.604 a (4-body hyperspherical calculation)

PRL Referee: “…the accuracy … was not established in a convincing 
manner …As a matter of fact I know for sure that the present approach is definitely 
not accurate enough… I do not believe that the authors can prove it any way, as they 
seem to allude, that they can extract the dimer-dimer scattering length using this set of 
wave functions. A scattering state can not be expanded in gaussians… “



Dimer-dimer scattering length and effective range, versus mass ratio

The dimer-dimer effective range is quite large, and it can be important for the 
behavior of the molecular BEC formed.  We obtain:  rdd=0.134 as in CG (or 0.116 as
in MC)



FourFour‐‐BosonsBosons

How does Efimov physics 
extend to four bosons?



A few details for the specialists, our correlated Gaussian 
hyperspherical method (PRA 2009):

Hamiltonian studied: Basis set expansion:

Ritz variational optimization:

Def. of hyperradius R:
Expansion in hyperangular basis gives coupled 
1D ordinary diff equations:



• The matrix elements can be calculated analytically.
• The same basis set can be used through the complete crossover (for fermions).
• Linear dependence issues.
• Can describe bound states, as usually implemented.

Correlated Gaussian basis set:

Four-body Formulation – How to diagonalize the fixed-hyperradius 
Hamiltonian for 4 (or more) particles?

e.g., symmetry operator relevant for 4 
fermionic atoms in two-components



Revisiting the 2006 Grimm group experiment that was the first to see 
3-body Efimov states

p.417



Previous important studies of the 4-boson system in the 
universality regime in 3D:

“We have conjectured, that there are always two four-body 
resonances between any two three-body states.” (i.e. 

below each Efimov state) + Also, no 4-body param.

…also found general correlations between N-
body bound levels and (N-1)-body bound levels

…conclude that a “4-body parameter” is in fact needed, but they only studied low 
(non-universal states), which is presumably why they reach a different conclusion 
from that of Platter and Hammer and also different from ours.
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FourFour‐‐BosonsBosons

Hyperspherical PictureHyperspherical Picture
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Fragmentation 
thresholds

All particles close  
together:
Bound and quasi‐
bound states

R

J. von Stecher and C. H. Greene, arXiv:0904.1405

Interaction 
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…… think Born Oppenheimerthink Born Oppenheimer

PRA 80, 022504, (2009)



FourFour‐‐BosonsBosons

Hyperspherical PictureHyperspherical Picture

J. von Stecher and C. H. Greene, arXiv:0904.1405

Example: Even a threeExample: Even a three‐‐body calculation already gives quite a bit of body calculation already gives quite a bit of 
complexity, so can we really expect that there could be some complexity, so can we really expect that there could be some simplesimple
physics lurking in the 4physics lurking in the 4‐‐body problem?body problem?

1+1+1

2+1

PRA 80, 022504, (2009)





Our results are consistent with Hammer & Platter’s insightful conjecture

Our findings







FourFour‐‐BosonsBosons
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3 body3 body

4 body4 body

Efimov 
scaling

Efimov 
scaling

Two four‐
body states

same scaling relations!!!

Universality study in the Universality study in the 
fourfour‐‐boson systemboson system

a=∞

J. von Stecher, J. P. D’Incao and C. H. Greene, Nat. Phys. (2009)



Bird’s-eye view of the higher-energy tetramer, very weakly bound



FourFour‐‐BosonsBosons

v

Spectrum: Extended Efimov plotSpectrum: Extended Efimov plot

∼1/a  

J. von Stecher, J. P. D’Incao and C. H. Greene, Nat. Phys. (2009)

Calculations at 
more than 500  
scattering lengths!!!

atom‐trimer 
thresholds
(green lines)

four‐body states
(black lines)

dimer‐dimer 
threshold
(red lines)

dimer‐two atoms 
threshold
(red lines)



FourFour‐‐BosonsBosons

What is the effect of the four-body 
states on recombination 

processes?





FourFour‐‐BosonsBosons

FourFour‐‐body recombinationbody recombination
Experimental evidenceExperimental evidence

J. von Stecher, J. P. D’Incao and C. H. Greene, Nat. Phys. (2009)
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Include four‐body effects in the recombination!! 

See also

increasingly negative a 



FourFour‐‐BosonsBosons Just a bit later, some experimental evidence!Just a bit later, some experimental evidence!

More experimental evidence:
M. Zaccanti et al., arXiv: 0904.4453Observation of both four‐body resonances!!! 

Second peak!!Second peak!!

First peak!!First peak!!



But before we can actually calculate the rate of 4-body recombination in 
an ultracold gas, we have to develop some scattering theory:

And here it is, THE FORMULA for N-body recombination, i.e. for 
the process:  A+A+A+….+..A AN-1+A  or AN-2+A+A +…etc.



And using WKB ideas, we can derive a semi-
analytic expression giving the structure of the N-

body recombination rate at zero energy:

4-body recomb. 
rate versus a





Measurement of 
four-body state 1 Measurement of 

four-body state 2

Estimated size of this 4-body 
molecule is around 200-400 nm



Scott Pollack, Dan Dries, and Randy Hulet, Science, Dec.2009



Scott Pollack, Dan Dries, and Randy Hulet, Science, Dec.2009



Calculated 4-body recombination rate, using the theoretical treatment of N-body 
recombination from Mehta et al., PRL 103, 153201 (2009), compared with the 
experimental measurement published by the Rice group in Science 2009.

Figure prepared by Seth Rittenhouse, 2010

T=0 theory

Unitarity limit at 
1 microkelvin

Experimental data



Scott Pollack, Dan Dries, 
and Randy Hulet, 
Science, Dec.2009 –
measured universality 
ratios



D’Incao, von Stecher, and CHG

Hulet group

Predictions of 
universal theory:  



arXiv:0909.4056

increasing attraction

Preprint posted fall 2009:



von Stecher - arXiv:0909.4056



Conclusions:
In the “universal regime” where the largest length scale in the system 
is the atom-atom scattering length, there should always be 2 four-body 
states “attached to” and lying just below each Efimov 3-body state –
this gives strong evidence to support the conjecture of Platter,
Hammer, and Meißner about such states

The Grimm group experiment that saw a 3-body Efimov resonance now 
has additional confirmation that their main resonance is TRULY an 
Efimov state

A reanalysis of the Grimm group experiment (and their new Physical 
Review Letter!) suggests strongly that it is also seeing universal 4-body 
physics for the first time, both 4-body recombination and 4-body bound 
states “attached” to a 3-body Efimov state.  Their new experiment (PRL 
2009) strengthens this interpretation.

No additional 4-body parameter is needed to describe the 4-boson state 
energies in the universality regime, supporting the conjecture of 
Hammer and Platter.

Experimental and theoretical progress in understanding universality is 
suddenly going forward in leaps and bounds.



Other properties from the 4-boson hyperspherical 
potential curves and couplings.

Predicted scattering length between two bosonic
dimers add, versus the atom-atom scattering length a.

PRL 103, 033004 (2009)



Predicted thermally averaged inelastic collision rates for two 
bosonic dimers, versus the atom-atom scattering length a.

PRL 103, 033004 (2009)



Comparison between theory and a recent experiment from the Grimm group in 
Innsbruck:

Temperature 
dependence of the 

inelastic dimer-dimer 
collision rate, at two 
different scattering 

lengths a.



And now, some applications and questions about interacting 
Fermi gases...



Some highlights from our recent extensions to many-fermion ultracold gases 
(with D. Blume, J. von Stecher, S. Rittenhouse)

1. Collapse is predicted to occur for 3-component and 4-component fermi
gases with attraction. (also for more than 4 components)



Qualitative reason why the 3-component (or more) fermi gas with 
attraction might be unstable, whereas the 2-component gas is stable 
at all negative scattering lengths. Counting argument:



Illustrations of why we expect collapse of the 
3-component or 4-component degenerate 
Fermi gas:

Renormalized 
hyperspherical 
potential curves for 
2, 3, and 4 
components



2. Behavior of energies at unitarity, Castin’s “universal 1/R2

potential curve”, excitation frequencies “exactly” 2 hbar omega.



In our language, the hyperspherical potential curves for an N-
fermion system at unitarity, in a trap, have the form:

There are thus families of excitation frequencies exactly equal to 2 
hbar omega, but others as well that are different.



(a) Noninteracting

(b) Infinitely 
interacting 
(unitarity)



Test of the universal behavior predicted by Werner and Castin



Microscopic calculation of the pairing gap at unitarity for a 2-
component equal-mass fermionic gas, compared with Bulgac’s

very recent density-functional theory description.


