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Basic Elements of the Mean-Field Theory

m Many-body Hamiltonian

_ i 1 v Pt
H= Z en1 no Cn1 an + Z Z Vn1 NoNgNy Cn1 an Cn4 Cn37
nyny nNyNaNzny

Viymngn, = (n1no|V|nzng — nang)
cnl-)=0

m Quasiparticle transformation

a ut vt c i ¢
()=Com gr) (&) (4
Transformation matrix is required to be unitary as the quasiparticle operators
need to satisfy the same commutation relations as that of original fermions

wiw = wwt = |

Utu+ viv =1, Ut + v vT =1
uTv+vTiu=o, uvt+vuT =0
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Basic Elements of the Mean-Field Theory

= HFB densities
Py = (¢|Cj,,0n|¢>, Kny = <¢|Cn’cn|¢>
ag|®) =0

p=VVT  g=vUT =—uvf

= HFB conditions

I p—p?=—kKK",  pr=rp" I
m Generalized density matrix

m HFB Energy
Eurs = Tr(ep) + %Tr(l'p) - %Tr(An*)

where

rn1n3 = § Vi nongng Prgny , An1n2 = > § Vi npngngngng

Nang ngng
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Energy Functional E(p, <) — HFB Like Equations

JAS and P. Ring, Nucl. Phys. A 665, 71 (2000)

m Any arbitrary energy functional, which is completely expressible in terms of p and x
results into HFB like Equations

5 {E(p, K) — Tr (A(R2 — R)) } —

oE _ , oE oE
0E = E < Jpn,n-i- ap 0ppn+ or, énn,n-i- or, (Sﬁn/n) + E (5p,,,,
nn

n<n’

m Introducing the quantities
_ _OE _ __0E
I h,, = B, for n<n, A, =- B, for n<n I

m Assuming the functional E is real, we find

E OE

h*
nn
6/<;n,n

nn':a*

= % {Tr (hép) + Tr (h*6p*) — Tr (A*6k) — Tr (AdK™)}

Effective Field Theories and the Many-Body Problem-INT-09 Symmetry Projection in Density Functional Theory



Energy Functional E(p, <) — HFB Like Equations

h A
()

OE = %Tr (HOR)

® Introducing the matrix

We have

m Including the constraint leads to the variational ansatz

5 {E(p. k)~ Tr (NR2 - R)) } = %Tr{(H—/\R ~RA+A)SR} =0
m Since JR is an arbitrary variation, we find
H-AR -—RA+NAN=0
m Using (R? = R), the above equation can be written as
[H,R] =0

m Solved by the HFB-equation

(a5 )(v)-(v)e
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Symmetry Projected Energy — E/(p, x)

m Projection Operator

| = dgd(g)Rlo) |
where the integral runs over all elements g of the symmetry group.
m Particle Number Projection

N o 1 .
_ AloN N _ —ipN
Ro) =€ dV(9)= ;e
m One-Dimensional angular-momentum projection

Ry =, dlo) =2 ()

m Projected Energy

gl _ (@1HP1®) [ dgd'(9)(¢IHF(g)I®)
(®IP'lo) [ dgd'(g)(®|A(g)®)
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Projected Energy — E'(p, )

m Defining R
9= DO i o) = (o)
(olR(9)®)
and R
x(9) = d'(9) (@IA(g)|®)

x(9)

y(9) = Tagx(@)’

with /dgy(g) =1
m Projected Energy

1 _ (@IHP'|9) [ dgx(g) (OlHIg
(®|P|o) [ dgx(g)

= Norm Overlap

L= [doyte) 0g)

(@|R(g)|®) = ;t\/deth\/det(UTDgU*+ VD V)
= +,/det Dg(detp)~"/2,/det (pDyp — kDyr*)
= = /det Ry(detp)!/2/det (A)
= +detRy(detp) /2, /det (By)

pg= RgpF?;, pg= FIL/)F? . kg =RgrRy, K g= R;nﬁ; s
Ag = pRyp — kRgr*,  Bg = ppg — kg

Effective Field Theories he Many-Body Problem-INT-09 Symmetry Projection in Density Functional Theory



Projected Energy — E/(p, k)

m Hamiltonian Overlap (Using Generalized Wick Theorem)

(0lHlg)

H(9) = Hsp(g) + Hpn(g) + Hpp(9)

= Z €nin, <0|C;L11 an‘g>

mnz

+% > Voimngns <0|C,T,1 C,,s\g> <O\c;f,zc,74|g>

Ny Npngny

1w
T4 2 Vonnon, (016 Chlg) (Olcn,rl9)

Ny Npngny

Hsp(g)

Z €ninoPyny (9) = Tr(ep(9))

nmn

Hon(g)

S Vnmmnton @0nm(@) = 2TH(T(@)0(9))

nyNanang

Z Vm n2n3n4E:1 I (g)ﬁn3n4 (g)

NyNanang

—%Tr(A(g)E*(g)) = —%Tr (K*(g)ﬁ(g))

Hpp(9)
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Projected Energy — E/(p, k)

m Projected Fields

rn1n3(g) = Zvnmgngmpmng(g)

Nong
1 _
Amnz(g) = Ezvmngngn‘t’fngm(g)
n3ng
—x 1 . _
Amng(g) = Ezﬁngm(g)vmn‘;mng
N3Ny
_ 1 _ _
Amnz(g) = ézvnmzngn‘;’insm(g)
N3Ny
m Transition Densities
p(9) = RgpAg'p=pgBy'p
Kk(9) = RgpA§1K:prg_1li ,
R (9) = R;H*A§1p:KZB§1p
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Projected HFB Formalism
m Projected Equations
h Al UN_(U\g
—AI * _hl * Vv - vV

m Projected Fields

El
hl«m/ - a
8pn’n
OE!
/ -
Ann’ - 8K2’n
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Particle Number Projection

JAS, P. Ring, E. Lopez and R. Rossignoli, Phys. Rev.
C 66, 044318 (2002)

= Number Projection Operator

= Number Projected HFB Equation
N U\ U
(v)=a(V)

N TN 4 AN aN
= (™ ooy )

m Expressions for the fields are

where

N o= 2/d¢y o)Trle p(¢)] + [1 — 2ie™ sin gp(o)]e C(o)}
+ he.

= 3 ey ( VO ZTINO()] + 311 - 2ie” " Snap(O)N()C(o))
+ h.c.

W= 5 [ 4o yo) (VAR ()] - 2ie-sino Clo)A )
+hc

av = % / do y(#)e P C(9) Ag) — ()T
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Particle Number Projection

rn1n3(¢) = Zvn1n2n3n4pn4n2(¢)

Nong

1 _
An1n2(¢) = Ezvmnzngm’ingm(d))

ngng

— 1 . _
Anam(d)) = EZHn1n2(¢)Vn1n2n3n4y

nnz

(@) = Clo)
(@) = Clo)s =rCT(0)

R(0) = &nC'(9) = 4Cl(o)s
(

—1

Clo) = & (1+p( 1))
1 @M det(e?)
x(¢) = ZidetC(qb) )
W0 = e [daye)=1.

and
Y(9) = ie sing C(o) ~ 1 [ do'y(¢)e ™ sind' O(&)
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Particle Number Projection in a Schematic Model
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JAS, P. Ring, E. Lopez and R. Rossignoli, Phys. Rev. C 66, 044318 (2002)

Effective Field Theories and the Many-Body Problem-INT-09 Symmetry Projection in Density Functional Theory



Particle Number Projection with Skyrme Force

—7—LN —O—PLN
L L

20 30

40

NEUTRON NUMBER

M.V. Stoitsov et al.

Effective Field Theories and the Many-Body Problem-IN

[EP*"| (MeV)

EEF)LN . EVAFMP (MeV)

EnS

——LN —C—PLN —@—VAPNP

¢ S S
ff/ i‘i?\
6le /' N
5 v

—v—LN—C—PLN

70 72 74 76 78 80 82 84 86 86 90
NEUTRON NUMBER

, Phys. Rev. C 76, 014308 (2007)

Symmetry Projection in Density Functional Theory




Particle Number Projection with Gogny Force
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Fig. 5. Pairing correlation energies in the HFBs and VAP approaches or the nucleus *8Cr and 3Cr,
respectively.
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M. Anguiano, J.L. Egido and L.M. Robledo, Nucl. Phys. A 696, 467 (2001)
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Generalized Projected Operator

m Three Dimensional Angular Momentum Projection
Pl = / dg D'(9)R(9)

A(g) = & & &%, DI(g) = 44 Dlye(a B.7)
= Norm and Hamiltonian overlap integrals depend on both p and x and cannot be
simplified. For instance, the norm overlap

(®|R(g)|®) = +,/det Ry(det p)~"/2, /det (Ag)

where
Ag = pRgp — kRgK"
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Generalized Projected Fields

= Hartree Fock Field

wo o OE
mn Dpnrr
- Ja{ 0 1032}
_ 9y(9) OHsp(9) |, OHpn(9) |, OHpp(9)
= [l G0 vio) (TG T D) |
e _
ooy~ V(9)Ywnl9)

Y@) = X)- [ agye)X(@)

)
X(@) = 5 (=" + RapAy" + A" oRy)
OHsol9) (engpA;‘+A;‘peRg
Oppr
Ay ey~ o(9)eRooA;
nn
9Hpn(9) - _
g~ \[(@RaAG" + A5 0T (g)Rg
A5 @l9)Rs ~ O @Ry )
nn
O9) (@ ;! ~ A5 oG (@)
Apn

—(9)A(@)Rsr"Ay" + Ag'vA"(9)Ry

A KA (@)o(g)Rg - ~<g>£*(g)RgpA;')”
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Generalized Projected Fields

m Pairing Field
oF!
AL/n = 3
_ / { 9) +¥(9) an( )}
- Ju{ze Y(g) o) (Zie) o) Oel0)) |
W)~ y(g)Twnla).
nn'
@) = 2Z(9)- / ag'y(g)Z(g")
2@ =~ 5(4"A ()
9Hsp(9) _

+(A;pA<g)mg)pm; )

(4" s @m@m - -7) |
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Generalized Projected Fields - HFB Limit

m Limiting Expressions for Projected Matrices

Ry = 1 y(g)=1: Y(9)
plg) = pir(g)=r K(g=r",
r(g) = T Ag)=4; A(g) = A"

OH,

rsﬂ = eyn+€eyn—(ep)nn— (p€)mn ,
P’

OH,

e = (eR)yn— (eR)y -

= HFB

Eurs = Tr(ep) + %Tr(rp) - %Tr(An*)
= Hsp + th + pr

OHsp

= €
Opnr ”n
OHsp
Okpny =0

Hsp = Tr(ep)
= Tr(ep) + Tr(ep) — Tr(ep)

= Tr(ep) + Tr(ep) — Tr(e(/)2 - rm*))
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Application to Density Functional Theory

m Coordinate Representation

(®[c) Cro|®)
<¢|Cr’a’ Cro'|¢>

p(ro,¥o’)

k(ro,ro’)

d = Y onro)ch
Cro = Z¢n(r0)cn

p(ro,r'o’) = Z P S (F'0’) dn(ro)

nn’

k(ro,ro’) = Z tp b (F'0’) dn(ro)

nn'

poro.re'.g) = > paw(9) oy (Fo’) én(ro)

nn’

/{([‘a’, r,U,7g) = Z Knn’(g) ¢n’(r,0,) ¢7n(r0)

nn'
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Application to DFT

m Projected Energy
E(or) = [ dg¥(9) (@)

WHR@I) [
O =" ol(g)0) - [ #entea)

where

m Rotated Fields

9H(9)
9pwn(9)
) / & 65(0) h(r,,0", g) dm(r’) |

oo’

9H(9)
a‘%;/n(g)
- [ oroiro) A(r.0.0'.9) dn(ro')

oo’

9H(9)
Okwn(9)

) / & 65(r0) A*(r,0.0", ) b (1)

oo’

B (9)

Ann’(g) =

Any(9) =
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Application to DFT

= HF Field

OE'
Aprn

by =

- 1 g OH(g) 9pas(g)
- /o {y(g) D0 O 2 353 ~Opn

OH(@) Prasl@) <~ OM(G) Pesl0)
b 0@ O 2 D@ O

- /y(g)[ a9, g)+zh o) 29

) Opnn
25(9) }

- S8 %50 T a0
n'n

/ ¥(9) {@ Yo H(g) + (h(.q)f:f(g)ﬂf\;1 ~ Ag" ph(@)p(9)Rg + h-‘«*)

nn'

+ (Ag"nﬁ*(g)ﬂg — A" kA*(9)p(9)Rg — K(9)A"(9)Rep Ay + h.a) }
nn'.

m Pairing Field

_ OF!
Ky

1
- [ vo [@ Tm/H(g)+( " oh(9)(9) R — (- ))

+ (AQ"{A*(Q) w(9)R; + Ag' pA(G)R; + A pA(G)R"p "NFG*('“)T> ]
nn'

/
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Divergence Problem in Projected DFT

p:(ro, v'o") = (Pla) ar. | 9(2)) /(@ P(2))

222 Im|z]
- 7‘ Jq tp,,(ro);a,,(ra ) z=iul /
R
x:(re, v'a") = (Plap, e, | D(2)) /(P B(2))

T——
Li,v below
= Z 7 +" 7” 7@),,(1‘0)20 g’ —a’), . )

F.(ro, re’) = (ﬂ)la:;’a:a [ () /1P| (2)) §@7\ Re[z]

Y eone ) @D

u" +z
Zo-iufy__ e
above A \\

J. Dobaczewski et al., Phys. Rev. C 76, 054315 (2007)
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Divergence Problem in Projected DFT

Co 1
-04  -0.2 0.0 0.2 04 0.6 08

M. Bender, T. Duguet and D. Lacroix, Phys. Rev. C 79, 044319 (2009)
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Summary and Outlook

Summary

Variation of an arbitrary energy functional depending on p and «
results into HFB like equations.

Projected energy functional can be completely expressed in terms
of p and «.

Expressions for the projected Fields have been explicitly derived
for a generalized projection operator.

Number projected HFB equations have been applied to schematic
and to the DFT models.
Outlook

Application of the projected HFB equations to angular momentum
and isospin projection for Hamiltonian problems.

Study in detail the divergence problem in DFT.
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