
Symmetry Projection in Density Functional Theory

Javid A. Sheikh

University of Tennessee / Oak Ridge National Laboratory
and University of Srinagar, India

Peter Ring, Witek Nazarewicz and Jacek Dobaczewski

May 15, 2009 / INT Seattle

Effective Field Theories and the Many-Body Problem-INT-09 Symmetry Projection in Density Functional Theory



Outline

1 Basic Elements of the Mean-Field Theory
2 Arbitrary Energy Functional E(ρ, κ) → HFB Like Equations
3 Symmetry Projected Energy Functional → E(ρ, κ)

4 Particle Number Projection - Preliminary Results
5 Generalized Projected HFB Equations
6 Application to Density Functional Theory (DFT)
7 Divergence Problem in the Projected DFT
8 Summary and Outlook

Effective Field Theories and the Many-Body Problem-INT-09 Symmetry Projection in Density Functional Theory



Basic Elements of the Mean-Field Theory

Many-body Hamiltonian

H =
∑
n1n2

en1n2
c†n1

cn2
+

1
4

∑
n1n2n3n4

vn1n2n3n4
c†n1

c†n2
cn4

cn3
,

vn1n2n3n4
= 〈n1n2|V |n3n4 − n4n3〉

cn|−〉 = 0

Quasiparticle transformation(
α
α†

)
=

(
U† V †

V T UT

)(
c
c†

)
=W†

(
c
c†

)
Transformation matrix is required to be unitary as the quasiparticle operators
need to satisfy the same commutation relations as that of original fermions

W†W =WW† = I

U†U + V †V = I, UU† + V ∗V T = I
UT V + V T U = 0, UV † + V ∗UT = 0
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Basic Elements of the Mean-Field Theory

HFB densities

ρnn′ = 〈Φ|c†n′cn|Φ〉, κnn′ = 〈Φ|cn′cn|Φ〉

αk |Φ〉 = 0

ρ = V ∗V T , κ = V ∗UT = −UV †

HFB conditions

ρ− ρ2 = −κκ∗, ρκ = κρ∗

Generalized density matrix

R =

(
ρ κ
−κ∗ −σ∗

)
=

(
ρ κ
−κ∗ 1− ρ∗

)
=W

(
0 0
0 1

)
W†

R2 = R
HFB Energy

EHFB = Tr(eρ) +
1
2

Tr(Γρ)− 1
2

Tr(∆κ∗)

where

Γn1n3
=
∑
n2n4

vn1n2n3n4
ρn4n2

, ∆n1n2
=

1
2

∑
n3n4

vn1n2n3n4
κn3n4
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Energy Functional E(ρ, κ) → HFB Like Equations
JAS and P. Ring, Nucl. Phys. A 665, 71 (2000)

Any arbitrary energy functional, which is completely expressible in terms of ρ and κ
results into HFB like Equations

δ
{

E(ρ, κ)− Tr
(

Λ(R2 −R)
)}

= 0

δE =
∑
n<n′

(
∂E
∂ρn′n

δρn′n +
∂E
∂ρ∗n′n

δρ∗n′n +
∂E
∂κn′n

δκn′n +
∂E
∂κ∗n′n

δκ∗n′n

)
+
∑

n

∂E
∂ρnn

δρnn

Introducing the quantities

hnn′ = ∂E
∂ρ

n′n
for n ≤ n′, ∆nn′ = − ∂E

∂κ∗
n′n

for n < n′

Assuming the functional E is real, we find

h∗nn′ =
∂E
∂ρ∗n′n

, ∆∗nn′ = − ∂E
∂κn′n

δE =
1
2
{Tr (hδρ) + Tr (h∗δρ∗)− Tr (∆∗δκ)− Tr (∆δκ∗)}
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Energy Functional E(ρ, κ) → HFB Like Equations

Introducing the matrix

H =

(
h ∆
−∆∗ −h∗

)
We have

δE =
1
2

Tr (HδR)

Including the constraint leads to the variational ansatz

δ
{

E(ρ, κ)− Tr
(

Λ(R2 −R)
)}

=
1
2

Tr {(H−ΛR−RΛ + Λ)δR} = 0

Since δR is an arbitrary variation, we find

H−ΛR−RΛ + Λ = 0

Using (R2 = R), the above equation can be written as

[H,R] = 0

Solved by the HFB-equation(
h ∆
−∆∗ −h∗

)(
U
V

)
=

(
U
V

)
E
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Symmetry Projected Energy→ E I(ρ, κ)

Projection Operator

P I =
∫

dg d I(g)R̂(g)

where the integral runs over all elements g of the symmetry group.
Particle Number Projection

R̂(φ) = eiφN̂ , dN(φ) =
1

2π
e−iφN

One-Dimensional angular-momentum projection

R̂(β) = eiβĴy , d I(β) =
2I + 1
8π2 d I

00(β)

Projected Energy

E I =
〈Φ|HP I |Φ〉
〈Φ|P I |Φ〉 =

R
dg d I(g)〈Φ|HR̂(g)|Φ〉R
dg d I(g)〈Φ|R̂(g)|Φ〉
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Projected Energy→ E I(ρ, κ)

Defining

|g〉 =
R̂(g)|Φ〉〈

Φ|R̂(g)|Φ
〉 , with |0〉 = |Φ〉

and
x(g) = d I(g)

〈
Φ|R̂(g)|Φ

〉
y(g) =

x(g)∫
dg x(g)

, with
∫

dg y(g) = 1

Projected Energy

E I =

〈
Φ|HP I |Φ

〉〈
Φ|P I |Φ

〉 =

∫
dg x(g) 〈0|H|g〉∫

dg x(g)
=

∫
dg y(g) 〈0|H|g〉

Norm Overlap

〈Φ|R̂(g)|Φ〉 = ±
√

det Dg

√
det(UT D∗gU∗ + V T D∗gV ∗)

= ±
√

det Dg(det ρ)−1/2
√

det
(
ρDgρ− κD∗gκ∗

)
= ±

√
det Rg(det ρ)−1/2

√
det
(
Ag
)

= ±det Rg(det ρ)−1/2
√

det
(
Bg
)

ρg = RgρR†g , ρ−g = R†gρRg , κg = RgκRᵀ
g , κ−g = R†gκR∗g ,

Ag = ρRgρ− κR∗gκ
∗, Bg = ρρg − κκ∗g
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Projected Energy→ E I(ρ, κ)

Hamiltonian Overlap (Using Generalized Wick Theorem)

〈0|H|g〉 = H(g) = Hsp(g) + Hph(g) + Hpp(g)

=
∑
n1n2

en1n2

〈
0|c†n1

cn2
|g
〉

+
1
2

∑
n1n2n3n4

vn1n2n3n4

〈
0|c†n1

cn3
|g
〉〈

0|c†n2
cn4
|g
〉

+
1
4

∑
n1n2n3n4

vn1n2n3n4

〈
0|c†n1

c†n2
|g
〉 〈

0|cn4
cn3
|g
〉

Hsp(g) =
∑
n1n2

en1n2
ρn2n1

(g) = Tr (eρ(g))

Hph(g) =
1
2

∑
n1n2n3n4

vn1n2n3n4
ρn3n1

(g)ρn4n2
(g) =

1
2

Tr (Γ(g)ρ(g))

Hpp(g) =
1
4

∑
n1n2n3n4

vn1n2n3n4
κ∗n1n2

(g)κn3n4
(g)

= −1
2

Tr (∆(g)κ∗(g)) = −1
2

Tr
(

∆
∗
(g)κ(g)

)
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Projected Energy→ E I(ρ, κ)

Projected Fields

Γn1n3
(g) =

∑
n2n4

vn1n2n3n4
ρn4n2

(g)

∆n1n2
(g) =

1
2

∑
n3n4

vn1n2n3n4
κn3n4

(g)

∆
∗
n1n2

(g) =
1
2

∑
n3n4

κ∗n3n4
(g)vn3n4n1n2

∆n1n2
(g) =

1
2

∑
n3n4

vn1n2n3n4
κn3n4

(g)

Transition Densities

ρ(g) = RgρA−1
g ρ = ρgB−1

g ρ

κ(g) = RgρA−1
g κ = ρgB−1

g κ ,

κ∗(g) = R∗gκ
∗A−1

g ρ = κ∗gB−1
g ρ
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Projected HFB Formalism

Projected Equations(
hI ∆I

−∆I ∗ −hI ∗

)(
U
V

)
=

(
U
V

)
E

Projected Fields

hI
nn′ =

∂E I

∂ρn′n

∆I
nn′ = − ∂E I

∂κ∗n′n
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Particle Number Projection
JAS, P. Ring, E. Lopez and R. Rossignoli, Phys. Rev.
C 66, 044318 (2002)

Number Projection Operator

PN =
1

2π

∫
dφ eiφ(N̂−N)

Number Projected HFB Equation

HN
(

U
V

)
= E〉

(
U
V

)
where

HN =

(
εN + ΓN + ΛN ∆N

−(∆N)
∗ −(εN)

∗ − (ΓN)
∗ − (ΛN)

∗

)
Expressions for the fields are

εN =
1
2

∫
dφ y(φ)

{
Y (φ)Tr[e ρ(φ)] + [1− 2ie−iφ sinφρ(φ)]e C(φ)

}
+ h.c.

ΓN =
1
2

∫
dφ y(φ)

(
Y (φ)

1
2

Tr[Γ(φ)ρ(φ)] +
1
2

[1− 2ie−iφ sinφρ(φ)]Γ(φ)C(φ)

)
+ h.c.

ΛN = −1
2

∫
dφ y(φ)

(
Y (φ)

1
2

Tr[∆(φ)κ∗(φ)]− 2ie−iφ sinφ C(φ)∆(φ)κ∗
)

+ h.c

∆N =
1
2

∫
dφ y(φ)e−2iφC (φ) ∆(φ)− (..)ᵀ
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Particle Number Projection

Γn1n3
(φ) =

∑
n2n4

vn1n2n3n4
ρn4n2

(φ)

∆n1n2
(φ) =

1
2

∑
n3n4

vn1n2n3n4
κn3n4

(φ)

∆
∗
n3n4

(φ) =
1
2

∑
n1n2

κ∗n1n2
(φ)vn1n2n3n4

,

ρ(φ) = C(φ)ρ

κ(φ) = C(φ)κ = κCᵀ(φ)

κ(φ) = e2iφκC∗(φ) = e2iφC†(φ)κ

C(φ) = e2iφ
(

1 + ρ(e2iφ − 1)
)−1

x(φ) =
1

2π
eiφ(N) det(eiφ)√

det C(φ)
,

y(φ) =
x(φ)∫
dg x(φ)

,

∫
dg y(φ) = 1,

and
Y (φ) = ie−iφ sinφ C(φ)− i

∫
dφ′y(φ′)e−iφ′ sinφ′ C(φ′)

Effective Field Theories and the Many-Body Problem-INT-09 Symmetry Projection in Density Functional Theory



Particle Number Projection in a Schematic Model

JAS, P. Ring, E. Lopez and R. Rossignoli, Phys. Rev. C 66, 044318 (2002)
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Particle Number Projection with Skyrme Force

M.V. Stoitsov et al., Phys. Rev. C 76, 014308 (2007)
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Particle Number Projection with Gogny Force

M. Anguiano, J.L. Egido and L.M. Robledo, Nucl. Phys. A 696, 467 (2001)
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Generalized Projected Operator

Three Dimensional Angular Momentum Projection

P I =

∫
dg DI(g)R̂(g)

R̂(g) = eiαĴz eiβĴy eiγĴz , DI(g) = 2I+1
8π2 DI

MK (α, β, γ)

Norm and Hamiltonian overlap integrals depend on both ρ and κ and cannot be
simplified. For instance, the norm overlap

〈Φ|R̂(g)|Φ〉 = ±
√

det Rg(det ρ)−1/2
√

det
(
Ag
)

where
Ag = ρRgρ− κR∗gκ

∗

Effective Field Theories and the Many-Body Problem-INT-09 Symmetry Projection in Density Functional Theory



Generalized Projected Fields
Hartree Fock Field

hI
n′n =

∂E I

∂ρnn′

=

∫
dg
{
∂y(g)

∂ρnn′
H(g) + y(g)

∂H(g)

∂ρnn′

}
=

∫
dg
{
∂y(g)

∂ρnn′
H(g) + y(g)

(
∂Hsp(g)

∂ρnn′
+
∂Hph(g)

∂ρnn′
+
∂Hpp(g)

∂ρnn′

)}

∂y(g)

∂ρnn′
= y(g)Yn′n(g)

Y (g) = X (g)−
∫

dg′y(g′)X (g′)

X (g) =
1
2

(
−ρ−1 + RgρA−1

g + A−1
g ρRg

)
∂Hsp(g)

∂ρnn′
=

(
eRgρA−1

g + A−1
g ρeRg

−A−1
g ρeρ(g)Rg − ρ(g)eRgρA−1

g

)
n′n

,

∂Hph(g)

∂ρnn′
=

(
Γ(g)RgρA−1

g + A−1
g ρΓ(g)Rg

−A−1
g ρΓ(g)ρ(g)Rg − ρ(g)Γ(g)RgρA−1

g

)
n′n

,

∂Hpp(g)

∂ρnn′
=

(
∆(g)R∗gκ

∗A−1
g − A−1

g ρ∆(g)κ̄∗(g)Rg

−ρ(g)∆(g)R∗gκ
∗A−1

g + A−1
g κ∆̄∗(g)Rg

−A−1
g κ∆̄∗(g)ρ(g)Rg − κ(g)∆̄∗(g)RgρA−1

g

)
n′n
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Generalized Projected Fields
Pairing Field

∆I
n′n = − ∂E I

∂κ∗nn′

= −
∫

dg
{
∂y(g)

∂κ∗nn′
H(g) + y(g)

∂H(g)

∂κ∗nn′

}
= −

∫
dg
{
∂y(g)

∂κ∗nn′
H(g) + y(g)

(
∂Hsp(g)

∂κ∗nn′
+
∂Hph(g)

∂κ∗nn′
+
∂Hpp(g)

∂κ∗nn′

)}

∂y(g)

∂κ∗nn′
= y(g)Tn′n(g),

T (g) = Z (g)−
∫

dg′y(g′)Z (g′)

Z (g) = − 1
2

(
A−1

g κR∗g − (· · · )T
)

∂Hsp(g)

∂κ∗nn′
=

(
A−1

g ρeκ(g)R∗g − (· · · )T
)

n′n

∂Hph(g)

∂κ∗nn′
=

(
A−1

g ρΓ(g)κ(g)R∗g − (· · · )T
)

n′n

∂Hpp(g)

∂κ∗nn′
= −1

2

[(
A−1

g ρ∆(g)R∗g − (· · · )T
)

n′n

+

(
A−1

g ρ∆(g)κ̄∗(g)ρ−1κR∗g − (· · · )T
)

n′n

+

(
A−1

g κ∆̄∗(g)κ(g)R∗g − (· · · )T
)

n′n

]
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Generalized Projected Fields - HFB Limit
Limiting Expressions for Projected Matrices

Rg = 1; y(g) = 1; Y (g) = 0; T (g) = 0; A(g) = ρ

ρ(g) = ρ; κ(g) = κ; κ̄∗(g) = κ∗ ,

Γ(g) = Γ; ∆(g) = ∆; ∆̄∗(g) = ∆∗

∂Hsp

∂ρnn′
= en′n + en′n − (eρ)n′n − (ρe)n′n ,

∂Hsp

∂κ∗nn′
= (eκ)n′n − (eκ)nn′ .

HFB

EHFB = Tr(eρ) +
1
2

Tr(Γρ)− 1
2

Tr(∆κ∗)

= Hsp + Hph + Hpp

∂Hsp

∂ρnn′
= en′n

∂Hsp

∂κnn′
= 0

Hsp = Tr(eρ)

= Tr(eρ) + Tr(eρ)− Tr(eρ)

= Tr(eρ) + Tr(eρ)− Tr
(

e(ρ2 − κκ∗)
)
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Application to Density Functional Theory

Coordinate Representation

ρ(rσ, r′σ′) = 〈Φ|c†r′σ′crσ|Φ〉
κ(rσ, r′σ′) = 〈Φ|cr′σ′crσ|Φ〉

c†rσ =
∑

n

φ∗n(rσ)c†n ,

crσ =
∑

n

φn(rσ)cn

ρ(rσ, r′σ′) =
∑
nn′

ρnn′ φ
∗
n′(r
′σ′) φn(rσ)

κ(rσ, r′σ′) =
∑
nn′

κnn′ φn′(r′σ′) φn(rσ)

ρ(rσ, r′σ′,g) =
∑
nn′

ρnn′(g) φ∗n′(r
′σ′) φn(rσ)

κ(rσ, r′σ′,g) =
∑
nn′

κnn′(g) φn′(r′σ′) φn(rσ)
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Application to DFT

Projected Energy

E I(ρ, κ) =

∫
dg y(g) H(g)

where

H(g) =
〈Φ|ĤR̂(g)|Φ〉
〈Φ|R̂(g)|Φ〉

=

∫
d3r H(r,g)

Rotated Fields

hnn′(g) =
∂H(g)

∂ρn′n(g)

=
∑
σσ′

∫
d3r φ∗n(rσ) h(r, σ, σ′,g) φn′(rσ′) ,

∆nn′(g) =
∂H(g)

∂κ̄∗n′n(g)

=
∑
σσ′

∫
d3r φ∗n(rσ) ∆(r, σ, σ′,g) φn′(rσ′)

∆̄∗nn′(g) =
∂H(g)

∂κn′n(g)

=
∑
σσ′

∫
d3r φ∗n(rσ) ∆̄∗(r, σ, σ′,g) φn′(rσ′)

Effective Field Theories and the Many-Body Problem-INT-09 Symmetry Projection in Density Functional Theory



Application to DFT
HF Field

hI
nn′ =

∂E I

∂ρn′n

=

∫
y(g)

[
1

y(g)

∂y(g)

∂ρn′n
H(g) +

∑
αβ

∂H(g)

∂ραβ(g)

∂ραβ(g)

∂ρn′n

+
∑
αβ

∂H(g)

∂καβ(g)

∂καβ(g)

∂ρn′n
+
∑
αβ

∂H(g)

∂κ̄∗αβ(g)

∂κ̄∗αβ(g)

∂ρn′n

]

=

∫
y(g)

[
1

y(g)

∂y(g)

∂ρn′n
H(g) +

∑
αβ

hβα(g)
∂ραβ(g)

∂ρn′n

+
∑
αβ

∆̄∗βα(g)
∂καβ(g)

∂ρn′n
+
∑
αβ

∆βα(g)
∂κ̄∗αβ(g)

∂ρn′n

]

=

∫
y(g)

[
1

y(g)
Ynn′H(g) +

(
h(g)R(g)ρA−1

g − A−1
g ρh(g)ρ(g)Rg + h.c.

)
nn′

+

(
A−1

g κ∆̄∗(g)Rg − A−1
g κ∆̄∗(g)ρ(g)Rg − κ(g)∆̄∗(g)Rgρ A−1

g + h.c.

)
nn′

]

Pairing Field

∆I
nn′ = − ∂E I

∂κ∗n′n

= −
∫

y(g)

[
1

y(g)
Tnn′H(g) +

(
A−1

g ρh(g)κ(g)R∗g − (· · · )T

)
nn′

+

(
A−1

g κ∆̄∗(g)κ(g)R∗g + A−1
g ρ∆(g)R∗g + A−1

g ρ∆(g)κ̄∗ρ−1κR∗g − (· · · )T

)
nn′

]
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Divergence Problem in Projected DFT

J. Dobaczewski et al., Phys. Rev. C 76, 054315 (2007)
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Divergence Problem in Projected DFT

M. Bender, T. Duguet and D. Lacroix, Phys. Rev. C 79, 044319 (2009)
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Summary and Outlook

Summary
1 Variation of an arbitrary energy functional depending on ρ and κ

results into HFB like equations.
2 Projected energy functional can be completely expressed in terms

of ρ and κ.
3 Expressions for the projected Fields have been explicitly derived

for a generalized projection operator.
4 Number projected HFB equations have been applied to schematic

and to the DFT models.

Outlook
1 Application of the projected HFB equations to angular momentum

and isospin projection for Hamiltonian problems.
2 Study in detail the divergence problem in DFT.
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