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Solving  QCD :  What is to be gained ?
‐ Nuclear Physics   IS   QCD + electroweak

 Predictions without experiment :
 interpolation is the tradition

 e.g. NN phase-shifts and NN potentials

 Allow exploration of other ``universes’’
 different  quark masses,  electroweak couplings,  θ



Exa-scale computing will unify Nuclear Physics  

Cold QCD and
Nuclear Forces

Nuclear Structure 
and Reactions

Los Alamos, June 2008 

Lattice QCD 

Exact methods 

GFMC, NCSM, Vlow k , 

Lattice EFT 

Shell Model,  

Coupled Cluster, … 

NN, NNN, NNNN, NN!!…..  Interactions -- 

Theory is ``set up’’ to reproduce observables. 

Density 
Functional Theory



→ 1
N

N∑

gluonfields

θ̂[Uµ]

Numerical evaluation of the Euclidean-space path integral
•  quarks and gluons               First-principles QCD calculation

e.g. triton correlation function 

 Wilson  Feynman

A Lattice QCD Calculation

〈θ̂〉 ∼
∫

DUµ θ̂[Uµ] det[κ[Uµ]] e−SY M

image from 
Gupta, Kilcup,Sharpe 



Lattice QCD 

Lattice Spacing :

a << 1/Λχ



Lattice QCD 

Lattice Spacing :

a << 1/Λχ



 e.g.  – 1 gluon field cfg
 mπ =  260 MeV

 Lattice spacing = 0.10 fm 
 Lattice extent =  4.8 fm
 Domain-wall  sea quarks
 483 x 64  x 16

 7 Tflop days

Need thousands for 
T=0 Nuclear Physics

Significant Computational Needs



Near‐Term LQCD Goals in Nuclear Physics

 Finite-Temperature QCD
 Phase diagram : T and µ

 Spectrum and Structure of Matter
 Hadronic structure
 Baryon excitations
 Exotics

 Nuclear Reactions
 NN, NNN, YN,  MEC’s

 Astrophysics
 YN , Kaon condensation



Dense Matter

Equation of State of Nuclear Material at High Densities ??
•	 Kaon (strange meson) Condensate ?
•	 Sigma (strange) Baryons ?

Is SN1987A  a Black Hole  or  a Neutron Star ?



... to make predictions for the structure and interactions of nuclei using lattice QCD. 

+

Barcelona, LLNL, New Hampshire, Washington, William+Mary 

NPLQCD 



2008 (JLab)
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Extrapolations

•  mq
• Rigorous for small mq 

• physical quark masses 

 lattice spacing
 a~ 0.12, 0.09, 0.06 fm today

 lattice volume
 L~ 2.5, 3.0, 3.5 fm today
 expect L >> 5 fm very soon
 Smaller volumes for scatteringNucleon Mass -- Walker-Loud

Interpolation



Hadronic Interactions from Lattice QCD 

a

L



Maiani-Testa Theorem 
Implications for Nuclear Physics !

Away from Kinematic Thresholds



Maiani-Testa Theorem 
Implications for Nuclear Physics !

δ (s)  ? 

GNN (s)Euclidean                                GNN (s)Minkowski

Away from Kinematic Thresholds



δE = 2
√

p2 + m2 − 2m

Two-Particle Energy Levels (Luscher)

UV regulator 

Below Inelastic Thresholds : 
Measure on lattice



δE = 2
√

p2 + m2 − 2m

Two-Particle Energy Levels (Luscher)

UV regulator 

Below Inelastic Thresholds : 
Measure on lattice



Luscher Relation

Non-interacting particles

E < 0 E > 0 Bound-state or 
Scattering state ?

V = 0 → a = r = 0
S =∞

k =
2π

L
n

n = (nx, ny, nz)



Luscher Relation

Non-interacting particles

E < 0 E > 0 Bound-state or 
Scattering state ?

V = 0 → a = r = 0
S =∞

k =
2π

L
n

n = (nx, ny, nz)



 Meson-Meson Scattering

Weinberg’s tree-level predictions agree with LQCD !!! 
• Why only trees ???



  Κ+ Κ+  



Meson-Baryon
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Large Scattering Lengths are OK !

Require : L >> r0

but   ANY   a



NN Scattering  

1S0 : pp , pn , nn 3S1-3D1 : pn : deuteron



Some of the Experimental Hyperon-Nucleon Data

LO EFT
Julich 04
Nijm 97



Hyperon-N Interactions

|k| = 261 MeV |k| = 179 MeV

|k| = 255 MeV |k| = 169 MeV



3-π interaction

divergent

Multi-π’s and Many-Body  



n-Bosons in a Finite Volume
2

of Ref. [10], and simply state the result. The energy-shift of the ground state is

E0(n, L) =
4π a

M L3
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Mπ3L7
(T0 + T1 n) +

6πa3

M3L7
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+ O
(

L−8
)

. (2)

where the geometric constants that enter are 1

I = −8.9136329 T0 = −4116.2338

J = 16.532316 T1 = 450.6392

K = 8.4019240 SMS = −185.12506

L = 6.9458079 (3)

and
(

n

k

)

=n!/(n − k)!/k!. The last term in the last bracket of eq. (2) is the leading relativistic contribution to the
energy-shift. Deviations from the energy-shift of n-bosons computed with non-relativistic quantum mechanics arise
only for three or more particles as the two-particle energy-shift has the same form when computed in non-relativistic
quantum mechanics and in quantum field theory [1, 2]. In eq. (3), SMS is the value of the scheme-dependent quantity
S in the Minimal Subtraction (MS) scheme that we have employed to renormalize the theory (a change in scheme
results in a change in S and a compensating change in η3(µ)).2 The Ti are renormalization scheme independent. Our
result at n = 2 agrees with large volume expansion of Ref. [1, 2], and at n = 3 agrees with the previous computation
by Shina Tan [10].

The renormalization-scale independent, but volume dependent, quantity

ηL
3 = η3(µ) +

64πa4

m

(

3
√

3 − 4π
)

log (µL) −
96a4

π2m
S (4)

was determined in recent lattice QCD calculations [9]. It was found to be non-vanishing in systems of three, four
and five π+’s at pion masses of mπ ∼ 290 and 350 MeV in a ∼ (2.5 fm)3 volume, when extracted at O(L−6) in the

1 The constants I,J ,K were defined previously in Ref. [4], while the constant L is defined to be the integer-triplet sum

L =
X

n!=0

1

|n|8
,

and is equal to L = α4 in the notation of Ref. [10]. The constants T0,1 arise from combinations of up to three-loop diagrams, and involve
three-, six- and nine-dimensional sums over integers, and can be written in terms of constants defined in Ref [10] plus one additional
sum, S1,

T0 + T1 n =
1

4
α1AA1 − I α1A1 +

1

2
(2n − 9)α2A1 +

3

4
(n − 4)α1B1 −

1

4
(7n − 29)L + 2(n − 3)S1 ,

where

S1 =
X

n,j!=0

1

|n|2|j|4 [ |n|2 + |n + j|2]
= 92.42215 .

2 In the notation of Ref. [4], SMS = 2Q + R. The numerical value in eq. (3) corrects a minor error in Q in Ref. [4].



Bose-Einstein Condensates of  Mesons in LQCD: 
Many‐Body Systems 

π+ π+ π+
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NN Scattering Length fixed at 2 fm
for demonstrative purposes

Assumes cfgs already existMeasurements required for 3% accuracy at t=10  

gA

Resource Requirements with 
Current Technology



σ

x
=

√
〈G2〉 − 〈G〉2

〈G〉 ∼ eA(MN− 3
2 mπ)t

Many Nucleons   (Baryons) 

Need high statistics due to exponential growth of uncertainties   

Large number of quarks in initial and final states

Nuclear Physics is exponentially more costly than particle physics !!

Ncont. = u!d!s! (Naive)
= (A + Z)!(2A− Z)!s!
∼ A3 (Kaplan)

Proton : N cont = 2
235U     :   N cont = 101494



Baryon Noise  Correlators

N

N

N

N

N

N

π

∼ exp (−2MN t)

∼ exp (−3mπt)
π

π

N

N



Baryon Noise  Correlators

N

N

N

N

N

N

π

∼ exp (−2MN t)

∼ exp (−3mπt)
π

π

N

N

Maximize
Amplitude

Minimize
Amplitude



High Statistics Calculations on 
the Jefferson Lab Anisotropic 

Clover Lattices : 
Single Baryon Systems

~0.2% Precision !
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pion ~ 390 MeV

> 350,000 
measurements



High Statistics Calculations on 
the Jefferson Lab Anisotropic 

Clover Lattices : 
Single Baryon Systems
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High Statistics Calculations on 
the Jefferson Lab Anisotropic 

Clover Lattices : 
Single Baryon Systems

~0.2% Precision !
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Two Baryon Systems
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Three Baryon Systems



Publication : ArXive : 0905.0466
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Near Physical Quark Masses
(2008)

Volumes ? 
Smearings ?



Nuclear Theory Wishes    (physical         )

• What do we expect to observe in LQCD calculations in a finite volume

• Need 3-body and 4-body spectrum   (cubic symmetry)

• With and without background electroweak fields

• How to optimally invert lattice data 

• what volumes should we calculate with ?

• Quark-mass dependence

• Higher orders in EFT for few-body systems

mπ



It is clear ….

Lattice QCD is starting to make significant 
contributions to Nuclear Physics.

 The next 5 years will see remarkable things 

 Lattice QCD calculations
 at the physical pion mass, 
 in large volumes 
 at small lattice spacings 

	 	 	 are close at hand



The END


