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EFT:

• Separate “long distance” and “short distance physics”

• Account for light degrees of freedom explicitly

• Expand short distance physics in terms of contact interactions, 
coefficients fit to low energy data

• Benefit: model-independent & predictive characterization of 
data

S. Weinberg, 1990: 

Effective field theory for nuclear physics?

To be “effective”:

• Hierarchy of length scales

• A power counting scheme: order the expansion, estimate errors
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Quintessential examples of EFT:
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Fermi’s theory of weak interactions

+. . .
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Effective Field Theory

Separation of scales:

1/k = λ ! R

Limited resolution at low energy:

−→ expand in powers of kR

n

n

n

n

p

pp

R

!>>R

Short-distance physics not resolved

−→ capture in low-energy constants using renormalization
−→ include long-range physics explicitly

Systematic, model independent→ error estimates

Classic example: light-light-scattering (Euler, Heisenberg, 1936)

Simpler theory for ω $ me:

LQED[ψ, ψ̄, Aµ] → Leff [Aµ]
=⇒ + . . .

Universality in QCD and Halo Nuclei – p.5/23

Euler-Heisenberg light-by-light scattering

Fermi’s theory of weak interactions

+. . .

Quintessential examples of EFT:
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Separation of scales:

1/k = λ ! R

Limited resolution at low energy:

−→ expand in powers of kR
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pp
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!>>R

Short-distance physics not resolved

−→ capture in low-energy constants using renormalization
−→ include long-range physics explicitly

Systematic, model independent→ error estimates

Classic example: light-light-scattering (Euler, Heisenberg, 1936)

Simpler theory for ω $ me:

LQED[ψ, ψ̄, Aµ] → Leff [Aµ]
=⇒ + . . .

Universality in QCD and Halo Nuclei – p.5/23

Euler-Heisenberg light-by-light scattering

Fermi’s theory of weak interactions

+. . .

Rayleigh light-by atom scattering

All weak  interactions 
at low energy

σγγ→γγ ∝
E6

γγ

m8
e

σνν→νν ∝
E2

νν

M4
Z

σγA→γA ∝
E4

γ

(rA)−6

Quintessential examples of EFT:
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Above examples:

σ ~ (Energy)p/(mass scale)p+2 

p = 2 x dim[op]-10

Friday, June 5, 2009



D. Kaplan  INT  6/5/09

For NN scattering, expect mass scales to be set by:

mπ = 140 MeV,   fπ=93 MeV,   mρ,ω ~ 770 MeV ...

What do we see?

Above examples:

σ ~ (Energy)p/(mass scale)p+2 

p = 2 x dim[op]-10
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NN scattering lengths much longer than pion Compton wavelength:
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NN scattering lengths much longer than pion Compton wavelength:

3S1
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∆ !degrees"

a3S1
=

1
45 MeV

Not like νν scattering in Fermi theory!

Weinberg: don’t perform EFT expansion of the scattering amplitude. 
Instead: 
(i) expand NN potential in EFT

(ii) solve Lippmann-Schwinger eq. exactly    ⇐ nonperturbative
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• Expand NN potential in 
chiral perturbation theory

• Sum up:

Weinberg method:

Procedure implemented to NNNLO by 
Epelbaum et al. 

V

V V

VV V

V

+

+

+. . .

=
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Can fit the data well...but there’s a problem:

VV V

Expand  V to order n  in the EFT expansion

➥ iterating V requires counterterms at higher order in expansion
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Can fit the data well...but there’s a problem:

VV V

 
cannot remove regulator
answer is sensitive to short-distance physics
end result only modest improvement over 
conventional potential models?

Expand  V to order n  in the EFT expansion

➥ iterating V requires counterterms at higher order in expansion
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Singular potential Higher order singularities

Simple example:
C0 C0 LO diagram has log divergence for NLO 

operator:  

D2(N†MqN)(N†N)
Without counterterm, can’t sensibly compute 
quark mass dependence of deuteron BE, for 
example.

quark mass matrix

1. Inconsistent power counting: can’t renormalize & remove cutoff

Weinberg approach, with pions 
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Weinberg approach, with pions 

2. Singular tensor potential

in some spin-triplet channelsV (r) ∼ − 1
r3

Nogga, Timmermans, van Kolck (2005)

Divergences at LO in 
every attractive tensor 
channel

Counterterms only at 
higher order

Requires a cutoff that 
cannot be removed

RG analysis in Birse 
(2006, 2007)

Tlab=10 MeV
Tlab=50 MeV
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Epelbaum, Gloeckle, Meissner 2005

1S0 NN phase shift,  Weinberg approach

At NNNLO:
• Five fit parameters;
• Two different momentum cutoffs

NLO

NNNLO

NNLO

Λ̃

Λ

Chosen cutoffs, MeV

Weinberg approach, with pions 
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At NNNLO:
• Eight+ fit parameters;
• Two momentum cutoffs

NLO

NNNLO

NNLO

Epelbaum, Gloeckle, Meissner (2005)

3S1-3D1 NN phase shifts,  Weinberg approach

Weinberg approach, with pions 
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A recurring theme of this program:  

 It yields 
reliable

intelligence

Never!
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A recurring theme of this program:  

 
Never!

ENDS JUSTIFY 
THE MEANS
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KSW approach:

C0 interaction corresponds to a           potential: singular!  C0 runs...δ3(r)

Consider su
mming 

C0 in
teraction

to all orders:

+ + + ...=iA(p) =
C0 C0 C0

C0C0 C0

D.K., Savage, Wise (1998)

=
(µ

2

)4−D
∫

dD−1

(2π)D−1

1
E − |q|2

M + iε

PDS−−−→ − M

4π
(µ + ip)

The bubble:

Find:

A(p) = −4π

M

1
p cot δ(p) + ip

" −4π

M

1
4π

MC0
+ µ + ip
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KSW approach, pionless EFT 

Summing C0 term to all orders = first term in effective range 
expansion:

A(p) = −4π

M

1
p cot δ(p) + ip

" −4π

M

1
4π

MC0
+ µ + ip
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KSW approach, pionless EFT 

Summing C0 term to all orders = first term in effective range 
expansion:

p cot δ(p) ! −1
a

+
1
2
r0p

2 + . . .

A(p) = −4π

M

1
p cot δ(p) + ip

" −4π

M

1
4π

MC0
+ µ + ip
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KSW approach, pionless EFT 

C0(µ) = −4π

M

1
µ + 1

a

Summing C0 term to all orders = first term in effective range 
expansion:

p cot δ(p) ! −1
a

+
1
2
r0p

2 + . . .

A(p) = −4π

M

1
p cot δ(p) + ip

" −4π

M

1
4π
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KSW approach, pionless EFT 

C0(µ) = −4π

M

1
µ + 1

a

RG scale

Summing C0 term to all orders = first term in effective range 
expansion:

p cot δ(p) ! −1
a

+
1
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KSW approach, pionless EFT 

C0(µ) = −4π

M

1
µ + 1

a

scattering lengthRG scale

Summing C0 term to all orders = first term in effective range 
expansion:

p cot δ(p) ! −1
a

+
1
2
r0p

2 + . . .

A(p) = −4π

M

1
p cot δ(p) + ip

" −4π

M

1
4π

MC0
+ µ + ip
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Define a dimensionless coupling: Ĉ0 ≡ −
Mµ

4π
C0 =

µ

µ + 1
a

C0(µ) = −4π

M

1
µ + 1

a

The beta function is then given by: β̂ = µ
∂Ĉ0

∂µ
= −Ĉ0

(
Ĉ0 − 1

)

KSW approach, pionless EFT 
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Define a dimensionless coupling: Ĉ0 ≡ −
Mµ

4π
C0 =

µ

µ + 1
a

C0(µ) = −4π

M

1
µ + 1

a

The beta function is then given by: β̂ = µ
∂Ĉ0

∂µ
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)

KSW approach, pionless EFT 
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Define a dimensionless coupling: Ĉ0 ≡ −
Mµ

4π
C0 =

µ

µ + 1
a

C0(µ) = −4π

M

1
µ + 1

a

The beta function is then given by: β̂ = µ
∂Ĉ0

∂µ
= −Ĉ0

(
Ĉ0 − 1

)

KSW approach, pionless EFT 

Ĉ01

2
1

Β̂

Trivial IR fixed point
...like Fermi theory!
...not like nuclear physics!
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Define a dimensionless coupling: Ĉ0 ≡ −
Mµ

4π
C0 =

µ

µ + 1
a

C0(µ) = −4π

M

1
µ + 1

a

The beta function is then given by: β̂ = µ
∂Ĉ0

∂µ
= −Ĉ0

(
Ĉ0 − 1

)

KSW approach, pionless EFT 

Ĉ01

2
1

Β̂

Trivial IR fixed point
...like Fermi theory!
...not like nuclear physics!

Nontrivial UV fixed point
 ...very much like nuclear 
physics! 
Infinite a!
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KSW expansion:  expand about the nontrivial fixed point 
= a conformal theory with infinite scattering length:

KSW approach, pionless EFT 

Ĉ01

2
1

Β̂
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KSW expansion:  expand about the nontrivial fixed point 
= a conformal theory with infinite scattering length:

Simple power counting in pionless theory: expand amplitude in 
powers of  “Q”:

µ, p, 1
a ∼ Q

M ∼ 1
C0 ∼ Q−1

C2 ∼ Q−2

. . .

KSW approach, pionless EFT 
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2
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KSW expansion:  expand about the nontrivial fixed point 
= a conformal theory with infinite scattering length:

Simple power counting in pionless theory: expand amplitude in 
powers of  “Q”:

µ, p, 1
a ∼ Q

M ∼ 1
C0 ∼ Q−1

C2 ∼ Q−2

. . .

KSW approach, pionless EFT 

Ĉ01

2
1

Β̂

Distance from 
fixed point
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KSW expansion:  expand about the nontrivial fixed point 
= a conformal theory with infinite scattering length:

Simple power counting in pionless theory: expand amplitude in 
powers of  “Q”:

µ, p, 1
a ∼ Q

M ∼ 1
C0 ∼ Q−1

C2 ∼ Q−2

. . .

KSW approach, pionless EFT 

Ĉ01

2
1

Β̂

Distance from 
fixed point

C0(µ) = −4π

M

1
µ + 1

a
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KSW approach, pionless EFT 

KSW expansion of the amplitude  ⇒ renormalizable: 

iA−1 = + + + ...
C0

Q−1 :

= + + + + ...
C0

C2 p2

iA0 =Q0 :

C2 p2 C2 p2

C4 p4

iA1 = +Q1 :
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KSW approach, pionless EFT 

Applications (few-body, low momentum):

• Radiative breakup of the deuteron (Big Bang)

• Neutrino breakup of the deuteron (SNO)

• N d scattering

• Solar fusion processes

• ...

CAN ATTAIN 1% ACCURACY
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2 4 6 8 10

0.5

1

1.5

2

2.5

E! (MeV)

"!(mb)

G. Rupak, (2000)

N4LO calculation

• Key: local operators for 2-body EM current

KSW approach, pionless EFT 
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A new parameter appears in deuteron physics: 2-body axial charge
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L1A=3.6±5.5 fm3
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• deuteron breakup by neutrinos: conventional calculations differ by ~ 5%.  
N2LO EFT calculation + L1A measurement will greatly reduce major 
systematic error for σCC/σNC at SNO. (Butler et al., 2000)
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Weak current processes: 

A new parameter appears in deuteron physics: 2-body axial charge

W±

gA=1.25
N

W±
N

N
L1A=3.6±5.5 fm3

• μ capture on deuterium: MuSun experiment will determine L1A to 1.5 fm3

• deuteron breakup by neutrinos: conventional calculations differ by ~ 5%.  
N2LO EFT calculation + L1A measurement will greatly reduce major 
systematic error for σCC/σNC at SNO. (Butler et al., 2000)

• pp fusion in the sun, N5LO: measurement of L1A gives fusion rate to ~1% 
(Butler, Chen 2001)
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Bedaque et al., nucl-th/0207034
Efimov & Tkachenko, 1988 

Phillips line: 3H binding energy - Nd scattering length correlation

LO EFT

NLO EFT

models

KSW approach, pionless EFT 3-body physics

Phillips line: 3-body interaction 

Friday, June 5, 2009



D. Kaplan  INT  6/5/09

KSW approach, pionless EFT 4-body physics
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Tjon line 
Correlation between 3- and 4-body binding energies

KSW approach, pionless EFT 4-body physics
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Tjon line 
Correlation between 3- and 4-body binding energies

KSW approach, pionless EFT 4-body physics

Roth et al., nucl-th/0505080 

POTENTIAL MODELS
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Tjon line 
Correlation between 3- and 4-body binding energies

EFT (large a fermions)

Hammer & Platter, nucl-th/0610105 

B(0)
4

B(1)
4

KSW approach, pionless EFT 4-body physics

Roth et al., nucl-th/0505080 

POTENTIAL MODELS
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Tjon line 
Correlation between 3- and 4-body binding energies

Tjon line due to 3-
body interaction

EFT (large a fermions)

Hammer & Platter, nucl-th/0610105 

B(0)
4

B(1)
4

KSW approach, pionless EFT 4-body physics

Roth et al., nucl-th/0505080 

POTENTIAL MODELS
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Evidence for universal four-body states tied to an Efimov trimer

F. Ferlaino,1 S. Knoop,1 M. Berninger,1 W. Harm,1 J. P. D’Incao,2,3 H.-C. Nägerl,1 and R. Grimm1, 2

1Institut für Experimentalphysik and Zentrum für Quantenphysik, Universität Innsbruck, 6020 Innsbruck, Austria
2Institut für Quantenoptik und Quanteninformation, Österreichische Akademie der Wissenschaften, 6020 Innsbruck, Austria

3JILA, University of Colorado and NIST, Boulder, Colorado 80309-0440, USA

(Dated: April 9, 2009)

We report on the measurement of four-body recombination rate coefficients in an atomic gas. Our results

obtained with an ultracold sample of cesium atoms at negative scattering lengths show a resonant enhancement

of losses and provide strong evidence for the existence of a pair of four-body states, which is strictly connected

to Efimov trimers via universal relations. Our findings confirm recent theoretical predictions and demonstrate

the enrichment of the Efimov scenario when a fourth particle is added to the generic three-body problem.

PACS numbers: 03.75.-b, 34.50.Cx, 67.85.-d, 21.45.-v

Few-body physics produces bizarre and counterintuitive

phenomena, with the Efimov effect representing the major

paradigm of the field [1]. Early in the 1970s, Efimov found

a solution to the quantum three-body problem, predicting the

existence of an infinite series of universal weakly bound three-

body states. Surprisingly, these Efimov trimers can even exist

under conditions where a weakly bound dimer state is absent

[2, 3, 4]. An essential prerequisite for the Efimov effect is

a large two-body scattering length a, far exceeding the char-

acteristic range of the interaction potential. Ultracold atomic

systems with tunable interactions [5] have opened up unprece-

dented possibilities to explore such few-body quantum sys-

tems under well controllable experimental conditions. In par-

ticular, a can be made much larger than the van der Waals

length rvdW [6], the range of the interatomic interaction.

In the last few years, signatures of Efimov states have been

observed in ultracold atomic and molecular gases of cesium

atoms [7, 8], and recently in three-component Fermi gases of
6Li [9, 10], in a Bose gas of 39K atoms [11], and in mixtures

of 41K and 87Rb atoms [12]. In all these experiments, Efimov

states manifest themselves as resonantly enhanced losses, ei-

ther in atomic three-body recombination or in atom-dimer re-

laxation processes. The recent observations highlight the uni-

versal character of Efimov states, and they also point to a rich

playground for future experiments.

As a next step in complexity, a system of four identical

bosons with resonant two-body interaction challenges our un-

derstanding of few-body physics. The extension of univer-

sality to four-body systems has been attracting increasing in-

terest both in theory [14, 15, 16, 17, 18, 19] and experi-

ment [13]. A particular question under debate is the pos-

sible relation between universal three- and four-body states

[14, 15, 16, 17, 19]. In this context, Hammer and Platter

predicted the four-body system to support universal tetramer

states in close connection with Efimov trimers [17].

Recently, von Stecher, D’Incao, and Greene presented key

predictions for universal four-body states [19]. For each Efi-

mov trimer, they demonstrate the existence of a pair of uni-

versal tetramer states according to the conjecture of Ref. [17].

Such tetramer states are tied to the corresponding trimer

through simple universal relations that do not invoke any four-

A + A + A + A

D + A + A

D + D
T + A

Tetra1

Tetra2

FIG. 1: (color online) Extended Efimov scenario describing a univer-

sal system of four identical bosons; Energies are plotted as a function

of the inverse scattering length. The red solid lines illustrate the pairs

of universal tetramer states (Tetra1 and Tetra2) associated with each

Efimov trimer (T). For illustrative purposes, we have artificially re-

duced the universal Efimov scaling factor from 22.7 to about 2. The

shaded regions indicate the scattering continuum associated with the

relevant dissociation threshold. The four-body threshold is at zero

energy and refers to four free atoms (A+A+A+A). In the a > 0 re-

gion, the dimer-atom-atom threshold (D+A+A) and the dimer-dimer

threshold (D+D) are also depicted. The weakly bound dimer, only

existing for a! rvdW > 0, has universal halo character and its bind-

ing energy is given by h̄2/(ma2) [2, 13]. The open arrow marks the

intersection of the first Efimov trimer (T) with the atomic threshold,

while the filled arrows indicate the corresponding locations of the

two universal tetramer states.

body parameter [14, 16, 19]. The authors of Ref. [19] suggest

resonantly enhanced four-body recombination in an atomic

gas as a probe for such universal tetramer states. They also

find hints on the existence of one of the predicted four-body

resonances by reinterpreting our earlier recombination mea-

surements on 133Cs atoms at large negative scattering lengths

[7]. In this Letter, we present new measurements on the Cs

system dedicated to four-body recombination in the particu-

lar region of interest near a triatomic Efimov resonance. Our

results clearly verify the central predictions of Ref. [19]. We

observe two loss resonances as a signature of the predicted

tetramer pair and we find strong evidence for the four-body

2

(a) (b)

FIG. 2: (color online) Recombination losses in an ultracold sample

of Cs atoms. (a) Loss fraction for a 50-nK sample after a storage

time of 250 ms. Here we present all individual measurements to give

an impression of the scatter of our data.The broad maximum at about

−870a0 is caused by a triatomic Efimov resonance [7] and the shaded
area highlights the resonant loss enhancement that we attribute to the

four-body state Tetra1. The three very narrow loss features (open cir-

cles) are caused by known g-wave Feshbach resonances [20], which

are irrelevant in the present context. (b) Loss fraction for a 30-nK

sample after a storage time of 8 ms. Each data point represents

the average values resulting from five individual measurements for

a given a together with their statistical errors. The loss enhancement

at around −730a0 is caused by the state Tetra2. The solid lines are
spline interpolations guiding the eye.

nature of the underlying recombination process.

The four-body extended Efimov scenario [17, 19] is

schematically illustrated in Fig. 1, where the tetramer states

(Tetra1 and Tetra2) and the relevant thresholds are depicted

as a function of the inverse scattering length 1/a. Within
the four-body scenario, the Efimov trimers (T) are associated

with trimer-atom thresholds (T+A, dashed lines). The pair

of universal tetramer states (solid lines) lies below the corre-

sponding T+A threshold. The four-body breakup threshold

(A+A+A+A) defines zero energy and refers to the continuum

of four free atoms. For completeness, we also show the a> 0

region. Here, the picture is even richer because of the presence

of the weakly bound dimer state, whichs leads to the dimer-

atom-atom threshold (D+A+A) and the dimer-dimer threshold

(D+D). In the four-body scenario, the tetramer states emerge

at the atomic threshold for a < 0 and connect to the D+D

threshold for a> 0.

The Efimov trimer intersects the atomic threshold at a =
a∗T, which leads to the observed triatomic resonance [7]. The
corresponding tetramer states are predicted [19] to intersect

the atomic threshold at scattering length values

a∗Tetra1 ≈ 0.43 a∗T and a∗Tetra2 ≈ 0.9 a∗T. (1)

These universal relations, linking three- and four-body reso-

nances, express the fact that no additional parameter, namely

the so-called four-body parameter, is needed to describe the

system behavior. In contrast to the connection between uni-

versal two- and three-body systems, where a three-body pa-

rameter is required to locate the trimer states, the universal

properties of the four-body system are thus directly related to

the corresponding three-body subsystem.

In analogy to the well-established fact that Efimov trimers

lead to loss resonances in an atomic gas [7, 21], univer-

sal four-body states can also be expected to manifest them-

selves in a resonant increase of atomic losses [19]. Resonant

coupling between four colliding atoms and a tetramer state

(a$ a∗Tetra < 0) drastically enhances four-body recombination

to lower lying channels. Possible decay channels are trimer-

atom, dimer-dimer, and dimer-atom-atom channels. In each

of these recombination processes, we expect all the particles

to rapidly escape from the trap, as the kinetic energy gained

usually exceeds the trap depth.

We prepare an ultracold optically trapped atomic sample

in the lowest hyperfine sublevel (F = 3,mF = 3) [22], as de-
scribed in Ref. [13]. By varying the magnetic field between 6

and 17 G, the scattering length a can be tuned from−1100 to
0 a0 [23], where a0 is Bohr’s radius. For presenting our ex-

perimental data in the following, we convert the applied mag-

netic field into a using the fit formula of Ref. [7]. After several

cooling and trapping stages [23], the atoms are loaded into an

optical trap, formed by crossing two infrared laser beams [13].

The trap frequencies in the three spatial directions are about

(!x,!y,!z) = 2" × (10,46,65) Hz. Similar to [23], we sup-
port the optical trap by employing a magnetic levitation field

acting against gravity. Evaporative cooling in the levitated

trap is stopped just before the onset of Bose-Einstein conden-

sation in order to avoid implosion of the gas. For our typical

temperature of 50 nK, we obtain about 8×104 non-condensed
atoms with a peak density of about 7×1012 cm−3.

In a first set of experiments, we record the atom number

after a fixed storage time in the optical trap for variable scat-

tering length in the a< 0 region. Figure 2 shows the observed

losses, containing both three- and four-body contributions.

The three-body part consists of a background that follows a

general a4-scaling behavior [21, 24, 25] and resonant losses

caused by the triatomic Efimov resonance, which for a 50-nK

sample was observed to occur at a∗T = −870(10)a0 [7, 26];
this is consistent with the large losses shown in Fig. 2(a). Be-

side this expected behavior of the three-body subsystem, we

clearly observe two additional loss features, one located at

about−410a0 [Fig. 2(a)] and one at about−730a0 [Fig. 2(b)].
The observation of the resonance at −730a0 is particularly
demanding and requires a careful choice of parameters as the

signal needs to be discriminated against the very strong back-

ground that is caused by three-body losses. Here we use a

much shorter hold time of 8 ms, which is the shortest possible

time required to ensure precise magnetic field control in our

apparatus.

We interpret the two observed resonant loss features as the

predicted pair of four-body resonances [19]. For the reso-

nance positions we find a∗Tetra1/a
∗
T $ 0.47 and a∗Tetra2/a

∗
T $

0.84, which are remarkably close to the predictions of Eq. (1).
In a second set of experiments, we study the time-
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Evidence for universal four-body states tied to an Efimov trimer
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We report on the measurement of four-body recombination rate coefficients in an atomic gas. Our results

obtained with an ultracold sample of cesium atoms at negative scattering lengths show a resonant enhancement

of losses and provide strong evidence for the existence of a pair of four-body states, which is strictly connected

to Efimov trimers via universal relations. Our findings confirm recent theoretical predictions and demonstrate

the enrichment of the Efimov scenario when a fourth particle is added to the generic three-body problem.

PACS numbers: 03.75.-b, 34.50.Cx, 67.85.-d, 21.45.-v

Few-body physics produces bizarre and counterintuitive

phenomena, with the Efimov effect representing the major

paradigm of the field [1]. Early in the 1970s, Efimov found

a solution to the quantum three-body problem, predicting the

existence of an infinite series of universal weakly bound three-

body states. Surprisingly, these Efimov trimers can even exist

under conditions where a weakly bound dimer state is absent

[2, 3, 4]. An essential prerequisite for the Efimov effect is

a large two-body scattering length a, far exceeding the char-

acteristic range of the interaction potential. Ultracold atomic

systems with tunable interactions [5] have opened up unprece-

dented possibilities to explore such few-body quantum sys-

tems under well controllable experimental conditions. In par-

ticular, a can be made much larger than the van der Waals

length rvdW [6], the range of the interatomic interaction.

In the last few years, signatures of Efimov states have been

observed in ultracold atomic and molecular gases of cesium

atoms [7, 8], and recently in three-component Fermi gases of
6Li [9, 10], in a Bose gas of 39K atoms [11], and in mixtures

of 41K and 87Rb atoms [12]. In all these experiments, Efimov

states manifest themselves as resonantly enhanced losses, ei-

ther in atomic three-body recombination or in atom-dimer re-

laxation processes. The recent observations highlight the uni-

versal character of Efimov states, and they also point to a rich

playground for future experiments.

As a next step in complexity, a system of four identical

bosons with resonant two-body interaction challenges our un-

derstanding of few-body physics. The extension of univer-

sality to four-body systems has been attracting increasing in-

terest both in theory [14, 15, 16, 17, 18, 19] and experi-

ment [13]. A particular question under debate is the pos-

sible relation between universal three- and four-body states

[14, 15, 16, 17, 19]. In this context, Hammer and Platter

predicted the four-body system to support universal tetramer

states in close connection with Efimov trimers [17].

Recently, von Stecher, D’Incao, and Greene presented key

predictions for universal four-body states [19]. For each Efi-

mov trimer, they demonstrate the existence of a pair of uni-

versal tetramer states according to the conjecture of Ref. [17].

Such tetramer states are tied to the corresponding trimer

through simple universal relations that do not invoke any four-

A + A + A + A

D + A + A

D + D
T + A

Tetra1

Tetra2

FIG. 1: (color online) Extended Efimov scenario describing a univer-

sal system of four identical bosons; Energies are plotted as a function

of the inverse scattering length. The red solid lines illustrate the pairs

of universal tetramer states (Tetra1 and Tetra2) associated with each

Efimov trimer (T). For illustrative purposes, we have artificially re-

duced the universal Efimov scaling factor from 22.7 to about 2. The

shaded regions indicate the scattering continuum associated with the

relevant dissociation threshold. The four-body threshold is at zero

energy and refers to four free atoms (A+A+A+A). In the a > 0 re-

gion, the dimer-atom-atom threshold (D+A+A) and the dimer-dimer

threshold (D+D) are also depicted. The weakly bound dimer, only

existing for a! rvdW > 0, has universal halo character and its bind-

ing energy is given by h̄2/(ma2) [2, 13]. The open arrow marks the

intersection of the first Efimov trimer (T) with the atomic threshold,

while the filled arrows indicate the corresponding locations of the

two universal tetramer states.

body parameter [14, 16, 19]. The authors of Ref. [19] suggest

resonantly enhanced four-body recombination in an atomic

gas as a probe for such universal tetramer states. They also

find hints on the existence of one of the predicted four-body

resonances by reinterpreting our earlier recombination mea-

surements on 133Cs atoms at large negative scattering lengths

[7]. In this Letter, we present new measurements on the Cs

system dedicated to four-body recombination in the particu-

lar region of interest near a triatomic Efimov resonance. Our

results clearly verify the central predictions of Ref. [19]. We

observe two loss resonances as a signature of the predicted

tetramer pair and we find strong evidence for the four-body

Evidence for EFT prediction of “tetramers” in trapped atoms

Friday, June 5, 2009



D. Kaplan  INT  6/5/09

ar
X

iv
:0

9
0

3
.1

2
7

6
v

2
  

[c
o

n
d

-m
at

.o
th

er
] 

 9
 A

p
r 

2
0

0
9
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1Institut für Experimentalphysik and Zentrum für Quantenphysik, Universität Innsbruck, 6020 Innsbruck, Austria
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We report on the measurement of four-body recombination rate coefficients in an atomic gas. Our results

obtained with an ultracold sample of cesium atoms at negative scattering lengths show a resonant enhancement

of losses and provide strong evidence for the existence of a pair of four-body states, which is strictly connected

to Efimov trimers via universal relations. Our findings confirm recent theoretical predictions and demonstrate

the enrichment of the Efimov scenario when a fourth particle is added to the generic three-body problem.

PACS numbers: 03.75.-b, 34.50.Cx, 67.85.-d, 21.45.-v

Few-body physics produces bizarre and counterintuitive

phenomena, with the Efimov effect representing the major

paradigm of the field [1]. Early in the 1970s, Efimov found

a solution to the quantum three-body problem, predicting the

existence of an infinite series of universal weakly bound three-

body states. Surprisingly, these Efimov trimers can even exist

under conditions where a weakly bound dimer state is absent

[2, 3, 4]. An essential prerequisite for the Efimov effect is

a large two-body scattering length a, far exceeding the char-

acteristic range of the interaction potential. Ultracold atomic

systems with tunable interactions [5] have opened up unprece-

dented possibilities to explore such few-body quantum sys-

tems under well controllable experimental conditions. In par-

ticular, a can be made much larger than the van der Waals

length rvdW [6], the range of the interatomic interaction.

In the last few years, signatures of Efimov states have been

observed in ultracold atomic and molecular gases of cesium

atoms [7, 8], and recently in three-component Fermi gases of
6Li [9, 10], in a Bose gas of 39K atoms [11], and in mixtures

of 41K and 87Rb atoms [12]. In all these experiments, Efimov

states manifest themselves as resonantly enhanced losses, ei-

ther in atomic three-body recombination or in atom-dimer re-

laxation processes. The recent observations highlight the uni-

versal character of Efimov states, and they also point to a rich

playground for future experiments.

As a next step in complexity, a system of four identical

bosons with resonant two-body interaction challenges our un-

derstanding of few-body physics. The extension of univer-

sality to four-body systems has been attracting increasing in-

terest both in theory [14, 15, 16, 17, 18, 19] and experi-

ment [13]. A particular question under debate is the pos-

sible relation between universal three- and four-body states

[14, 15, 16, 17, 19]. In this context, Hammer and Platter

predicted the four-body system to support universal tetramer

states in close connection with Efimov trimers [17].

Recently, von Stecher, D’Incao, and Greene presented key

predictions for universal four-body states [19]. For each Efi-

mov trimer, they demonstrate the existence of a pair of uni-

versal tetramer states according to the conjecture of Ref. [17].

Such tetramer states are tied to the corresponding trimer

through simple universal relations that do not invoke any four-

A + A + A + A

D + A + A

D + D
T + A

Tetra1

Tetra2

FIG. 1: (color online) Extended Efimov scenario describing a univer-

sal system of four identical bosons; Energies are plotted as a function

of the inverse scattering length. The red solid lines illustrate the pairs

of universal tetramer states (Tetra1 and Tetra2) associated with each

Efimov trimer (T). For illustrative purposes, we have artificially re-

duced the universal Efimov scaling factor from 22.7 to about 2. The

shaded regions indicate the scattering continuum associated with the

relevant dissociation threshold. The four-body threshold is at zero

energy and refers to four free atoms (A+A+A+A). In the a > 0 re-

gion, the dimer-atom-atom threshold (D+A+A) and the dimer-dimer

threshold (D+D) are also depicted. The weakly bound dimer, only

existing for a! rvdW > 0, has universal halo character and its bind-

ing energy is given by h̄2/(ma2) [2, 13]. The open arrow marks the

intersection of the first Efimov trimer (T) with the atomic threshold,

while the filled arrows indicate the corresponding locations of the

two universal tetramer states.

body parameter [14, 16, 19]. The authors of Ref. [19] suggest

resonantly enhanced four-body recombination in an atomic

gas as a probe for such universal tetramer states. They also

find hints on the existence of one of the predicted four-body

resonances by reinterpreting our earlier recombination mea-

surements on 133Cs atoms at large negative scattering lengths

[7]. In this Letter, we present new measurements on the Cs

system dedicated to four-body recombination in the particu-

lar region of interest near a triatomic Efimov resonance. Our

results clearly verify the central predictions of Ref. [19]. We

observe two loss resonances as a signature of the predicted

tetramer pair and we find strong evidence for the four-body

2

(a) (b)

FIG. 2: (color online) Recombination losses in an ultracold sample

of Cs atoms. (a) Loss fraction for a 50-nK sample after a storage

time of 250 ms. Here we present all individual measurements to give

an impression of the scatter of our data.The broad maximum at about

−870a0 is caused by a triatomic Efimov resonance [7] and the shaded
area highlights the resonant loss enhancement that we attribute to the

four-body state Tetra1. The three very narrow loss features (open cir-

cles) are caused by known g-wave Feshbach resonances [20], which

are irrelevant in the present context. (b) Loss fraction for a 30-nK

sample after a storage time of 8 ms. Each data point represents

the average values resulting from five individual measurements for

a given a together with their statistical errors. The loss enhancement

at around −730a0 is caused by the state Tetra2. The solid lines are
spline interpolations guiding the eye.

nature of the underlying recombination process.

The four-body extended Efimov scenario [17, 19] is

schematically illustrated in Fig. 1, where the tetramer states

(Tetra1 and Tetra2) and the relevant thresholds are depicted

as a function of the inverse scattering length 1/a. Within
the four-body scenario, the Efimov trimers (T) are associated

with trimer-atom thresholds (T+A, dashed lines). The pair

of universal tetramer states (solid lines) lies below the corre-

sponding T+A threshold. The four-body breakup threshold

(A+A+A+A) defines zero energy and refers to the continuum

of four free atoms. For completeness, we also show the a> 0

region. Here, the picture is even richer because of the presence

of the weakly bound dimer state, whichs leads to the dimer-

atom-atom threshold (D+A+A) and the dimer-dimer threshold

(D+D). In the four-body scenario, the tetramer states emerge

at the atomic threshold for a < 0 and connect to the D+D

threshold for a> 0.

The Efimov trimer intersects the atomic threshold at a =
a∗T, which leads to the observed triatomic resonance [7]. The
corresponding tetramer states are predicted [19] to intersect

the atomic threshold at scattering length values

a∗Tetra1 ≈ 0.43 a∗T and a∗Tetra2 ≈ 0.9 a∗T. (1)

These universal relations, linking three- and four-body reso-

nances, express the fact that no additional parameter, namely

the so-called four-body parameter, is needed to describe the

system behavior. In contrast to the connection between uni-

versal two- and three-body systems, where a three-body pa-

rameter is required to locate the trimer states, the universal

properties of the four-body system are thus directly related to

the corresponding three-body subsystem.

In analogy to the well-established fact that Efimov trimers

lead to loss resonances in an atomic gas [7, 21], univer-

sal four-body states can also be expected to manifest them-

selves in a resonant increase of atomic losses [19]. Resonant

coupling between four colliding atoms and a tetramer state

(a$ a∗Tetra < 0) drastically enhances four-body recombination

to lower lying channels. Possible decay channels are trimer-

atom, dimer-dimer, and dimer-atom-atom channels. In each

of these recombination processes, we expect all the particles

to rapidly escape from the trap, as the kinetic energy gained

usually exceeds the trap depth.

We prepare an ultracold optically trapped atomic sample

in the lowest hyperfine sublevel (F = 3,mF = 3) [22], as de-
scribed in Ref. [13]. By varying the magnetic field between 6

and 17 G, the scattering length a can be tuned from−1100 to
0 a0 [23], where a0 is Bohr’s radius. For presenting our ex-

perimental data in the following, we convert the applied mag-

netic field into a using the fit formula of Ref. [7]. After several

cooling and trapping stages [23], the atoms are loaded into an

optical trap, formed by crossing two infrared laser beams [13].

The trap frequencies in the three spatial directions are about

(!x,!y,!z) = 2" × (10,46,65) Hz. Similar to [23], we sup-
port the optical trap by employing a magnetic levitation field

acting against gravity. Evaporative cooling in the levitated

trap is stopped just before the onset of Bose-Einstein conden-

sation in order to avoid implosion of the gas. For our typical

temperature of 50 nK, we obtain about 8×104 non-condensed
atoms with a peak density of about 7×1012 cm−3.

In a first set of experiments, we record the atom number

after a fixed storage time in the optical trap for variable scat-

tering length in the a< 0 region. Figure 2 shows the observed

losses, containing both three- and four-body contributions.

The three-body part consists of a background that follows a

general a4-scaling behavior [21, 24, 25] and resonant losses

caused by the triatomic Efimov resonance, which for a 50-nK

sample was observed to occur at a∗T = −870(10)a0 [7, 26];
this is consistent with the large losses shown in Fig. 2(a). Be-

side this expected behavior of the three-body subsystem, we

clearly observe two additional loss features, one located at

about−410a0 [Fig. 2(a)] and one at about−730a0 [Fig. 2(b)].
The observation of the resonance at −730a0 is particularly
demanding and requires a careful choice of parameters as the

signal needs to be discriminated against the very strong back-

ground that is caused by three-body losses. Here we use a

much shorter hold time of 8 ms, which is the shortest possible

time required to ensure precise magnetic field control in our

apparatus.

We interpret the two observed resonant loss features as the

predicted pair of four-body resonances [19]. For the reso-

nance positions we find a∗Tetra1/a
∗
T $ 0.47 and a∗Tetra2/a

∗
T $

0.84, which are remarkably close to the predictions of Eq. (1).
In a second set of experiments, we study the time-
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We report on the measurement of four-body recombination rate coefficients in an atomic gas. Our results

obtained with an ultracold sample of cesium atoms at negative scattering lengths show a resonant enhancement

of losses and provide strong evidence for the existence of a pair of four-body states, which is strictly connected

to Efimov trimers via universal relations. Our findings confirm recent theoretical predictions and demonstrate

the enrichment of the Efimov scenario when a fourth particle is added to the generic three-body problem.
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Few-body physics produces bizarre and counterintuitive

phenomena, with the Efimov effect representing the major

paradigm of the field [1]. Early in the 1970s, Efimov found

a solution to the quantum three-body problem, predicting the

existence of an infinite series of universal weakly bound three-

body states. Surprisingly, these Efimov trimers can even exist

under conditions where a weakly bound dimer state is absent

[2, 3, 4]. An essential prerequisite for the Efimov effect is

a large two-body scattering length a, far exceeding the char-

acteristic range of the interaction potential. Ultracold atomic

systems with tunable interactions [5] have opened up unprece-

dented possibilities to explore such few-body quantum sys-

tems under well controllable experimental conditions. In par-

ticular, a can be made much larger than the van der Waals

length rvdW [6], the range of the interatomic interaction.

In the last few years, signatures of Efimov states have been

observed in ultracold atomic and molecular gases of cesium

atoms [7, 8], and recently in three-component Fermi gases of
6Li [9, 10], in a Bose gas of 39K atoms [11], and in mixtures

of 41K and 87Rb atoms [12]. In all these experiments, Efimov

states manifest themselves as resonantly enhanced losses, ei-

ther in atomic three-body recombination or in atom-dimer re-

laxation processes. The recent observations highlight the uni-

versal character of Efimov states, and they also point to a rich

playground for future experiments.

As a next step in complexity, a system of four identical

bosons with resonant two-body interaction challenges our un-

derstanding of few-body physics. The extension of univer-

sality to four-body systems has been attracting increasing in-

terest both in theory [14, 15, 16, 17, 18, 19] and experi-

ment [13]. A particular question under debate is the pos-

sible relation between universal three- and four-body states

[14, 15, 16, 17, 19]. In this context, Hammer and Platter

predicted the four-body system to support universal tetramer

states in close connection with Efimov trimers [17].

Recently, von Stecher, D’Incao, and Greene presented key

predictions for universal four-body states [19]. For each Efi-

mov trimer, they demonstrate the existence of a pair of uni-

versal tetramer states according to the conjecture of Ref. [17].

Such tetramer states are tied to the corresponding trimer

through simple universal relations that do not invoke any four-

A + A + A + A

D + A + A

D + D
T + A

Tetra1

Tetra2

FIG. 1: (color online) Extended Efimov scenario describing a univer-

sal system of four identical bosons; Energies are plotted as a function

of the inverse scattering length. The red solid lines illustrate the pairs

of universal tetramer states (Tetra1 and Tetra2) associated with each

Efimov trimer (T). For illustrative purposes, we have artificially re-

duced the universal Efimov scaling factor from 22.7 to about 2. The

shaded regions indicate the scattering continuum associated with the

relevant dissociation threshold. The four-body threshold is at zero

energy and refers to four free atoms (A+A+A+A). In the a > 0 re-

gion, the dimer-atom-atom threshold (D+A+A) and the dimer-dimer

threshold (D+D) are also depicted. The weakly bound dimer, only

existing for a! rvdW > 0, has universal halo character and its bind-

ing energy is given by h̄2/(ma2) [2, 13]. The open arrow marks the

intersection of the first Efimov trimer (T) with the atomic threshold,

while the filled arrows indicate the corresponding locations of the

two universal tetramer states.

body parameter [14, 16, 19]. The authors of Ref. [19] suggest

resonantly enhanced four-body recombination in an atomic

gas as a probe for such universal tetramer states. They also

find hints on the existence of one of the predicted four-body

resonances by reinterpreting our earlier recombination mea-

surements on 133Cs atoms at large negative scattering lengths

[7]. In this Letter, we present new measurements on the Cs

system dedicated to four-body recombination in the particu-

lar region of interest near a triatomic Efimov resonance. Our

results clearly verify the central predictions of Ref. [19]. We

observe two loss resonances as a signature of the predicted

tetramer pair and we find strong evidence for the four-body

Evidence for EFT prediction of “tetramers” in trapped atoms

Hammer & Platter prediction
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Limitations of the pionless nuclear EFT 

nucleus BE/nucleon p/nucleon
Deuteron 1.1 MeV  45 MeV
Tritium 2.8 MeV  73 MeV
4He 7.0 MeV 115 MeV
56Fe 8.8 MeV 128 MeV

...so include the pions.  
Chiral perturbation theory: 

•Can’t treat scattering at

•Can’t treat nuclei heavier than 3H/3He 

p ! mπ/2 = 70 MeV

mπ ∼ p
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KSW approach, with pions 

One pion exchange: O(Q0) in power counting

= i
g2

A

4f2
π

(q · σ1)(q · σ2)(τ1 · τ2)
|q|2 + m2

π
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KSW approach, with pions 

Fleming, Mehen, Stewart (1999)
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Fleming, Mehen, Stewart (1999)

KSW approach, with pions 

Works well for 1S0

•Renormalized

•2 parameter fit

•Analytic

Fleming, Mehen, Stewart (1999)

“data” LO, NLO, NNLO
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KSW approach, with pions 

Fails miserably for 3S1 channel (and 3D1)

Fleming, Mehen, Stewart (1999)

“data”

 LO, NLO, NNLO
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The moral:
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The moral:

The KSW expansion is theoretically virtuous
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Virtue’s rewards aren’t always in this world

The moral:

The KSW expansion is theoretically virtuous
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Problem with convergence of KSW is linked to 
attractive tensor force

V (r) ∼ − 1
r3

•No ground state; pathological scattering states

•Can’t be “fixed” with contact interactions

•Perturbation theory in pion exchange is going to break down

...But the problem is “fake”: 
should be able to eliminate 1/r3 in V(r) at small r in 
favor of contact interactions

Friday, June 5, 2009
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S. Beane, D.K., A. Vuorinen (2008):

Follow KSW expansion, but modify pion propagator:

pion, I=J=1, mass m

 I=1, J=0, mass 

Gπ(q, m)

G(1,0)(q, λ)

=

=

Gπ(q, mπ)−Gπ(q, λ) + G(1,0)(q, λ)

1/r3 cancels for S=1 S=0 unchanged

Power counting:  KSW + λ ∼ O(Q)
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S. Beane, D.K., A. Vuorinen (2008)

1S0 (and all S=0 channels) unchanged...same as KSW
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3S1 greatly improved

S. Beane, D.K., A. Vuorinen (2008)

Sensitivity to

Friday, June 5, 2009
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Meaning of    ?

Like    in PQCD:
•unphysical
• controls resummation of log divergences into 

coupling constant
• controls convergence of perturbative expansion  

µ

    is:
• unphysical
• controls resummation 1/r3 effects into contact 

interactions
• controls convergence of perturbative expansion  

λ→∞ yields the (poorly converging) KSW expansion
Friday, June 5, 2009
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• Looks pretty good in 1S0, 3S1, 3D1

• Looks pretty bad in ε1...just an accidentally small angle?
•what about other partial waves?  
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• Looks pretty good in 1S0, 3S1, 3D1

• Looks pretty bad in ε1...just an accidentally small angle?
•what about other partial waves?  

Recall the Nogga, 
Timmermans, Van Kolck 
result using Weinberg 
counting:

3P0 may be the biggest challenge:
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FIG. 9: Cutoff dependence of phase shifts in attractive triplet channels at laboratory energies of 10 MeV (solid line), 50 MeV
(dashed line), and 100 MeV (dotted line).

2 4 6 8 10 12 14 16 18 20

" [fm
-1

]

-200

-150

-100

-50

0

50

100

150

200

c 1
 [

fm
4
]

2 4 6 8 10 12 14 16 18 20

" [fm
-1

]

-10

-5

0

5

10

!
 [

d
eg

]

3
P

0

3
P

0

FIG. 10: Fit result for the counterterm c1 as a function of the cutoff, and the resulting cutoff dependence of the 3P0 phase
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situation in ordinary ChPT. We can describe this in the
same language used to discuss power counting in ChPT
[5, 7, 8]: we represent typical nucleon momenta by Q and
the characteristic scale of QCD in the hadronic phase by
MQCD. The effect of iterating an interaction in the ker-
nel of the T matrix is twofold. First, one has an extra
three-dimensional momentum integral and an extra NN

Schrödinger propagator. Second, one has an extra factor
of the potential. After the cutoff dependence is removed
by renormalization, the contribution to the NN T ma-
trix from an NN intermediate state is expected to be
O(mNQ/4π). This is a factor mN/Q ! 1 larger than
in analogous states in ordinary ChPT, and it is due to
the small energy of intermediate states containing nucle-
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situation in ordinary ChPT. We can describe this in the
same language used to discuss power counting in ChPT
[5, 7, 8]: we represent typical nucleon momenta by Q and
the characteristic scale of QCD in the hadronic phase by
MQCD. The effect of iterating an interaction in the ker-
nel of the T matrix is twofold. First, one has an extra
three-dimensional momentum integral and an extra NN

Schrödinger propagator. Second, one has an extra factor
of the potential. After the cutoff dependence is removed
by renormalization, the contribution to the NN T ma-
trix from an NN intermediate state is expected to be
O(mNQ/4π). This is a factor mN/Q ! 1 larger than
in analogous states in ordinary ChPT, and it is due to
the small energy of intermediate states containing nucle-

3P0 almost has a 
bound state in the OPE
potential
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PRELIMINARY:    3P0 to N2LO -- Not so good. 

50 100 150 200 250

20

40

60

PWA

NLO EFT

NNLO EFT

π

π π

Check N3LO (includes 1st contact interaction)?

Tlab
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Lots to do to see if expansion will converge:
•Higher partial waves (eg, 3D2)
•N3LO amplitudes
•Electromagnetic & weak 2-nucleon processes
•3-body physics
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EFT has had an impact:
•high-precision, low energy few-body physics
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•high-precision, low energy few-body physics

EFT is in the process of making a big impact:
•bridge between lattice QCD and nuclear structure
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EFT has had an impact:
•high-precision, low energy few-body physics

EFT is in the process of making a big impact:
•bridge between lattice QCD and nuclear structure

EFT making a big impact?
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EFT has had an impact:
•high-precision, low energy few-body physics

EFT is in the process of making a big impact:
•bridge between lattice QCD and nuclear structure

EFT making a big impact?
• new, more efficient way to do N-body physics via 
lattice EFT? 

Friday, June 5, 2009



D. Kaplan  INT  6/5/09

EFT has had an impact:
•high-precision, low energy few-body physics

EFT is in the process of making a big impact:
•bridge between lattice QCD and nuclear structure

EFT making a big impact?
• new, more efficient way to do N-body physics via 
lattice EFT? 

 No QCD-like sign problem?
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EFT has had an impact:
•high-precision, low energy few-body physics

EFT is in the process of making a big impact:
•bridge between lattice QCD and nuclear structure

EFT making a big impact?
• new, more efficient way to do N-body physics via 
lattice EFT? 

 No QCD-like sign problem?
 No QCD-like signal/noise problem?
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EFT has had an impact:
•high-precision, low energy few-body physics

EFT is in the process of making a big impact:
•bridge between lattice QCD and nuclear structure

EFT making a big impact?
• new, more efficient way to do N-body physics via 
lattice EFT? 

 No QCD-like sign problem?
 No QCD-like signal/noise problem?
 Path integrals avoid big Hilbert space
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Lattice EFT (in progress; Endres, Lee, Nicholson, DK)

S =
∑

n

[
ψ̄n(Kψ)n +

1
2
m2φ2

n

]

(Kψ)n = (ψn − ψn−t̂)−
1

2M
(∇2ψ)n − φnψn−t̂

mu=0 version of Chen, Kaplan (2003)

t
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Lattice EFT (in progress; Endres, Lee, Nicholson, DK)

S =
∑

n

[
ψ̄n(Kψ)n +

1
2
m2φ2

n

]

(Kψ)n = (ψn − ψn−t̂)−
1

2M
(∇2ψ)n − φnψn−t̂

mu=0 version of Chen, Kaplan (2003)

•Field φ generates the C0 interaction
t
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Lattice EFT (in progress; Endres, Lee, Nicholson, DK)

S =
∑

n

[
ψ̄n(Kψ)n +

1
2
m2φ2

n

]

(Kψ)n = (ψn − ψn−t̂)−
1

2M
(∇2ψ)n − φnψn−t̂

mu=0 version of Chen, Kaplan (2003)

•Field φ generates the C0 interaction

•φ only lives on time links
t
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Lattice EFT (in progress; Endres, Lee, Nicholson, DK)

S =
∑

n

[
ψ̄n(Kψ)n +

1
2
m2φ2

n

]

(Kψ)n = (ψn − ψn−t̂)−
1

2M
(∇2ψ)n − φnψn−t̂

mu=0 version of Chen, Kaplan (2003)

•Field φ generates the C0 interaction

•φ only lives on time links

•Fermions only propagate forward in 
time

t
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Lattice EFT (in progress; Endres, Lee, Nicholson, DK)

S =
∑

n

[
ψ̄n(Kψ)n +

1
2
m2φ2

n

]

(Kψ)n = (ψn − ψn−t̂)−
1

2M
(∇2ψ)n − φnψn−t̂

mu=0 version of Chen, Kaplan (2003)

•Field φ generates the C0 interaction

•φ only lives on time links

•Fermions only propagate forward in 
time

•Dirichlet BC for fermions

t
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Lattice EFT (in progress; Endres, Lee, Nicholson, DK)

S =
∑

n

[
ψ̄n(Kψ)n +

1
2
m2φ2

n

]

(Kψ)n = (ψn − ψn−t̂)−
1

2M
(∇2ψ)n − φnψn−t̂

mu=0 version of Chen, Kaplan (2003)

•Field φ generates the C0 interaction

•φ only lives on time links

•Fermions only propagate forward in 
time

•Dirichlet BC for fermions

•Fermion determinant is trivial: no 
dependence on φ

t
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Lattice EFT (in progress; Endres, Lee, Nicholson, DK)

S =
∑

n

[
ψ̄n(Kψ)n +

1
2
m2φ2

n

]

(Kψ)n = (ψn − ψn−t̂)−
1

2M
(∇2ψ)n − φnψn−t̂

mu=0 version of Chen, Kaplan (2003)

•Field φ generates the C0 interaction

•φ only lives on time links

•Fermions only propagate forward in 
time

•Dirichlet BC for fermions

•Fermion determinant is trivial: no 
dependence on φ

•Tune m to get unitary fermions

t
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Lattice EFT (in progress; Endres, Lee, Nicholson, DK)

S =
∑

n

[
ψ̄n(Kψ)n +

1
2
m2φ2

n

]

(Kψ)n = (ψn − ψn−t̂)−
1

2M
(∇2ψ)n − φnψn−t̂

mu=0 version of Chen, Kaplan (2003)

•Field φ generates the C0 interaction

•φ only lives on time links

•Fermions only propagate forward in 
time

•Dirichlet BC for fermions

•Fermion determinant is trivial: no 
dependence on φ

•Tune m to get unitary fermions

•Compute correlation functions (like 
Savage)

t
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fermion sign problem = signal/noise problem
 In lattice QCD:
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fermion sign problem = signal/noise problem

e.g: measuring the nucleon mass in LQCD:

i. Create a set of appropriately weighted 
gauge field configurations {A}

ii. Measure correlation function C(A):
3 quarks propagating for time T

T

 In lattice QCD:
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fermion sign problem = signal/noise problem

e.g: measuring the nucleon mass in LQCD:

i. Create a set of appropriately weighted 
gauge field configurations {A}

ii. Measure correlation function C(A):
3 quarks propagating for time T

T

〈C〉 =
1
N

∑

{A}

C(A) ∝ e−MT + . . .

nucleon mass..lightest state contributing

 In lattice QCD:
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fermion sign problem = signal/noise problem

e.g: measuring the nucleon mass in LQCD:

i. Create a set of appropriately weighted 
gauge field configurations {A}

ii. Measure correlation function C(A):
3 quarks propagating for time T

T

But what is the signal/noise??〈C〉 =
1
N

∑

{A}

C(A) ∝ e−MT + . . .

nucleon mass..lightest state contributing

 In lattice QCD:
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〈C〉 =
1
N

∑

{A}

C(A) ∝ e−MT + . . .

C(A)nucleon mass
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〈C〉 =
1
N

∑

{A}

C(A) ∝ e−MT + . . .

C(A)nucleon mass

Dispersion in measurement:

σ = 〈C†C〉 =
1
N

∑

{A}

C†(A)C(A) ∝ e−3mπT + . . .
quarks

anti-quarks

pion mass

C†(A)C(A)
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〈C〉 =
1
N

∑

{A}

C(A) ∝ e−MT + . . .

C(A)nucleon mass

signal
noise

∝ 1√
N

e−(M− 3
2 mπ)T

(M ~ 7mπ !  big suppression)

Dispersion in measurement:

σ = 〈C†C〉 =
1
N

∑

{A}

C†(A)C(A) ∝ e−3mπT + . . .
quarks

anti-quarks

pion mass

C†(A)C(A)
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〈C〉 =
1
N

∑

{A}

C(A) ∝ e−MT + . . .

C(A)nucleon mass

For A nucleons: exponentially hard
signal
noise

∝ 1√
N

e−A(M− 3
2 mπ)T

signal
noise

∝ 1√
N

e−(M− 3
2 mπ)T

(M ~ 7mπ !  big suppression)

Dispersion in measurement:

σ = 〈C†C〉 =
1
N

∑

{A}

C†(A)C(A) ∝ e−3mπT + . . .
quarks

anti-quarks

pion mass

C†(A)C(A)
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Heuristic understanding of the sign problem in QCD:

In a single given gauge field configuration, the quarks are confused!

 Are they going to be in a pion? (long correlation length!)

or are they going to be in a nucleon? (short correlation 
length!)
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Heuristic understanding of the sign problem in QCD:

In a single given gauge field configuration, the quarks are confused!

 Are they going to be in a pion? (long correlation length!)

or are they going to be in a nucleon? (short correlation 
length!)

What does QCD do?

Has quarks propagate far in each gauge field configuration

Whittles down baryon correlators through big cancelations 
when summing over gauge fields
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Heuristic understanding of the sign problem in QCD:

In a single given gauge field configuration, the quarks are confused!

 Are they going to be in a pion? (long correlation length!)

or are they going to be in a nucleon? (short correlation 
length!)

What does QCD do?

Has quarks propagate far in each gauge field configuration

Whittles down baryon correlators through big cancelations 
when summing over gauge fields

The problem: lightest state per quark ≠ baryons
Friday, June 5, 2009
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Lattice path integral EFT:
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Lattice path integral EFT:
• Measure correlation functions: avoid huge Hilbert space 

encountered in Hamiltonian approach 

         (correlation function cost        A3, not A! )

• Unlike QCD: no exponential signal/noise problem! (Also: 
nonrelativistic = QUENCHED!)

∝
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Lattice path integral EFT:

T

QCD: lightest multi-quark states = 
pions, not nucleons ⇔ noise. 

Currently can study ~12 pions in a box 
using LQCD

Nuclear EFT: lightest multi-nucleon 
states are nuclei! Preliminary scaling 
estimates: 
106 processor-hours = 100s of fermions

• Measure correlation functions: avoid huge Hilbert space 
encountered in Hamiltonian approach 

         (correlation function cost        A3, not A! )

• Unlike QCD: no exponential signal/noise problem! (Also: 
nonrelativistic = QUENCHED!)

∝
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Lattice path integral EFT:

A new approach currently being explored

T

QCD: lightest multi-quark states = 
pions, not nucleons ⇔ noise. 

Currently can study ~12 pions in a box 
using LQCD

Nuclear EFT: lightest multi-nucleon 
states are nuclei! Preliminary scaling 
estimates: 
106 processor-hours = 100s of fermions

• Measure correlation functions: avoid huge Hilbert space 
encountered in Hamiltonian approach 

         (correlation function cost        A3, not A! )

• Unlike QCD: no exponential signal/noise problem! (Also: 
nonrelativistic = QUENCHED!)

∝
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Going beyond 2 species (spin states) of unitary fermions:
some tricks

• Implementation of nonperturbative 3-body interaction via 
discrete HS field:

1
3

∑

ω

eω(n†n+p†p) = e(n†n+p†p)3

ω = {1, e2πi/3, e4πi/3}

2 flavors, 2 spins

•Other tricks for inserting pions, Cn coefficients perturbatively 
w/o tears for implementing KSW expansion
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Can this new lattice EFT offer a different (and for some 
things, better) way to do N-body nuclear physics?
Or are we asking to much of it?
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things, better) way to do N-body nuclear physics?
Or are we asking to much of it?

Friday, June 5, 2009



D. Kaplan  INT  6/5/09

Can this new lattice EFT offer a different (and for some 
things, better) way to do N-body nuclear physics?
Or are we asking to much of it?

Stay tuned!
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