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Irreducible representations (Irreps)

U(n), n=dim s.p. space, Irrep=shell 
model space.
O(2n), Irrep = shell model + pair 
creation and annihilation < Fock space.
G = Lie group, Irrep = Hilbert space of 
a strong dynamical symmetry. 



Algebraic mean field theory (AMFT)



Why use AMFT?

Easy. AMFT manifold is an enormous 
simplification compared to irreps.
Flexible. L = Lie algebra of group G 
includes most significant degrees of 
freedom.



Density matrix



Moment map M



Advantages to density



Coadjoint orbit



Strong versus weak dynamical 
symmetry

Strong: States are vectors in one 
irreducible representation space.
Weak: Densities are points in one 
coadjoint orbit.



Casimirs



Weak dynamical symmetry 
example









Representations of Lie groups

Highest weight
Duality, Permutation group and U(n)
Induced 
Geometric quantization

Starting point: coadjoint orbit
(Kirillov, Kostant, Souriau,Vogan) 



Kirillov metatheorem

Every property of a Lie group irrep may 
be determined from an analysis of the 
corresponding coadjoint orbit. 
Branching rules, group characters, etc.
Kirillov “The orbit method in 
representation theory” (AMS)



Symplectic structure

Every coadjoint orbit is a symplectic
manifold or phase space
Ω(X,Y) = < ρ, [X, Y] > is nondegenerate
E(ρ) = energy functional on coadjoint
orbit
h[ρ] = mean field Hamiltonian, where      

dE (X) = Ω(X,h[ρ]) .



Dynamics on a coadjoint orbit



Nonabelian density functional 
theory



SU(3) densities



SU(3) Coadjoint orbit



Intrinsic frame densities



Principal axis rotation



Routhian



Normal modes



The End Part

GCM(3) Riemann ellipsoidal or Bohr-
Mottelson model
Sp(3,R) symplectic collective model
O(6) = SU(4) interacting boson model
SO(5) = USp(4) ibm



Internally consistent

Correct group representation properties are 
built into each coadjoint orbit. Branching 
rules for H<G derived from geometric 
analysis of H-orbits in coadjoint G-orbit 
space.
DFT Hohenberg-Kohn assures the existence 
of an energy functional for which the exact 
ground state density is a minimum.



Simple to use

AMFT calculations use n x n matrices, 
e.g., SU(3) works with 3 x 3 matrices. 
The (possibly infinite) dimension of the 
representation under investigation is 
irrelevant. 
Method applies to nonintegral orbits 
which is necessary for weak dynamical 
symmetry.



Questions

Is weak dynamical symmetry 
ubiquitous?
What’s the best way to find the 
universal energy functional for a given 
algebra L?
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