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Continuum vs. lattice symmetries

On the lattice symmetries are typically reduced with respect to the
continuum. Examples are

© Space-Time symmetries: the Euclidean O(4) rotations are reduced to
the O(4,7Z) group of the hypercubic lattice. Other lattice geometries
are possible, even random lattices have been tried.

@ Supersymmetry: only partially realisable on the lattice (cf. lectures by
S. Catterall)
© Chiral and Flavour symmetries:
o staggered quarks: only a U(1)xU(1) symmetry remains
o Wilson quarks: an exact SU(N¢)v
o twisted mass Wilson quarks: various U(1) symmetries (both axial and
vector)
o overlap/Neuberger quarks: complete continuum symmetries!
e Domain Wall quarks: (negligibly ?) small violations of axial
symmetries; consequences are analysed like for Wilson quarks

In the following: chiral and flavour symmetries with Wilson like quarks
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Exact lattice Ward identities (1)
Euclidean action S = S¢ + S,:
So= a' ) W) (Dw+mo)v(x),  Sg= > tr{l-Pu(x)}
X v

Dw = 5{(V,+Vi)—-aV,V,}

Non-singlet vector transformations (N = 2, 7123

U(x) = U(x) = exp (i0(x)377) U(x) = (1+65(0) + O(6%)) ¥ (x),
Bx) = P(x) = P(x) exp (—if(x)377) (x) = (14 65(0) + O(6%)) ¥(x)

Perform change of variables in the functional integral and expand in 6

are the Pauli matrices):

(L., Uy = 2 [ Dl F1DUle™5 0fv. 4. U}
Due to D[y, 1] = D[i/}’,@l] one finds the vector Ward identity
(63(0)0) = (053(0)S)
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Exact lattice Ward identities (2)

Variation of the action:
= —ia* Z 8* Va

Noether current:
a a

V() = B(x) (3u=1) 5 Ul i (x-ait) 9 (x+ ai2) (3, +1) 5 Uxs ) ()
Choose region R and 6:
1 if R
R={x:t<x <t} 0Ox)= et
0 otherwise

if O = Oyt is localised outside R:

0 = (Oext65(0)S) = —ia Z Z (Oext O3 V2(x)) = a Z 9 { Oext Q% (x0))

Xo=t1 Xo=t1
There is a conserved charge, Qf(t1) = QF(t2) reflecting the exact vector
symmetry on the lattice
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Exact lattice Ward identities (3)

Choosing O = Ocyt V2 (y), with y € R:
2 (0 Vi) = (0wt V) 1@2(t2) — Q3 (11)])
(00 @500)) = (0wt Q6 (30) [QY(t2) — Q% (11)])

Euclidean version of charge algebra!

@ implies that the Noether current V/f is protected against
renormalisation; if we admit a renormalisation constant 2\7 it follows
that Z\Z} = Z;, hence Zy = 1, its anomalous dimension vanishes!

@ Any other definition of a lattice current, e.g. the local current

Via(x) = (x) 750 (x), (Wr)p = Zv V)]

can be renormalised by comparing with the conserved current. Its
anomalous dimension must vanish, i.e.

-0 n n
Zy = Zv(g) *~ 1+Z Z"g2".
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Continuum chiral WI's as normalisation conditions

@ For chiral symmetry there is no conserved current with Wilson quarks.

@ However: expect that chiral symmetry can be restored in the
continuum limit!

@ [Bochicchio et al '85 |: use continuum chiral Ward identities and
impose them as normalisation condition at finite a

@ Define chiral variations:

SR(0)0(x) = s 370000(x),  SR(O)B(x) = B(x)ins 1r6(x)

@ Derive formal continuum Ward identities assuming that the functional
integral can be treated like an ordinary integral:

(02(0)0) = (0d3(0)s5),
A0S = —i/d4x9(x) (8448 (x) —2mP?(x))
An(x) = D) (x),  PAx) = 9(x) 5577 (x)
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Simplest chiral WI: the PCAC relation

@ Shrink the region R to a point:
(Oext0R(0)S) = 0
= <6“AZ(X)OCX1;> = 2m(P?(x)Ocxt)

@ The PCAC relation implies that chiral symmetry is restored in the

chiral limit.
@ Impose PCAC on Wilson quarks at fixed a: define a bare PCAC mass:
_ <8MAZ(X)Oext>
(P2(x) Oext)

@ A renormalised quark mass can thus be written in two ways
-1 -1
mR = 2Z7Zp m=2Zyn(mg —me) = m=ZnZpZy, (mo— me)

= The critical mass can be determined by measuring the bare PCAC
mass m as a function of mg and extra/interpolation to m = 0.
o Note: m is only defined up to O(a); any change in Ogy will lead to
O(a) differences.
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Determination of the critical mass

T
PCAC quark mass from SF eoo; A
correlation functions: m [Mev]
. aOfA(XO) 100; -
2fp(X0) r
83 x 16 lattice, quenched °f / ]
QCD, a=0.1fm T R TR

m, [MeV]
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More chiral WI's: axial current normalisation

@ At m = 0 we can derive the Euclidean charge algebra :

i 00t Q5 (10) ) = { 0uxt Q& (10) [QA(22) — QA (10)])

e Imposing this continuum identity on the lattice (at m = 0) fixes the
normalisation of the axial current

go—0
(AR)Z - ZA(gO)AZ; Za (go &2 14+ Z Z(” 2n

@ Note: When changing the external fields Ouys, the result for Z will
change by terms of O(a).

@ The PCAC relation and the charge algebra become operator identities
in Minkowski space. Changing Oex; corresponds to looking at
different matrix elements of these operator identities. On the lattice
these must be equal up to O(a) terms.
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Need for O(a) improvement of Wilson quarks

O(a) artefacts can be quite large with Wilson quarks:

[
| ¢ non-zero boundary values
PCAC quark mass from SF 200 ._0 zero boundary values _.
correlation functions: m [Mev] }
I t
— 820?(()(0)) 100 - LR A
P(X0 r 1
fogatEag,
83 x 16 lattice, quenched I . : e .
QCD, a = 0.1fm, 2 different or 7
gauge background fields. SR R
0 4 8 12 1

X,/a
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On-shell O(a) improvement

Recall Symanzik's effective continuum theory from lecture 1

Sei = So+aSi+aS+...,  So=S&h
Sy = / d*x Ly (x)
where L1 is a linear combination of the fields:

YouwFu, DD,  myDy, mPYy, mtr{F,Fu}

The action 571 appears as insertion in correlation functions
Gn(Xl) s aXn) = <¢0(X1) s ¢0(Xn)>con
+a/d4y (Po(x1) - - Po(xa)L1(¥)) con

+a) (do(xa)... 810x) - - D0(Xn))on + O(2)
k=1
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On-shell O(a) improvement (1)

Basic idea:

@ Introduce counterterms to the action and composite operators such
that S; and ¢; are cancelled in the effective theory

@ As all physics can be obtained from on-shell quantitities (spectral
quantitities like particle energies or correlation function where
arguments are kept at non-vanishing distance) one may use the
equations of motion to reduce the number of counterterms

@ The contact terms which arise from having y =~ x; can be analysed in
the OPE and are found to be of the same structure as the
counterterms anyway contained in ¢7; this amounts to a redefinition
of the counterterms in ¢;.

@ After using the equations of motion one remains with:

@Uuquﬂ/}a m2@1/)> mtr{F,uuF;w}
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On-shell O(a) improvement (2)

@ On-shell O(a) improved Lattice action
e The last two terms are equivalent to a rescaling of the bare mass and
coupling (mgq = mg — me,):

gg = gg(l + bg(gO)amq)7 Mg = mq(1 + b (go)amy)
o The first term is the Sheikholeslami-Wohlert or clover term

SWIISOH - SWllson + Iacsw gO Z 1/} O—/J,V v )¢(X)

@ On-shell O(a) improved axial current and density:

(A)S = Za(&2)(1+ ba(go)amy) {A; + cA(go)éupa}
Zp(80°, ap)(1 + bp(go)amg) P?

&)

=

=
I
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On-shell O(a) improvement (3)

@ There are 2 counterterms in the massless theory ¢y, ca, the
remaining ones (bg, b, ba, bp) come with amy.

@ Note: all counterterms are absent in chirally symmetric
regularisations!

= turn this around: impose chiral symmetry to determine cgy, Ca
non-perturbatively:

o define bare PCAC quark masses from SF correlation functions

_ Za(ltbaamy) o bfala) + caadidfe(xo)

MR = Zp(l -+ bpamq) m, B fp(Xo)

o At fixed gy and amq ~ 0 define 3 bare PCAC masses m; 3 (e.g. by
varying the gauge boundary conditions) and impose

ml(csw-, CA) = m2(Cswa CA)7 ml(csw-, CA) = m3(CSW7 CA) = Gsw) CA

SF b.c.'s = high sensitivity to ¢ & simulations near chiral limit
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On-shell O(a) improvement (4)

Before and after O(a) improvement (PCAC masses from SF correlation
functions, 8% x 16 lattice)

R R R R R R R
| ¢ non-zero boundary values 1 | * non-zero boundary values 1
200 - - 200 — =
L © zero boundary values J Il © zero boundary values ]
m [MeV] i } 1T m [MeV] i 1
[ N _ _
i ! )
100 - [} 1 100 — ottt 5o 3 L] —
L J L & e J
L [} 4 L 4
ge 22,
L 5 s J L J
L N s J L J
0r - 0+ =
L 3 | L J
PR SR SR NN SR T SR NN SR SR S N S S PR SR S NN T ST SR NN S SR S N S S
Q 4 12 1 [ 4 8 12 1
X,/a X,/a
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Quenched result for the charm quark mass [ALPHA '02 ]

@ The RGI charm quark mass can be defined in various ways
o starting from the subtracted bare quark mass mg,c = mgc — M,
e starting from the average strange-charm PCAC mass my.
o starting from the PCAC mass m. for a hypothetical mass degenerate

doublet of quarks.
@ Tune the bare charm quark masses to match the Ds; meson mass

@ Obtain the corresponding O(a) improved RGI masses:

roMc|lm, = ZM{2rom5c [1 + (b — bp)%(amohC + amqys)]

~ romy [1+ (b — bp)amy)] |,
noMclm. = Zmrome[1+ (ba — bp)amg],
roMe|mq.. ZmZromgc [1 + bamgc] .
e N.B.: all O(a) counterterms are known non-perturbatively in the

quenched case!
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Continuum extrapolation of the quenched RGI charm

quark mass

Continuum extrapolation:

M., = A+B(a2/r§)
nh = 0.5fm

M. = 1.654(45)GeV
mS(m,) = 1.301(34) GeV

5.5

3.5

Continuum extrapolation

. —— T
7Omsc
Amq
I Ll L Ll
0 0.01 0.02 0.03 0.04
(a/ry)?
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Summary On-shell O(a) improvement

After O(a) improvement:

o
o
(]

The ambiguity in me; is reduced to O(a?)

Axial current normalisation can be defined up to O(a?)

Results exist for ¢y, ca for quenched and Ny = 2,3 and different
gauge actions

On-shell O(a) improvement seems to work; rather economical for
spectral quantities (e.g. hadron masses): just need cgy!

@ Quark bilinear operators are still tractable

@ Four-quark operators are probably impractical

@ Non-degenerate quark masses: rather complicated, proliferation of

counterterms [Bhattacharya et al '99 ]; Not all can determined by
chiral symmetry, due to violation of on-shell condition in Ward
identities at finite mass

However: for small quark masses and fine lattices am is small (a few
percent at most) and perturbative estimates of improvement
coefficients may be good enough!
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Twisted mass QCD, continuum considerations (1)

Consider the continuum action of a doublet of massless quarks

5t = [ dtx D00 ()
The massless action is symmetric under chiral transformations
b= = exp(iwiysT?/2)Y
=7 = Pexp(iwieT/2)
When introducing a quark mass term the choices 1) or
&Y = Pexp(iwis7)i = cos(wa) P + isin(wa)u} Py

are equivalent!
(wa is the modulus of (w},w3,w3) and u? = w3 /wa a unit vector)
@ The choice of a mass term 1) is a mere convention; in general one
may pick any other direction in chiral flavour space
@ The form of symmetry transformations depends on this choice:
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Twisted mass QCD, continuum considerations (2)

@ by definition,the flavour (isospin) symmetry leaves the mass term
invariant:

Y = exp(—iwiysT?/2) exp(iwgT/2) exp(iw§ 154 /2) ¥
¥ = 4 exp(iwiysT?/2) exp(—iwy T’ /2) exp(—iwg 157¢/2)

@ similarly for parity:

%(X) - %‘J eXP(iWZVSTa) Ql)(XOa —X),
P(x) — Y(x,—x) exp(iwivs77)%0

Question: why should one deviate from the standard convention for the
quark mass term?
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Twisted Mass Lattice QCD (1)
Lattice action for a doublet ¢ of mass degenerate light Wilson quarks
quarks [Aoki '84 ]
Se=a"> W(x) (Dw + mo + ipigys7>) 1h(x)
Dw : Wilson-Dirac operator with/without Sheikholeslami-Wohlert (clover)
fg : bare twisted mass parameter

Properties:
@ regularisation of QCD with Ny = 2 mass degenerate quark flavours
(see below)
@ /i # 0 = no unphysical zero modes:

det(Dw + mg + iuqu57'3>

_ det (75(0w + mo) + ipg 0 >
0 ’YS(DW‘FmO)_",U«q

= det <[DW + mo)]T[DW + mo] + ,u%) >0
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Twisted Mass Lattice QCD (2)

@ positive and selfadjoint transfer matrix provided 14 is real and
|k| < 1/6,
k = (2amg + 8)~! = unitarity

o The flavour symmetry is reduced to U(1) with generator 73/2

@ Discrete symmetries: C, axis permutations, reflections with flavour
exchange, e.g.

w(X) - ’YOle(XOv *X),

P(x) = ¥(x0, —x)707"
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Equivalence between tmQCD and QCD (1)

Classical continuum limit of twisted mass lattice QCD:

Sf = /dx D) (B m+ ipgysT)Y(x).

Perform a global chiral (non-singlet) rotation of the fields:

Y =

R()y, & =¥R(a), R(a)=exp(ias% ).

For tan o = puq/m the action reads:

S¢

o'y

ﬁhvwm+mww, M=\ [m?+ 2

Yexp(iaysT> )Y = cos(a) i) + i sin(a)ysT>

corresponds to wj = ad3? in the previous discussion.
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Equivalence between tmQCD and QCD (2)

Introduce polar mass coordinates m = M cos(a), jtg = Msin(«), and
consider the formal functional integral

(Ol Waae = 27 [ DIU. .7 Ol e~ Smss
The change of variables leads to the identity:
(014 W) ap0) = (OIR(@ ). BR(]) 41,0
For a member qﬁi\r) of a chiral multiplet in the representation r,

SWR(a)p, PR()] = RY(a)$ [, 9]

The identity for n-point functions of such fields becomes

(650a) o)) =

(M,0)
T Rl (n) (1)
{IHIRAB( >}<¢ (a) =g )
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Equivalence between tmQCD and QCD (3)

Examples: chiral multiplets (A7, V/7) and (150, p2)

AZ = @7#75%37/}7 V: = E’Yu%aq/%
P? = Yy 50, SO =y
With ¢/ = R(a)y, ¥ = PR(a), O' = O[¢', ], ¢ = cos(a), s = sin(a):
A = cAL +sV2, V'L = V!4 sA2)
A = cA2 —sV1, V2 = cV2 - sAL,
13 _ A3 13 __\/3
AS = A3, Ve = V3,
P?=p? (a=1,2), P = cP? +is Ly,

For instance:
<A}L(X)P1(y)>(M70) = cos(a) <A}L(X)P1(y)>(,v,7a)
+ sin(a) <V5(X)P1>(M,a)
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Equivalence between tmQCD and QCD (4)

The PCAC and PCVC relations,
OuA;, = 2mP? + §33i114S°, oV = —2puqe3P PP
take their standard form in the primed basis
AT, = 2MP?, 9,V =0.

Remarks:

@ We refer to the basis of primed fields as “physical” because the mass
term takes its standard form in this basis

@ We still need to explain how the relationship between QCD with a
standard mass term and twisted mass QCD works out beyond the
formal continuum theory.
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Beyond the formal continuum theory

o If tmQCD is regularized with Ginsparg-Wilson quarks the same
identities can be derived in the bare theory

@ If the renormalization procedure respects the chiral multiplet structure
and the multiplicative renormalization constants do not depend on «
(e.g. mass independent renormalization schemes)
= the formal continuum relations hold between renormalized theories.
N.B.: no reference to perturbation theory! Assuming universality the
correspondence is established non-perturbatively. In PT it works out
order by order in the loop expansion.

@ The angle « is given by the ratio between renormalized PCVC and
PCAC masses: tana = ur/mg
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Lattice tmQCD with Wilson quarks

© restore the chiral multiplets in the massless bare theory by imposing
the chiral flavour Ward identities, e.g. (ZyA2, V2) .

@ If necessary renormalize a given chiral multiplet by imposing a
renormalization condition on one of its members. Choose a mass
independent renormalization scheme!

© Renormalization of the parameters:

gP2{ = Zggozv mr = Zp(mo — me), HR = ZMMQa
From the exact PCVC relation

V2 =2pugPt =2ur(Pr)' = Z,Zp =1.

= to define @ measure a bare PCAC mass m
_0AX0) o Zplpe g
(P1(x)0) mn ~ Zo1Zam . Zam

the definition of « requires Zy, except for a = m/2, where m = 0.
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The freedom of introducing more general mass terms can be used to avoid
lattice renormalization problems:

@ F,; can be obtained from the 2-point function

(ARB) PR ) ey = <05(@) (ARFCAPR) D)) (.
+sin(a) (V5 ()(PR) () (0t )

At a = /2 one has cos(a) = 0 and F; is obtained from the vector
current. The determination of Z4 is avoided!

@ The chiral condensate:
<(5R)0(X)>(MR70) = cos(a) <(5R)O(X)>(MR,O¢)+2iSin(a)<(PR)3(X)>(MR,<

At o = 7/2 the chiral condensate is represented by P> which only
renormalizes multiplicatively in the chiral limit!
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Application to Bk: The Bk parameter is defined in QCD with dynamical
u,d,s quarks:

<K0’O(v A)(V—-A) K®) = %Fﬁm%(BK
The local operator

O(v A)(V A) 2[5% 1—75)d]?

is the effective local interaction |nduced by integrating out the massive
gauge bosons and t, b, ¢ quarks in the Standard Model.
@ only the parity-even part contributes to By

Ow-n)v-a) = Ovviaa — Ovayav

parity—even  parity—odd
@ Operator mixing problem with Wilson quarks [Bernard et al.,'88 |:
4
[Ovviarlg = Z\/V+AA{O\/V+AA + ZZ; o¢ :6}

i=1
[Ovasavlg = Zva+avOvatav
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= parity-odd component renormalizes multiplicatively!
Question: Can we avoid the mixing problem by using the multiplicatively
renormalized operator Oya4ay to compute By?

@ consider continuum theory for a light quark doublet ¢ and the
s-quark:

L = Y (D+m+ipgysm)v+35(P+mg)s
= Oyyian = cos(a)Oyviaa — isin(a)Ovaray
= —iOvatav (a=m/2)
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Conclusions

e Wilson quarks break all chiral/axial symmetries which leads to
additive quark mass renormalisation, non-trivial axial current
normalisation and O(a) effects; can be “cured” by imposing chiral
continuum Ward ldentities

@ Twisted mass QCD with Wilson type quarks is a regularisation which

e is equivalent to standard QCD with Ny = 2,4, ...

e has an additional unphysical parameter, the twist angle a. This angle
determines the physical interpretation (flavour vs. chiral symmetries,
parity) and can be used to circumvent certain lattice specific
renormalization problems: F, without Z, the chiral order parameter
without cubic divergence, Bxk without mixing .. ..

e enjoys automatic O(a) improvement at o = /2 (cf. lecture V)

e breaks flavour and parity symmetries; expect that these are restored in
the continuum limit (just as axial symmetry with standard Wilson
quarks).
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