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Quantum Statistical mechanics

Transition amplitude in QM and its path integral represenation
F(q,\t';q,t) = (¢|e HHE=D)g)
t — —it, t' — —i7 (imaginary time)
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o= 5p2 +V(q)
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F(q, —it'; q, —iT) = /Dq exp [— /T/ dr"” (%QQ(T”) + V(q(T”)>]

q(1) =q, q(7') =¢

Partition function in statistical mechanics:
Z2(8) = Tre PH g =1/T

Z(8) =Y e P¥n, Aln) = Enln)



Z(B) = /d(J(qle_ﬁﬁlq)

2(8) = [ daF(a,~i; 4,0)
I

2(8) = | Da(r) exp

- [ar (3P0 +v<q<T>>)]

q(B) = q(0)
Euclidean action Sg(B) = /Oﬁ dr (%q’Q(T) + V(q(T)))

We can also calculate the generating functional

Z(B;3) =/qu><p

B
~Sp(8) + | j(T)q(T)dT)]
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Correlation function in real and imaginary time in the operator

formalism:
G(—it) = eflTge—HT
q(—it) = q
§(t) = ethA —iHt

o 1
- Z(B)
A(T) = A(7,0) = A(T - B)

A(7,m2) = (Tq(—i11)q(—im2))3 Tr[Tq(—it1)q(—i12)]

D= (t,t') = (a®)at"))z
D=(t,t') = (3(t)a(t))g
Dp(t,t') = (0(t —t')[a(t), a(t)])g
e PHG()e ! = g(t +iB) = D~ (t.¢) = D=(t +iB,1')
Kubo-Martin-Schwinger (KMS) condition
A(1) = D~ (—ir,0)




Different correlation functions A(r), D~ (t), D<(t) and Dp(t) are
related to the spectral function o(kp)
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D> (ko) = / dte™ ot D> (1)

— 0

D<(kp) = / * dtetfot p<(4) = / 7 dte’kot D> (1—i8) = e~ P50 D> (ko)

—0 —00

> o <
o(ko) = = (kO)QwD (ko) _ imeR(ko)
]
D7 (ko) = (1 + f(ko))o(ko), f(ko) = (e PFo—1)~1
|

cosh(ko - (T — 8/2))
sinh(Bkg/2)

A(r) = /OOO dkoo (ko)

o (ko) = %ﬂ) e BB [5(ko + En — Em) — 5(ko + Em — En)] |(nld@lm)|?

o(ko) = —o(—ko), sgn(kg)o(kg) >0



Thermodynamics of scalar field theory

Straightforward generalization to infinite number of degrees of
freedom q(t) — ¢z(t) = o(t, x)
A

_¢4
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L = ~(0u6)(0"$) - 5m2¢2 T

Y
p
5p8) = [ dr [ 2 (5(0r6)% + S@9)> + Sm26% + 6%
p
2(8:7) = [ Doexp(=Sp(8) + [ "dr [ dej(r.2)¢(r,2))
$(0,2) = ¢(8, x)
Free field limit ( A = 0):
p
2(8:5) = [ Doexp [— / d“wE%cb(—a% - V24 m?)o+ [ dhapi(ep)é(es)
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Gaussian integration:

B
Zo(B,7) = Z(B) exp [/o d*zpdyr j(zp)Ao(zr — yr)i(YE)

Z(B) = (detNg)/2 = Trin Ag
—82 — V2 +m?| Ao(zp — yp) = 8(me — 7)6(z — y)
\(}
(w2 + k2 + m2) Ag(iwn, k) = (w2 + w2) Ag(iwn, k) =1
wn = 21Tn, wi = k2 4+ m?2

U

1
5 -Matsubara propagator

Ag(iwn, k) =
" w2 + wi;

Mixed (Saclay) representation:
Ag(r, k) = T3, e Ag(iwn, k)
(07 + Wil Ao(1,k) = 6(1 — 1), Do(T —B) = A(7)
— Ao(71) = 2%%((1 + fwp))e FT 4 fwp)esT), flwg) = (ePr 4 1)1



INnZ(B) = =Trin Ag = % > ) In B2 A (iwn, k) =
n——oo k
1 & >k 2r 2 | 21 _
SIRIE LEEER
S - + 0Bl = 3 s = BAG(r = 0,k) = (1 + 2(wy))
oy dw% " K oy w%—I—w% ’ 2wy,
Y
Z In ﬁQ(w% + w,%) = Bw+2In(1 + e_Bw’f) + const
d3k [1
In Z(8) = —v/ s bﬁwk, FIn(1 — e Per)
F(T,V)=TInZ(B), p= —0F(T,V)/dV, S = —ang V),U = F-TS
Massless case (m = 0 — wp, = k):
3k |1 m2T4
— - _ e By =2
= [ Gomy3 [2k +Tin(1 - e )| = T2

e(T) =U(T,V)/V =3p, s(T)=S(T,V)/V =4/3e(T)



Perturbative expansion:

e—SE(B) ~ o—S%(B) (1 _ % / P ¢4(wE))
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=T [ S S580(r =0,k
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AT?
Massless case (wp =k): N = eV
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3k | A Br g
T;/ (27)3 In Ag(iwn, k) + 5 (Tzn:/ (2W>3Ao(zwn,k)>

Massless case:

2m4
P m<T (1 B 5\ )
90 642



Infrared problems at finite temperature: the next-to-leading correction
to the pressure is not of order A2 but A\3/2 from m = 0 !

A2 TZ/ 1 TZ/ kA (iwn, k) i
<2w>3<p2+w2>2 ] (2m)3 T

the | = 0 term is IR divergent as [d3p/p*

In the 4-loop diagram

AT L T d>k AqGiwn. k i
Z/ <2w>3<p +o?)3 ( > | Gamy3otion, )>

the | = 0 term is IR divergent as [d3p/p®




We need to resum all diagrams of the following type (ring dia-
grams)

keeping only the contribution from (IR sensi-
tive) n = 0 and using M = \T2/24 we get

B VT4 A 3/2
Fring = 151 (2_4>

Collective effects in the medium have to be
taken into account at all orders !

24 3/2

T 1 A\ 1 A

p=2" 1_ 5( >+ 5( ) 4 .
90 8 \ 2472 2 \ 2472



Dirac Fields at finite temperature

Free Dirac Hamiltonian
A= [ daplyo(—iv- v 4+ m)p(a)

Q = [ d3z¢T49%) -conserved charge
Canonical and grand canonical partition functions

Zean = Tre B 7 = Tre=BH+1Q

/Z = /D(¢;, Ve ) EXP (— /05 dt [Ya(0r — u)va + H (g, 'Qboz)o

fermion fields anticommute = ¥q(8) = —1a(0)
= wn=02@n4+1)7T,n=0, £1,£2...

Z = Trin [=if((—iwn + i) — %y - k — mro)]
=2) Y In [62 (wn + iu)? + Wk)}
n g

d3k Bl 8
QV/(QW)3 [ﬁwk-l-m(l—l—e Blwr=1)y 4 In(1 + e 5 k"’li))}



Gauge field at finite temperature

2(8) = [ D(Afmp,me) exp

b 4
_/o d afEﬁeff(w)]
Lepp(z) = y(w)Fﬁy(w)Jr £ (Buag) (@) (02000 + Jave ALO0] mo(2)
AM(va) — AM(/Bv CE), na(o7x) — 77@(5733)

In Z(B) = —% x 4(N2 = 1) Y In[8% (w2 + k2)] +
n s

4 gluons

% x 2(NZ — 1) 3" > In[3%(wp + k)]
nok

ghosts

2T4

p(T) = 2(NZ — 1) 55




QCD at finite temperature

Because of asymptotic freedom thermodynamics quantities can
be calculated in perturbation theory if T > /\QCD, at least in
principle

Pressure has been calculated to 3-loop order

Arnold, Zhai, Phys.Rev. D51 (1995) 1906, Kastening, Zhai, Phys.Rev. D52 (1995) 7232

Bosonic contribution: {:} {i} % @
CORT 6
k=



Fermionic contribution:

O 0806

Gluon self energy in the static limit:

Ne
3

I'Iz-z-(wn — O,k — O) =0

N
Moo(wn = 0,k — 0) = mf, = (5" + g’

Y

chromo-electric fields are screened but chromo-magnetic fields
are not screened (at least in perturbation theory)



F
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Kajantie et al, Phys. Rev. D 67 (2004) 105008
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T/ Agzs very poor convergence !



Pressure at g6 order 7 Magnetic mass ? Infrated sensitive con-
tribution to the partition function at [ + 1-loop order

[+1
o (T [ &) v+ mieg) ™

golTd  1=1,2
64 _
96T4(92T/mmag)l_3, [ >3

Mmag ~ g?T = infinitely many diagramls contribute at ¢® order !



Homework:

Prove the integral equation :

cosh(kg - (1 — 8/2))
sinh(Bkg/2)

A(r) = /OOO dkoo (ko)

Show that:

o (ko) = %ﬁ) e BB [5(ko + En — Em) — (ko + Em — En)] |(nldlm)|?

use relation of o(kg) and D-~><(kg) and insert a complete set of
energy eigenstates into D-><(t))

Prove the sum rule

00
/ koo(kg)dkg = 1
—00

For questions see me in my office B468



