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Physics on the light-cone

Many experimental situations dominated by physics at short
light-cone distances:

Hard exclusive processes

Deep inelastic scattering

Deeply virtual Compton scattering

Drell-Yan (pp) scattering

Semi-inclusive deep inelastic scattering

Heavy vector boson production

. . .

All involve non-perturbative QCD
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Hard Exclusive Processes

Exclusive processes at large Q2 → ∞ can be factorised into:

perturbative hard scattering amplitude (process dependent)

non-perturbative wave functions describing the hadron’s overlap with
(lowest) Fock state

γ

xp

x̄p
yp′

ȳp′

π(p)

π(p′)

φ†

φ T (x, y, Q2)

Example: Fπ(Q2)

x + x̄ = 1

F (Q2) =

∫ 1

0
dx

∫ 1

0
dyφ†(y ,Q2)T (x , y ,Q2)φ(x ,Q2)

[
1 + O(m2/Q2)

]
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Distribution Amplitudes

Distribution amplitudes φπ, φK , . . . are universal (process
independent):

exclusive non-leptonic decays (B → ππ,KK )

semi-leptonic decays (B → πlν)

electromagnetic form factors

vector meson production, etc.

Distribution Amplitude:

Related to the meson’s Bethe–Salpeter wave function by an integral
over transverse momenta

φΠ(x , µ2) = Z2(µ
2)

∫ |k⊥|<µ

d2k⊥ φΠ,BS(x , k⊥).

Describes the momentum distribution of the valence quarks in the
meson Π
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Distribution Amplitudes

π
q

q̄

γ

γ

φ

Amplitude for converting a pion into qq̄ pair separated by lightcone
distance z

〈0|q̄(0)γµγ5[0, z ]u(z)|Π+(p)〉 = ifΠpµ

∫ 1

−1
dξ e−iξp·zφΠ(ξ, µ2) ,

where z2 = 0 and ξ = x − x̄

Normalisation:
∫ 1

−1
dξ φΠ(ξ, µ2) = 1 .
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Distribution Amplitudes

Separate transverse and longitudinal variables

transverse – scale dependence

longitudinal – Gegenbauer polynomials C
3/2
n (ξ)

φΠ(ξ, µ2) =
3

4
(1 − ξ2)

(
1 +

∞∑

n=1

aΠ
n (µ2)C

3/2
n (ξ)

)
.

an contain non-perturbative information =⇒ lattice QCD

At LO an renormalise multiplicatively: an(µ
2) = Lγ

(0)
n /(2β0) an(µ

2
0)

[L ≡ αs (µ
2)/αs(µ

2
0), β0 = 11 − 2Nf /3]

Anomalous dimensions γ
(0)
n rise with spin, n, ⇒ higher-order

contributions are suppressed at large scales

φ(ξ, µ2 → ∞) = φas(ξ) =
3

4
(1 − ξ2).
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Deep-inelastic scattering (DIS)

Foundation of QCD: e p → X

1960s – DIS experiments at SLAC “see” partons: Bjorken scaling

1970s – QCD postdicts scaling and predicts scaling violations

. . . 2007 – beautifully confirmed in precision experiments
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Deep-inelastic scattering (DIS)

Optical Theorem

Hadronic part of DIS determined by forward Compton tensor

−→ Im

2

T
µν

Compton

Hadronic tensor: d2σ
dΩdE ′ = α2

Q4
E ′

E
LµνW

µν ⇒ structure functions

W µν(p, q) ∼ gµνF1(x ,Q
2) +

pµpν

p2
F2(x ,Q

2)

+
εµνρσqρ

p · q

[
Sσg1(x ,Q

2) +

(
Sσ − pσ

S · q

p · q

)
g2(x ,Q

2)

]
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Deep-inelastic scattering (DIS)

Compton tensor at large Q2

Factorisation: proven in perturbative QCD

Perturbative kernel
Non-perturbative parton distributions
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Deep-inelastic scattering (DIS)

Compton tensor at large Q2

Factorisation: proven in perturbative QCD

Perturbative kernel
Non-perturbative parton distributions

Handbag dominates as Q2 → ∞

Leading-twist (leading power in 1
Q2 ): take leading singularity in quark

propagator
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Parton distributions

Non-perturbative structure encoded in parton distributions

Three quark PDFs at leading twist

F(x , µ2) ∼

∫
dλ

2π
e iλx〈P ,S |q(0) [0, λn] ΓF q(λn)|P ,S〉

where nµ is light-like (n2 = 0) and [0, λn] = e−ig
R 0
λ

n·A(λ′n)dλ′

DIS: unpolarised q(x) for ΓF = n · γ, helicity ∆q(x) for ΓF = n · γγ5

Unpolarised and helicity determine F1 and g1 structure functions at
leading twist

Transversity δq(x) for ΓF = nµtνσµν suppressed by mu

|Q| in DIS (c.f.

Drell-Yan)

Also three leading twist gluon PDFs

Scale dependence determined by DGLAP evolution equations
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Deeply-virtual Compton scattering (DVCS)

e(k) T (p) −→ T (p′) e(k ′) γ(q′)

A detailed probe of hadron structure

Deep kinematics: Q2 = −(k ′ − k)2 � MT and ∆2 = (p′ − p)2 � Q2

Related processes: e.g. deeply-virtual meson production, e γ → e π π

k

k′

p p′

γ∗(q) γ(q′) t = ∆2 = (q′−q)2

x = − q2

2p·q

ξ = −2n·∆
n·p

[D. Müller et al., ’94; X. Ji ’97; A. Radyushkin ’97]
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Generalised parton distributions (GPDs)

A detailed probe

More information than ever about internal structure of hadrons

Non-perturbative structure parameterised by GPDs

Functions of x , skewness (ξ) and momentum transfer (t)
Nucleon has 8 GPDs (2 unpol, 2 helicity, 4 transversity), pion has two

E.g. Unpolarised quark GPDs (Dirac structure n · γ)

Defined by matrix elements of non-local lightcone operators

Hq(x , ξ, t)u(p′)n · γu(p) + Eq(x , ξ, t)u(p′)
iσαβnα∆β

2M
u(p) ∼

∫
dλ

2π
e i λ x

〈
p′ |q (0) n · γ [0, λn] q (λn)| p

〉

Large experimental programs to explore these observables

JLab, DESY (HERMES) and CERN (COMPASS)
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Generalised parton distributions

A synthesis of hadron structure

Forward limit gives PDFs

Hq(x , 0, 0) = q(x) H̃q(x , 0, 0) = ∆q(x)

Integration over x gives Pauli and Dirac form-factors

∫ 1

0
dx Hq(x , ξ, t) = F1(t)

∫ 1

0
dx Eq(x , ξ, t) = F2(t)

y

xz

⊥r

)( ⊥rρ

0
⊥r

p

x

y

xz

0
⊥r

p

f x( )

1

xp

Qz 1~⊥δ

x

y

xz

p

xp

Qz 1~⊥δ

⊥r

0
⊥r

),( ⊥rxf

1
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Generalised parton distributions

A synthesis of hadron structure

Forward limit gives PDFs

Hq(x , 0, 0) = q(x) H̃q(x , 0, 0) = ∆q(x)

Integration over x gives Pauli and Dirac form-factors

∫ 1

0
dx Hq(x , ξ, t) = F1(t)

∫ 1

0
dx Eq(x , ξ, t) = F2(t)

Lorentz structure implies e.g.

∫ 1

0
dx xn Hq(x , ξ, t) =

b n
2
c∑

i=0

ξ2iAq
n+1,2i (t) + (1 − (−1)n)ξn+1C

q
n+1(t)

with A
q
n,i(t) and C

q
n (t) being generalised form factors (Eq → Bq(t))
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Transverse structure and hadron spin

Impact parameter dependent PDFs at ξ ∼ n · ∆ = 0

Fourier transform of GPDs [Burkardt ’02]

q(x , b⊥) =

∫
d∆2

⊥

(2π)2
e−ib⊥·∆⊥Hq(x , 0,−∆2

⊥)

0.2
0.4

0.6

0.8

1.0

x

-1.0

-0.5

0.0

0.5

1.0

b¦ @fmD0
2

4
6

8

qHx,b¦L

Ji sum rule

GPDs allow for decomposition
of proton spin

1

2
= Jg +

∑

q

Jq

Jq = Σq+Lq =
1

2
[Aq(0)+Bq(0)]

Allows measurement of Lq
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Operator product expansion on the light-cone

Light-cone on the lattice?

Euclidean space: light cone rotated to complex direction

Direct calculation of e.g. parton distributions non-trivial

Wilson’s operator product expansion comes to the rescue

O(x , 0)
x→0
−→

∑

i ,n

Ci ,n(x
2)xnOi ,n

Towers of operators: “operator Taylor expansion”

q(0) [0, z ] z · Γ q(z) −→
∑

i

zµ1 . . . zµnqΓ{µ1Dµ2 . . .Dµn}q − traces
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Moments of Distribution Amplitudes

nth moment of a meson distribution amplitude

〈ξn〉 ≡

∫
dξ ξn φ(ξ,Q2), ξ = xq − xq̄

extracted from matrix elements of twist-2 (symmetric, traceless)
operators

〈0|(−i)nψγ{µ0
γ5

↔
Dµ1 . . .

↔
Dµn} ψ|π(p)〉 = fπp{µ0

. . . pµn}〈ξ
n〉

〈ξ0〉 = 1, 〈ξ1〉π = 0, 〈ξ1〉K 6= 0

Expansion in terms of Gegenbauer polynomials

φ(x , µ2) = 6x(1 − x)

∞∑

n=0

an(µ
2)C

3
2
n (2x − 1)

e.g.: a1 = 5
3〈ξ〉 and a2 = 7

12

(
5〈ξ2〉 − 1

)
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Moments of PDFs and GPDs

Three towers of twist-two quark operators

O{µ1...µn} = qγ{µ1
↔
D

µ2

. . .
↔
D

µn}
q − traces

Õ{µ1...µn} = qγ{µ1γ5

↔
D

µ2

. . .
↔
D

µn}
q − traces

O
α{µ1 ...µn}
T = qσα{µ1

↔
D

µ2

. . .
↔
D

µn}
q − traces

Forward matrix elements: moments of PDFs

〈P |nµ1 . . . nµnÕ
{µ1...µn}|P〉 = 〈xn〉∆q(n · P)n−1u(P)n/γ5u(P)

where 〈xn〉∆q =
∫ 1
−1 dxxn∆q(x)

Off-forward matrix elements: generalised form factors

〈P + ∆|nµ1 ...nµnO
{µ1...µn}|P〉 = u(P ′)n/u(P)

n−1
X

i=0,2

(n · P)n−i−1(n · ∆)i
A

q
n,i (t)

+i
u(P ′)σαβnα∆βu(P)

2M

n−1
X

i=0,2

(n · P)n−i−1(n · ∆)i
B

q
n,i (t)
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Anatomy of a lattice calculation: Technical aspects

1 Lattice operators

2 Extraction of matrix elements

3 Renormalisation: perturbative or non-perturbative

4 Extrapolations: mass, volume and continuum
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Twist-two operators on the lattice

Classification of operators

Usual classification of operators by twist = dimension - spin
(transformation under Lorentz group) is modified

Lattice theory formulated in Euclidean space: SO(3,1) → O(4)

Finite lattice spacing (and volume) breaks O(4) → W4

W4 a.k.a. H(4): the hypercubic group

Finite dimensional group of π/2 rotations and reflections

W4 = {(a, π)|a ∈ Z
4
2, π ∈ S4}

20 irreps: 4 · 1 ⊕ 2 · 2 ⊕ 4 · 3 ⊕ 4 · 4 ⊕ 4 · 6 ⊕ 2 · 8

See Baake et al. ’82, Mandula et al ’83, Göckeler et al. ’96
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A simple example

Momentum fraction 〈x〉

Continuum operator Oµν = qγ{µ
↔
Dν} q (symmetric, traceless)

belongs to [see Weinberg v1ch5.6 for notation](
1
2 ,

1
2

)
⊗
(

1
2 ,

1
2

)
= (0, 0) ⊕ [(1, 0) ⊕ (0, 1)] ⊕ (1, 1)

Hypercubic decomposition: 41 ⊗ 41 = 11 ⊕ 31 ⊕ 61 ⊕ 63,

O14 + O41, O44 −
1
3 (O11 + O22 + O33)

Both operators have same continuum limit; 63 op. requires p 6= 0

No mixing with other operators of same or lower dimension

Operator improvement to O(a)

Need to consider additional irrelevant operators of same symmetry

O{µν} → (1 + a mq c0)O{µν} + i a c1qσµρ

↔
D [ν

↔
Dρ] q

+a c2q
↔
D{µ

↔
Dν} q + i a c3∂ρ

(
qσµρ

↔
Dν q

)
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Complications: 〈x2〉 and beyond

Higher spin
(

n
2
, n

2

)
operators [see Göckeler ’95 for details]

Automatically mix with others of same dimension; e.g. n = 3

operator qγ{µ
↔
Dν

↔
Dρ} q

(
1
2 ,

1
2

)
⊗
(

1
2 ,

1
2

)
⊗
(

1
2 ,

1
2

)
= 4 ·

(
1
2 ,

1
2

)
⊕ 2 ·

(
3
2 ,

1
2

)
⊕ 2 ·

(
1
2 ,

3
2

)
⊕
(

3
2 ,

3
2

)

⇓
41 ⊗ 41 ⊗ 41 = 4 · 41 ⊕ 42 ⊕ 44 ⊕ 3 · 81 ⊕ 2 · 82

42: O{123} requires p1 6= p2 6= p3 6= 0 !
41: O111 mixes with qγ1q, coefficient ∼ a−2 !!
81: O{441} −

1
2(O{221} + O{331}) since three occurrences, mixes under

renormalisation but forward matrix elements of mixing ops. must vanish

For n > 4, operators necessarily mix with lower dimensional operators

Off-forward case: total derivative operators now relevant!!

O∂∂
µνρ = ∂{µ∂νqγρ}q

W.Detmold (University of Washington) Light-cone Hadron Structure August 22nd, 2007 24 / 60



Extracting matrix elements: PDFs and GPDs

Three-point functions

CO(t, τ ;p, T ) =
∑

x,y

Tβαe ip·xe iq·y〈0|χβ(x, t)O(y , τ)χα(0, 0)|0〉

Three-point correlator has two Wick contractions

Connected contraction: sequential propagator

Disconnected contraction requires S(x , x) ∀x

Statistically demanding and usually omitted
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Propagators

Sequential propagators

First compute propagator from source (e.g. delta function)

M(x , y)M−1(y , 0) = δ(x)

where M is the quark matrix

Now multiply by the operator and use the resulting object as a source
for the sequential inversion

M(x , y)M−1(y , z)O(z)M−1(z , 0) = O(x)M−1(x , 0)

Two choices: through operator or through sink

Can be repeated (c.f. polarisability calculations of Engelhardt ’07)

Disconnected contractions

Becoming practical with all-to-all propagators (M. Peardon’s lectures)
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Extracting matrix elements: PDFs and GPDs

Ratios of correlators

Straightforward to show for each operator

CO(t, τ ;p, T )

C2(t,p, T )

t�τ�0
−→ 〈H(p)|O|H(p)〉

where C2(t,p, T ) =
∑

x e ip·xTβα〈0|χβ(x, t)χα(0, 0)|0〉

For momentum transfer at the operator: GPDs

Complicated ratios required

CO(τ,P ′,P)

C2(τsnk,P ′)

[
C2(τsnk − τ + τsrc,P) C2(τ,P

′) C2(τsnk,P
′)

C2(τsnk − τ + τsrc,P ′) C2(τ,P) C2(τsnk,P)

]1/2
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Plateaux for PDF moments: hep-lat/0201021 [LHP/TXL]
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Extracting Matrix Elements: moments of DAs

Two point function: flavour changing twist-two operators

CO(t, ~p) =
∑

~x

e−i~p·~x〈0|O{µ0 ...µn}(~x , t) [q(0) (γ4) γ5u(0)]† |0〉

→
A

2E
〈0|O{µ0 ...µn}(0)|Π(p)〉

[
e−Et + τOτ(4)5e

−E(Lt−t)
]
, 0 � t � Lt

where
A = 〈Π(p)| [q(0) (γ4) γ5u(0)]† |0〉

O(t) π(0)

Example: second moment

R2a =
C

Oa
4ij (t)

CO4(t)
= −pipj 〈ξ

2〉a

R2b =
COb

4ii (t)

CO4(t)
= p2

i 〈ξ2〉b
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Ratios for 〈ξ〉 [QCDSF/UKQCD hep-lat/0606012]

R1a = −i pi 〈ξ〉a

-0.014
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Im
[R

(t)
]

t/a

R1b =

−
E 2

~p
+ 1

3
~p2

E~p
〈ξ〉b tanh [E~p(t − Lt/2)]

-0.015

-0.01

-0.005

 0

 0.005
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 0.015

 0  5  10  15  20  25  30  35  40  45
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Operator Renormalisation [See S. Sint lectures]

Ideally mult. renormalise operators in scheme, S and at scale, µ

OS(µ) = ZS
O(µ)Obare

Often there are other operators with same quantum numbers and
same or lower dimension:

OS
i (µ) =

∑

j

ZS
OiOj

(µ, a)Oj (a)

Renormalisation Group Invariant quantities are defined as

ORGI = ZRGI
O Obare = ∆ZS

O(M)OS(M) S = MS, MOM, LAT, . . .

(LHS is independent of scale) with

[∆Z
S
O(µ)]−1 =

h

2b0g
S(µ)2

i−
d0
2b0 exp

(

Z gS (µ)

0

dξ

»

γS(ξ)

βS(ξ)
+

d0

b0ξ

–

)

Schrödinger functional for operators with derivatives??
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Operator renormalisation

Perturbative renormalisation [See Capitani review ’05]

Perturbative matching from lattice to e.g. MS scheme

Compute amputated Green functions in both schemes

More sophisticated schemes involve tadpole-improved-, RG-improved-
and boosted perturbation theory

NB: lattice side is ugly; gluon propagator given by . . .
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Gluon propagator [Weisz, Wohlert ’83]

Gµν(k) =
1

(k̂2)2

(
αk̂µk̂ν +

∑

σ

(k̂σδµν − k̂νδµσ)k̂σAσν(k)

)
,

with

Aµν (k) = Aνµ(k) = (1 − δµν ) ∆(k)
−1

"
(bk2

)
2
− c1

bk2

 
2
X

ρ

bk4
ρ

+ bk2
X

ρ6=µ,ν

bk2
ρ

!

+c
2
1

 “X

ρ

bk4
ρ

”2
+ bk2

X

ρ

bk4
ρ

X

τ 6=µ,ν

bk2
τ

+ (bk2
)
2
Y

ρ6=µ,ν

bk2
ρ

!#
,

where

∆(k) =
“
bk2

− c1

X

ρ

bk4
ρ

”"
bk2

− c1

 
(bk2

)
2

+
X

τ

bk4
τ

!
+

1

2
c
2
1

 
(bk2

)
3

+ 2
X

τ

bk6
τ

− bk2
X

τ

bk4
τ

!#

−4c
3
1

X

ρ

bk4
ρ

X

τ 6=ρ

bk2
τ

.

. . . and vertices are worse . . .
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Operator renormalisation

Non-perturbative renormalisation:

“Rome-Southhampton Method” [Martinelli et al., hep-lat/9411010]

mimics (continuum) perturbation theory in a RI’-MOM scheme

Amputated Green’s
function in a particular
gauge:

pp

) (b, β )(a, α

ΓO(p) = S
−1(p)CO(p)S−1(p)

ZRI ′−MOM
O (ap, g0) =

ZRI ′−MOM
q (ap′, g0)

1
12 tr

[
ΓO(ap′)Γ−1

O,Born(ap
′)
]
|p′2=p2

Born → Fourier transform of free operator
scheme valid both pert. and non-pert

Convert to RGI form perturbatively ∆Z RI ′−MOM
O (p)

Switch to MS scheme with a perturbative calculation of [∆Z MS
O (µ)]−1
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Operator renormalisation [QCDSF hep-lat/0410187]

ZRGI
O2b

ZRGI
O3
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Example: n=2 moment of meson DAs

Renormalise bare lattice operators in scheme, S and at scale, M

OS(M) = ZS
O(M)Obare

〈ξn〉S(M) =
ZS
O(M)

ZS
O4

(M)
〈ξn〉bare

Non-forward matrix elements: hep-lat/0410009

Mix with operators containing external ordinary derivatives

Oa, ∂∂
412 = ∂{4∂1

(
q̄γ2}γ5q

)

OS
412 = ZS

412O
a
412 + ZS

mixO
a,∂∂
412

〈ξ2〉 =
ZS

412

ZO4

〈ξ2〉bare +
ZS

mix

ZO4
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Extrapolations

Chiral perturbation theory (see C. Bernard’s lectures)

Low energy effective theory of QCD

Describe small mq, large L and small p dependence of QCD
correlation functions

Incorporate some lattice discretisation effects

A few cautionary remarks:

Quark masses can be too large: particularly relevant for baryons as
odd powers of mπ/Λχ occur in chiral expansions (c.f. meson sector)

Spin- 3
2 states required, otherwise Λχ → M∆ − MN ∼ 300 MeV

Volumes can be too small: for an effective hadronic description to be
valid, ΛQCDL ∼ fπL � 1 ⇒ L > 1.4 fm

Cannot do controlled mass/volume extrapolations for large
momentum transfer, e.g. in GPDs
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Example: momentum fraction 〈x〉u−d

Chiral perturbation theory prediction

One-loop calculation (here in DR, but other regularisations also valid):

〈xn〉u−d = 〈xn〉bare
u−d

„

1 −
3g 2

A + 1

(4π f )2
m

2
log

m2

µ2

«

+ 〈xn〉∆,bare
u−d

g 2
∆N

(4πf )2
F(m, ∆)+c2(µ)m2 + . . .

where F(m, ∆) is an ugly function of the mass splitting ∆ = M∆ − MN

Use lattice data to determine parameters (≡ low energy constants)

Form also known in PQχPT (involves a superset of LECs)

Discretisation effects simple to include for GW fermions [Walker-Loud et al.]
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Example: momentum fraction 〈x〉u−d [LHP 0610007]

0 5 10 15 20 25 30 35
mπ

2/ fπ
2

0.05

0.1

0.15

0.2

0.25

<x
> u-

d
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Finite volume effects

χPT describes large volume behaviour of (single-particle) correlations

LECs independent of volume [Gasser+Leutwyler ’80s]

Momentum integrals become mode sums [R×T3, ~k = 2π
L
~n, ni ∈ Z] ,

e.g.:

∫
d4k

(2π)4
1

(k2 + m2)n
−→

∫
d k4

2π

1

L3

∑

~k

1

(k2
4 + |~k |2 + m2)n

Expect FV corrections ∼ exp(−mπL)

0.2

0.4

0.6

mΠ @MeVD
2

3

4

L @fmD
1.0

1.1

1.2

��������������������������������������
< xn > HLL
< xn > H¥L

Small volumes

For mπL of O(1) or less:
pion zero modes enhanced
(ε, δ and ε′ regimes)

Non-perturbative treatment
[talk by J. Wasem]
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Example: moments of pseudoscalar meson DAs

Chiral perturbation theory prediction

No non-analytic dependence to two-loops! [Chen et al.]

Extrapolate linearly in m2
π

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0  0.2  0.4  0.6  0.8  1  1.2  1.4

<ξ
2 >

mπ
2  [GeV2]

5.25

[QCDSF/UKQCD hep-lat/0606012]
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Some Recent Results: Lattice 2007
[See also Plenary Talk by Philipp Hägler]
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Pseudoscalar meson DA: Sachrajda [UKQCD/RBC]
Introduction f T

V /fV Distribution Amplitudes

Results for 〈ξ 〉bare
K (163 and 243 results - χ extrapolation)

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045

0

0.005

0.01

0.015

0.02

0.025

0.03

amq +amres

〈ξ
〉ba

re
K

amud = 0.005
amud = 0.01
amud = 0.02
amud = 0.03

〈ξ 〉bare
K = 0.0270(8)

Quadratic Fit - 〈ξ 〉bare
K = 0.0271(26) .

Renormalization Factor computed perturbatively ⇒

〈ξ 〉MS
K (2GeV) = 0.033(2) .

Error dominated by the perturbative renormalization constant.

Light Cone Distribution Amplitudes Lattice 2007, Regensburg, July 30th 2007
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Pseudoscalar meson DA: Sachrajda [UKQCD/RBC]
Introduction f T

V /fV Distribution Amplitudes

Results for 〈ξ 2 〉bare
π (163 and 243 results - χ extrapolation)

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.0450.05
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0.25

amq +amres

〈ξ
2
〉ba

re
π

amud = 0.01
amud = 0.02
amud = 0.03

amud = 0.005

〈ξ 2 〉bare
π = 0.171(15)

Light Cone Distribution Amplitudes Lattice 2007, Regensburg, July 30th 2007

W.Detmold (University of Washington) Light-cone Hadron Structure August 22nd, 2007 44 / 60



Pseudoscalar meson DA: Sachrajda [UKQCD/RBC]
Introduction f T

V /fV Distribution Amplitudes

Results for 〈ξ 2 〉bare
K (163 and 243 results - χ extrapolation)

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.0450.05

0.1

0.15

0.2

0.25

amq +amres

〈ξ
2
〉ba

re
K

amud = 0.01
amud = 0.02
amud = 0.03

amud = 0.005

〈ξ 2 〉bare
K = 0.163(8)

Light Cone Distribution Amplitudes Lattice 2007, Regensburg, July 30th 2007
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Vector meson DA: Horsley [UKQCD/QCDSF]
Introduction M a trix e le m ents T h e L a ttice R e sults

A (typical) result: 〈ξ〉⊥, 〈ξ2〉

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
mKps

2−mps
2 [GeV2]
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0.05

0.06

<
ξ 

>
p
er

p
,a
(2

G
eV

)

β=5.29

OaV/VV (5.29,κ
s
=0.1350)

mK
2−mπ

2

0.0 0.5 1.0 1.5 2.0
mKps

2 [GeV2]
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<
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 >
a
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G
e
V
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mK
2
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s
=0.1350)
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Moments of Pion PDFs: Brömmel [QCDSF]

Moments of Forward Distributions
L inear E x trap olation in mπ

〈x
〉

〈x
〉

˙

x
2
¸

˙

x
2
¸

˙

x
3
¸

˙

x
3
¸

m2
π

[G eV 2]

0.3

0.4

0.3

0.4

0 0.2 0.4 0.6 0.8 1 1 .2 1 .4

O
(~p=0)
v2b

0.1

0.2

0.1

0.2

Ov3

0

0.1

0 0.2 0.4 0.6 0.8 1 1 .2 1 .4
0

0.1

Ov4

Q C DS F, D. B rö mmel P ion S truc ture on th e L attic e 1 1
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Moments of Pion PDFs: Liu [ETM]

preliminary results

I Finite size effects are not big.

I L inear ex trap olation in m
2
π

giv es 〈x〉bare= 0 .2 4 6 (1 0 ).
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Moments of Nucleon PDFs: 〈x〉u−d : Pleiter [QCDSF]
Introduction M a s s e s gA 〈x〉 C onclus ions

C om p a ris on w ith la ttice re s ults : is ov e ctor ca s e

0 0.25 0.5 0.75 1
mPS

2  [GeV2]

0.1

0.2

0.3

0.4
v 2bM

S (2
 G

eV
)

β = 5.29, u-d

0 0.02 0.04
(a / r0

c )2

u-d

I S m a ll num b e r of p a ra m e te rs → fi t re s ults for s a m e β

I D is cre tis a tion e rrors s e e m to b e s m a ll

3 0 / 3 4
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Moments of Nucleon PDFs: 〈x〉u+d : Pleiter [QCDSF]
Introduction M a s s e s gA 〈x〉 C onclus ions

C om p a ris on w ith la ttice re s ults : is os ca la r ca s e

0 0.25 0.5 0.75 1
mPS

2  [GeV2]

0.5

0.6

0.7

0.8
v 2bM

S (2
 G

eV
)

β = 5.29, u+d

0 0.02 0.04
(a / r0

c )2

u+d

I D is cre tis a tion e rrors a g a in s m a ll

I Indica tions for “b e nding -dow n”

I B ut: ne g le cte d dis conne cte d contrib utions

3 1 / 3 4
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Moments of Nucleon PDFs: 〈x〉u−d : Ohta [RBC]
8

RBC/UKQCD (2+1)-flavor, Iwasaki+DWF dynamical, compared with with LHPC/MILC 2+1f and RBC 2f

0 0.1 0.2 0.3 0.4 0.5 0.6

mπ
2[GeV2]

0.05

0.1

0.15

0.2
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0.3

Nf=2+1 DWF unrenormalized
LHPC Nf=2+1 DWF(KS) µ=2GeV
RBC Nf=2 DWF µ=2GeV

Experiment

<x>u-d

ts=10

ts=12

• Renormalization close to 1?

• Lig ht sea q u arks are important.

• Lig ht valence q u arks are important: otherwise cannot share mu ch momentu m with sea q u arks and g lu ons.

• Finite-volu me eff ect b eg inning at mπL ∼ 4.5 ? N ot necessarily.
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Moments of Nucleon PDFs: 〈x〉∆u−∆d : Ohta [RBC]
9

RBC/UKQCD (2+1)-flavor, Iwasaki+DWF dynamical, a
−1 = 1.7 3 (2) G e V , mre s = 0 .0 0 3 15 (2), mstra n g e = 0 .0 4 ,

• mπ = 0 .6 7 , 0 .5 6 , 0 .4 2 and 0 .3 3 G e V ; mN = 1.5 6 , 1.3 9 , 1.25 and 1.15 G e V ,

H e licity fraction, 〈x〉∆u−∆d, ye t to b e renormaliz ed

0 0.1 0.2 0.3 0.4 0.5

mπ
2[GeV2]

0.1

0.15

0.2

0.25

0.3

Experiment
<x>∆u-∆d

lat

Unrenormalized

A b solu te valu e s se em to h ave imp roved, trending to th e e x p e rimental valu e s, b u t ye t to b e renormaliz ed

(typ ically 10 % e ff ect at th e se cu ts off ).
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Moments of Nucleon PDFs: 〈1〉δu−δd : Ohta [RBC]
10

RBC/UKQCD (2+1)-flavor, Iwasaki+DWF dynamical, a
−1 = 1.7 3 (2) G e V , mre s = 0 .0 0 3 15 (2), mstra n g e = 0 .0 4 ,

• mπ = 0 .6 7 , 0 .5 6 , 0 .4 2 and 0 .3 3 G e V ; mN = 1.5 6 , 1.3 9 , 1.25 and 1.15 G e V ,

H e licity fraction, 〈1〉δ u −δ d , ye t to b e renormaliz ed
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mπ
2[GeV2]
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1
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Unrenormalized

〈1〉δu-δd
lat

Y e t to b e renormaliz ed (typ ically 10 % e ff ect at th e se cu ts off ).
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Twist-3 d1:Ohta [RBC]
11

RBC/UKQCD (2+1)-flavor, Iwasaki+DWF dynamical, a
−1 = 1.7 3 (2) G e V , mre s = 0 .0 0 3 15 (2), mstra n g e = 0 .0 4 ,

• mπ = 0 .6 7 , 0 .5 6 , 0 .4 2 and 0 .3 3 G e V ; mN = 1.5 6 , 1.3 9 , 1.25 and 1.15 G e V ,

T wist-3 , d1, ye t to b e renormaliz ed
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Ch irally we ll-b e h aved, small, and in consistency with Wandzu ra-Wilcz ek re lation.

W.Detmold (University of Washington) Light-cone Hadron Structure August 22nd, 2007 54 / 60



Moments of Pion GPDs: Hägler [QCDSF/UKQCD]

Ph. Hägler, LATTICE 2007 26

Spin structure of the pion
QCDSF/UKQCD, to be published (D. Brömmel Wed 11:20)

longitudinal spin structure of the pion is trivial

discretization effects are smaller
than statistical errors

finite size effects are up to 20%

what about the transverse spin structure?
but is non-zero?

the pion has a non-trivial (transverse) spin structure impact on DY
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Moments of Nucleon Vector GPDs [LHP]
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Moments of Nucleon Tensor GPDs [QCDSF/UKQCD]
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The generalized formfactors AT10 and AT 2 0 together w ith dip ole fi ts.
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Transverse Spin Densitiess [ Hägler QCDSF/UKQCD]
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Spin content of the nucleon

Ph. Hägler, LATTICE 2007 22

Quark spin and OAM contributions to the nucleon spin
LHPC, arXiv:0705.4295 (D. Renner Thu 14:00); hybrid Asqtad sea + DW valence

� HERMES 2007
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Summary and Future directions

Hadron structure

LQCD will have a big impact on our understanding of hadron
structure

Extensive program underway

. . . but much more to do. . .

Flavour singlet quark PDFs and GPDs

major weakness of lattice hadron structure
requires statistically limited disconnected diagrams
some progress recently: 〈x〉s [Deka/Liu]

Gluon distributions: recent calculation of 〈xg 〉π [Meyer/Negele]

Higher twist contributions

Transverse momentum dependent PDFs (talk today by B. Musch)

x-dependence: inverting moments, other approaches (D. Grunewald)

Nuclear PDFs/GPDs: the EMC effect
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