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What is the role of the nuclear clusters
on pairing correlations in the crust?

- Mean field level : spatial dependence of pairing, thermal effects, vortices
(cf. talks by Barranco, Sandulescu)

- Beyond mean field: induced interaction

Assumption:  Wigner-Seitz approximation (Negele-Vautherin results)
(cf. talks by Baldo, Margueron)



The inner crust: coexistence of a Coulomb 
lattice of finite nuclei  with a sea of free neutrons

J. Negele, D. Vautherin
Nucl. Phys.  A207 (1974) 298

M. Baldo et al
Nucl. Phys.  A750 (2005) 409



The Negele & Vautherin classical paper



Proximity effects on the pairing field

Potential in the Wigner cell Pairing gap in uniform neutron matter

εF=13.5MeV

F. Barranco et al., PLB390 (1997)13
H. Esbensen et al., PRC58(1998)1257
P.M. Pizzochero, F. Barranco,
E. Vigezzi, R.A. Broglia, APJ 569(2002)381

N. Sandulescu et al., Phys. Rev. C70(2004)025801
C. Monrozeau et al., nucl-th/ 0703064



Dependence on the pairing interaction

Gogny (effective)Argonne V14   (bare)
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Wigner-Seitz method: 

• nucleons bound in a spherical box with
radius equal to that suggested by Negele-
Vautherin;

• Presence of nucleus accounted by a 
Wood-Saxon potential in the center of the 
box.

Presence of the cluster

Wood-Saxon potential Density distribution

Cell with:

• 1750 neutrons

• 110 bound neutrons

• Radius = 28 fm

• EF= 13.5  MeV

Free
neutrons



Single-particle wave
functions used as a basis for
simplified version of Hartree-
Fock-Bogoliubov equation

Gap equation

•Simplified because the self-consistency was considered only in the pairing
channel.

Calculated gaps for
unbound states in a 
cell with nucleus

Calculated gaps for
unbound states in a 
cell without nucleus

5-10% difference

EF



Spatial description of (non-local) pairing gap

The range of the force is small compared to the coherence length, but not compared to the 
diffusivity of the nuclear potential

K = 0.25 fm -1

K = 2.25 fm -1

kF(R)

R(fm)R(fm)

The local-density approximation overstimates the decrease of the pairing gap 
in the interior of the nucleus (proximity effects).  



Argonne Gogny



Observation of thermal
emission

Constraints on internal structure

THERMAL 
EMISSION

THERMAL 
DIFFUSIVITY 

SPECIFIC HEAT

FOR A SUPERFLUID SYSTEM …

Exponential dependence
on ∆ at the Fermi surface



At T=0.1 MeV the 
difference in the specific
heat for calculation with
or without nucleus is of 
an order of magnitude

surfaceRadius

With nuclear cluster
Without

Role of nuclear
cluster: (as a rule) it 
decreases the 
pairing gap and 
increases the 
specific heatcore



Argonne

T=0.2 MeV

T=0.3 MeV

T=0.1 MeV

Gogny

The presence of nuclear clusters
Influence the specific heat, but the 
main uncertainty is the absolute
value of the gap



Calculations with self-consistent Hartree-Fock fields

M. Baldo, C. Maieron, P. Schuck, X. Vinas , Nucl. Phys. 736(2004)241



ZERO-RANGE INTERACTIONS

Self-consistent Hartree-Fock field
Density dependent pairing interaction with 60 MeV cutoff
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E. Garrido et al. Phys. Rev. C60(1999)64312
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Spatial description of pairing gap calculated with different HF fields.

Sly4

SII Skm*

SGII

The difference in effective mass leads
to important consequences in vortex
pinning
(Talk by Barranco)



m*=m

m*=0.7 m



Beyond the mean-field approximation

Main uncertainty: many-body effects

A reasonable first approximation: just reduce the gap  in accordance with
neutron matter results (Baldo, Sandulescu…).

However, one would like to consider in detail the interface 
between the cluster and the  neutron sea. This is essential for vortex pinning!

First attempt: neglect self-energy effects (low density), only include 
induced interaction from the exchange of medium fluctuations.

Calculations are performed in a parallel way in atomic nuclei (Ef<0) and 
In the inner crust (Ef>0) 



PAIRING GAP IN FINITE NUCLEI PAIRING GAP IN NEUTRON MATTER

bare

renorm.

Exp.

bare

renorm.

Medium effects increase the 
gap in  120Sn

Medium effects decrease the
gap

F. Barranco et al., Eur. J. Phys. A21(2004) 57



InducedInduced interaction interaction withwith effectiveeffective SkyrmeSkyrme forcesforces

Skyrme interactionDensity channel
(S = 0)

Spin channel
(S = 1)



ν’

ν

S=0 (attractive)

ν’

ν

ν’

ν

S=1 (repulsive)

Sz = + 1

ν’

Sz = 0
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FINITE NUCLEI (120Sn):

The induced interaction arising from the coupling
to surface and spin modes is attractive and leads
to a pairing gap of about 0.7 MeV (50 %  of the 
experimental value).Excluding the coupling to spin
modes, the gap increases to about 1.1 MeV. 

One must then add the bare interaction.

Surface + Spin modes Surface modes only

G. Gori et al.,
Phys. Rev. C72(2005)11302



The proton-neutron interaction in the 
particle vibration coupling plays an
essential role. If we cancel it, a net 
repulsive effect is obtained for the 
induced interaction.

Landau parameters
of SkM* force
in 120Sn

Strong difference between
induced interaction in 
neutron and nuclear matter

Why such a difference with neutron matter?



Crucial: the surface nature of density 
modes. This assures an important
overlap between the transition
density and the single-particle
wave-function at the Fermi energy.

Volume nature of Spin-modes

Why such a difference with neutron matter?



Induced interaction and proximity effects in neutron starsInduced interaction and proximity effects in neutron stars

QRPA

HFBCS Skyrme interaction

residual interaction derived
from mean field potential

bareinduced vvv +=

- single-particle levels from Skyrme interaction
- pairing interaction matrix elements:

Pairing gap ∆

Wigner-Seitz cell

Pairing calculation (in Wigner-Seitz cell)

vind



Induced interaction in the inner crust: computational difficulties

- high level density

- large number of particle-hole configurations (up to 5000)

- convergence needs calculation of phonons up to high
multipolarity (     J ~ 30h) (natural and unnatural parities)

- need for parallel version of the codes

Limitations of the calculation

- RPA calculation

- No self-energy effects



Example of calculation: mean field (HF) – cell 588Sn

MeVEnF 7.1=R = 42 fm 0
3 13.0020.0 ρρ ≈= −fm

SkM* interaction 133.0 −= fmkF

proton and neutron densities proton and neutron potentials

Legenda (p,n)



Landau-Migdal parameters



Example of calculation: response to external fields (RPA) – cell 588Sn
F(r)=r2 [Y2xσ]F(r)=r2 Y2

unperturbed

RPA 

F(r)=r10 Y10 F(r)=r10 [Y10xσ]



Preliminary resultsPreliminary results
588Sn cell , Skm*
R = 42 fm , kF = 0.33 fm-1

Screening, uniform

Screening+cluster

natural

unnatural

induced

Gogny
The presence of the cluster
increases the gap by about 50%



Simple calculation in uniform matter:

H.J. Schultze et al., Phys. Lett. B375(1996)1

An open problem: proper treatment of non-local interactions

N. Van Giai et al., Ann. Phys. 214(1992) 293



CONCLUSIONS

At the mean field level and within the WIgner-Seitz approximation,
the presence of nuclear clusters influence the spatial dependence
of the pairing gap, and its absolute value by 5-10%, and the 
specific heat by up to 1-2 orders of mangntude  > (cooling time).

The results are sensitive to the pairing force and to the effective mass of 
the Hartree-Fock mean field, but the main features are the same.

The main uncertainty in the calculation are the medium polarization effects.
They act in a distinct different manner in finite nuclei and in uniform matter.
A detailed study of the interface between the clsuter and neutron sea is
difficult but is required for vortex pinning.

A preliminary calculation shows that the induced interaction (exchange of 
medium fluctuations) increase the gap as compared to uniform matter. 





M. Baldo, E.E. Saperstein, S.V. Tolokonnikov, nucl-th/0609031





A few basic questions about pairing correlations

1. Does superfluidity affect the results found
by Negele and Vautherin?

2.     What is the spatial dependence of the pairing gap? 
How important are the nuclear clusters?

3.   How much are the gaps affected by many-body processes ?

4.   Can we prove experimentally that the crust is really     
superfluid? 



G-matrix Gogny force

SkM* force

Density dependence of Landau
parameters (at k=0)



Pairing interaction in neutron and nuclear matter and exchange of p.h. excitations
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antiscreening
Vind >> Vdir

screening
Vind << Vdir

L.G. Cao, U. Lombardo, P. Schuck, PRC 74(2006)64301



Z=1  free Fermi gas
Z<1  correlated Fermi system Generalized gap equation
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Example of QRPA versus RPA response: cell 982Ge

982Ge  ,  SLy4
R=14.4 fm ,  kF = 1.32 fm-1

RPA response

HF response

HFB response

QRPA response

(E.Khan et al., PRC 71 (2005) 042801)



Going beyond mean field within the Wigner-Seitz cell:  including the effects 
of polarization  (exchange of vibrations) and of finite nuclei at the same time  

G. Gori, F. Ramponi, F. Barranco,R.A. Broglia,
G. Colo, D. Sarchi,E. Vigezzi, NPA731(2004)401
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Argonne (bare and uniform case)

Gogny (bare and uniform case)

With the adopted interaction,
screening suppresses the pairing
gap very strongly for kF >0.7 fm-1

Screening, uniform case

Screening + nucleus

However, the presence of the
nucleus increases the gap by
about 50%



ZwierleinZwierlein et al. et al. Nature  435(2005)1047Nature  435(2005)1047





As a rule, rotational period of  a neutron star 
slowly increases because the system loses 
energy emitting electromagnetic radiation.

Glitches

One of the  proposed 
explanations

Superfluid nature of 
nucleons in the inner crust

P.W. Anderson and N.Itoh, Nature 256(1975)25



A superfluid in a rotating container develops an array of microscopic linear vortices

Vortices may pin to container impurities, what may modify their dynamics. 
Sudden unpinning at critical period difference, due to Magnus force, would
cause the glitch.

P.W. Anderson and N.Itoh, Nature 256(1975)25





A.G. Lyne, S.L.Shemar, F. Graham Smith, 
Mon. Not. Roy. Soc. 315(2000)534



G. Baym, Denver 2007







A basic issue for a model of glitches based on vortex unpinning
To determine the favoured vortex configuration



A simple argument: 

For sufficiently large densitites, pairing is smaller within the nuclear volume 
than outside;

Vortex destroys pairing within its core;

Then it is energetically convenient for the vortex to be placed on top of the
nucleus, rather than far from it: in this way, one saves pairing energy. 

But we need a  realistic estimate of the 
vortex-nucleus interaction



Microscopic quantum calculation of the vortex-nucleus system 



We solve the
HFB (De Gennes) equations expanding on a single-

particle basis in cylindrical coordinates
�box

H box

- HF: Skyrme interaction 
- Pairing: density-dependent reproducing 
the gap of N-N bare interaction 
- Protons are constrained to have a 
spherical geometry
- No spin-orbit interaction 

P. Avogadro, F. Barranco, R.A. Broglia, E. Vigezzi, Phys, Rev. C75 (2007)012085
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Using a zero-range pairing interaction,

only local quantities 
are needed



Vortex pinned on a nucleus 

z

Z [fm]

[MeV]Pairing Gap

Velocity field

�= 5.8MeVSII

m is the angular momentum q

is the quasi-particle index,

ρ

ρ [fm]

Pairing Gap

Abnormal density

Neutron density



Pinning Energy: results
Our results : RED

Pizzochero & Donati: GREEN

P.M. Pizzochero and P. Donati, Nucl. Phys. 
A742,363(2004) Semiclassical model with 
spherical nuclei. 



Detailed nuclear structure effects play an essential role!

Negative Parity

E [MeV]

Positive Parity

E   [MeV]



Pinning Energies
SII   red

Sly4 green

Skm* azure

SGII  violet points



Conclusions

Significant advances in the study of the inner crust have been
made in the last years, using techniques typically used in the fieds of 
nuclear structure and in  nuclear matter.
They concern its  isotopic composition, its thermal properties, proximity
and medium polarization effects, and the structure of vortices.

Does superfluidity affect the results found by Negele and Vautherin?

What is the spatial dependence of the pairing gap?       
How important are the nuclear clusters?

How much are the gaps affected by many-body processes ?

Can we prove experimentally that the crust is really  superfluid?



J.M. Lattimer , M. Prakash, Science 304(2004)



Schematic cross section of a Neutron Star

exotic core   
(a) hyperonic matter
(b) kaon condensate
(c) quark matter

~1.5 1014 g/cm3

M ∼ 1.4 M R ∼ 10 km

outer crust
nuclei,  e-

ρdrip = 4.3 1011 g/cm3

inner crust
nuclei, n,  e-

Nuclear matter layer
n, p, e- , µ-



“traditional”
Neutron Stars

Hyperon Stars

Hybrid Stars

Strange Stars

“Neutron Stars”

Hadronic
Stars

Quark 
Stars



Microscopic quantal calculations of the isotopic
composition of the inner crust

0.001 ρ0 < ρ < 0.5 ρ0

ρ0 = 2.8 ⋅ 10+14 g cm-3

inner crust

Microscopic calculations (HF with Skyrme)
J.W. Negele and D. Vautherin, NPA207 (1972) 298

Nuclei immersed in a 
sea of free neutrons

spherical Wigner-Seitz cell



The inner crust: coexistence of finite nuclei with a sea of free neutrons

J. Negele, D. Vautherin
Nucl. Phys.  A207 (1974) 298



Looking for the energy
minimum at a fixed
(average) baryon density

Density = 1/30 saturation
density 

No pairing



First calculation of band structure beyond the 
Wigner-Seitz approximation

N. Chamel, S. Naimi, E. Khan, J. Margueron,  nucl-th/07_01851



Calculated gaps for
unbound states in a 
cell with nucleus

Calculated gaps for
unbound states in a 
cell without nucleus

5-10% decrease around
the Fermi energy



A comment on the need of an HFB treatment of the lattice …
Gogny
Argonne

Pairing gap sensitive 
to the nucelon-
nucleon interaction!!!

HFB description of 
pairing properties of WS 
cell

Smoother pairing gap because
Cooper-pair wave-function is
delocalized

We need full HFB 

• to consider quantal fluctuations;
• to get a reliable description of pairing
field! 

LDA description of 
pairing properties of WS 
cell

Higher
density: 
smaller
pairing
field



A few questions about pairing correlations
in the inner crust

1. Does superfluidity affect the results found
by Negele and Vautherin?

2.     What is the spatial dependence of the pairing gap? 
How important are the nuclear clusters?

3.   How much are the gaps affected by many-body processes ?

4.   Can we prove experimentally that the crust is really     
superfluid? 



New calculation of the optimal properties of the WIgner-Seitz cell including pairing

The ‘global’ functional: matching Fayans functional (for finite nuclei) with
BBG calculation for neutron matter

Phenomenological
functional with
gradient terms:
‘knows how to deal
with the surface’

Microscopic, ‘exact’
description
of neutron matter

Matching condition

Simplified pairing description: constant G(ρ) which reproduces 
the BCS gap  obtained in neutron matter  with the bare N-N force 



Without pairing

With pairing:
smoothing of
shell effects

M. Baldo, U. Lombardo, E.E: Saperstein, S.V. Tolokonnikov,  Nucl. Phys. A750(2005)409



In search of the
energy minimum 
as a function of
the  Z value inside
the WS cell

NPA 750 (2005) 409

M.B. , U.Lombardo,
E.E. Saperstein and
S.V. Tolokonnikov.



Comparing with Negele & Vautherin [ 5 ]

[23] Uniform nuclear matter (M.B.,Maieron,Schuck,Vinas NPA  736, 241 (2004))



A few basic questions about pairing correlations

1. Does superfluidity affect the results found
by Negele and Vautherin? 

2.     What is the spatial dependence of the pairing gap? 
How important are the nuclear clusters?

3.   How much are the gaps affected by many-body processes ?

4.   Can we prove experimentally that the crust is really     
superfluid? 



Self consistent potentials

n∞= 0.001 fm− 3 n∞= 0.01 fm− 3

n∞= 0.03 fm− 3

Red= SII

Green= Sly4

Blue= Skm*

Violet=  SGII

The SII and Sly4 self 

consistent potentials 

are deeper than the 

Skm* and SGII ones.



n∞= 0.001 fm− 3 n∞= 0.01 fm− 3

n∞= 0.03 fm− 3

The pairing gap 

calculated with the 

different Skyrme forces 

for the cells with nuclei 

SII red

Sly4 green

Skm* blue

SGII violet



Dependence on the HF mean field
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Cooling time : effect of superfluidity and of  inhomogeneity


	Example 1
	We solve theHFB (De Gennes) equations expanding on a single-particle basis in cylindrical coordinates
	Pinning Energy: results
	goal

