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From the surface to the interior of a neutron star 

 1. Atmosphere.  Atoms and molecules in a strong magnetic field.

 2.  Outer cust.  Nuclei immersed  in  an electron gas.                     

    Essentially a  solid state problem.  Only nuclear data needed,

except close to the drip point.                                                 

3. Inner crust.  “Exotic nuclei” immersed in a neutron gas.         

    Nuclear matter from very low density up to about saturation.

Very asymmetric nuclear matter                                             

4. “Pasta phase” of nuclear matter.                                               

                          

5.  Interior.  Homogeneous  asymmetric nuclear matter above  

saturation                                              

6.  “Exotic matter” . Hyperons.   Kaons? Pions? Quarks  ?        



No drip Drip region

Outer Crust Inner Crust

Position of  the neutron chemical potential



Drip point separates the inner crust from theDrip point separates the inner crust from the

outer one.outer one.

The outer crust is a crystal system consisting of nucleiThe outer crust is a crystal system consisting of nuclei

immersed in a sea  of ultra-relativistic electrons. Atimmersed in a sea  of ultra-relativistic electrons. At

a critical density a critical density !!dd  (drip point) the neutron(drip point) the neutron

chemical potential        vanishes.chemical potential        vanishes.
n

µ

!d    was found  first by G.Baym, C.Pethick

and P.Sutherland (BPS),1971,
311

d g/cm103.4 !="

With extrapolation of  the nuclear mass data. 

It was confirmed by NV, the last bound nucleus 

being 118Kr (Z=36).



Recently : Recently : S.B.RusterS.B.Ruster et al. ,  et al. , Phys.RevPhys.Rev. C73,. C73,

035804 (2006), carried out a systematic035804 (2006), carried out a systematic

analysis of the outer crust in vicinity of analysis of the outer crust in vicinity of !!dd

within the BPS method, with differentwithin the BPS method, with different

models for models for EoSEoS ( (SkyrmeSkyrme, droplet, , droplet, relativisrelativis--

tic NMF,tic NMF,……): ): !!dd ~ 4 x 10 ~ 4 x 101111 g/cm g/cm33, Z=34 , Z=34 ––38.38.



EOS  for the  outer   crust

S. Ruster, M. Hempel and J. Schaffner-Bielich,                                  

PRC 73, 035804  (2006) 



Going  close  to  the drip line

Closer to the drip line  “exotic” nuclei start to appear. This means

that extrapolation to high asymmetry is needed.                              

The last non-dripping nucleus is expected to be  118 Kr   



The method of energy density functional : mean field with

effective interaction                                                                
A  simple  example

where is  the  kinetic  energy

In homogeneous matter EOS

In finite nuclei the minimization procedure  gives the 

Hartree-Fock equations                                                  

The parameters are adjusted to reproduce the  empirical 

saturation  point of symmetric nuclear matter.                  

Binding energy, radii,  nuclear structure



In general one can introduces a more complex structure for   

the effective forces (gradient terms, etc.) and correspondingly

more parameters                                                                          

In this case it is possible to reproduce not only the saturation point

but also the binding energy and radii  of spherical nuclei  with a    

high degree  of  accuracy ( better  than  1%   !  ) and many             

spectroscopic  data ( giant resonances,  and so on )                           



Bao-An  Li  et al.,  nucl-th/ 0610057

Spread in the symmetry energy even below saturation 

  However  in the inner crust one needs to extrapolate the functionals

to very high asymmetry, where they have not been tested.

Furthermore the density dependence can be quite different



B. Alex  Brown  PRL 85 (2000) 5296

Spread in the neutron matter EOS



Symmetry energy as a function of density

Microscopic results approximately fitted by  
6.0

0 )/(3.31 !!

Symmetry energy,  “low density”

M.Baldo, C. Maieron, P. Schuck and X. Vinas,

Nucl. Phys. A 736, 241 (2004).



Wigner Wigner –– Seitz (WS) method Seitz (WS) method

Crystal matter is approximated with a set of independentCrystal matter is approximated with a set of independent

spherical cells of the radius spherical cells of the radius RRcc..

The cell contains Z protons, N=A-Z neutrons,The cell contains Z protons, N=A-Z neutrons,
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And Z electrons (to be electroneutral).
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Non-homogeneous  nuclear  matter

Contnuous  transition  from  (exotic)  nuclei  to  nuclear  matter   

Figure  from Negele & Vautherin ,  NPA 207 (1973) 298



Looking for the energy

minimum at a fixed

baryon density

Density = 1/30 saturation

density 

No pairing

Wigner-Seitz

approximation
Z

N



A semi-microscopic self-consistent methodA semi-microscopic self-consistent method

 to describe the inner crust of a neutron star to describe the inner crust of a neutron star

WITHIN the Wigner-Seitz (WS) WITHIN the Wigner-Seitz (WS) metodmetod

With PAIRING effects included.With PAIRING effects included.
M. Baldo, U. Lombardo, E.E. Saperstein, S.V. Tolokonnikov,

JETP Lett. 80, 523 (2004). –

Nuc. Phys. A  750, 409 (2005). –

Phys. At. Nucl.,  68, 1812 (2005). –

M. Baldo,  E.E. Saperstein, S.V. Tolokonnikov,

Nuc. Phys. A  775, 235 (2006).  -

Eur. Phys. J. A 32, 97 (2007) –

 M. Baldo,  E.E. Saperstein, S.V. Tolokonnikov, arxiv

preprint   nucl-th/0703099 ,  PRC in press.



Developments of the method by J. Developments of the method by J. NegeleNegele and and

D.VautherinD.Vautherin (NV) (1973) (NV) (1973)

1.   Neutron and proton pairing.1.   Neutron and proton pairing.

2.   Modern functional (s)2.   Modern functional (s)

3.   Study of the boundary conditions3.   Study of the boundary conditions

Generally speaking the influence of pairing to the ground stateGenerally speaking the influence of pairing to the ground state
configuration configuration ((Z,RZ,Rcc) turned out to be strong, but the general) turned out to be strong, but the general
NV pattern of the WS cell as nuclear-like clusters immersedNV pattern of the WS cell as nuclear-like clusters immersed
in the sea of almost homogeneous neutrons and electronsin the sea of almost homogeneous neutrons and electrons
was confirmed.was confirmed.



Generalized energy density functionalGeneralized energy density functional

(GEDF) method(GEDF) method
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Choice of Fm : outside almost homogeneous neutron  matter

(LDA is valid for Emi), inside, where the region of big #!/#r exists,

Eph dominates  which KNOWS how to deal with it.
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S.A. Fayans, S.V. Tolokonnikov, E.L. Trykov, and D. Zawisha, 

Nucl. Phys. A 676, 49 (2000).

Describes a set of long isotopic chains (with odd-even effects) 

with high accuracy.

M.Baldo, C. Maieron, P. Schuck and X. Vinas,

Nucl. Phys. A 736, 241 (2004).

within the Brueckner theory with the Argonne force v18 and a

small addendum of 3-body forces. 



Boundary conditions in WS methodBoundary conditions in WS method

0)(' == cnlj RrR

0)( == cnlj RrR

For odd l, and

For even l, boundary condition by NV (BC1),

OR vice versa  (BC2).  

Difference is essential only for larger 
F
k

Difference in Z value could reach 6 units –

the internal uncertainty of the WS method



We used the approach developed for the inner crust,

within the WS method, to find !d going from the outer

crust region, ! $ !d. The phenomenological (nuclear)

component  of GEDF should play the main role: all

neutrons are bound. BUT the microscopic (neutron 

matter) one can not be neglected a priori: for bound

nuclei it equivalent to a variation of the surface terms 

of the effective force, but they are important.



Two calculations:Two calculations:

1.1. Pure phenomenological (Pure phenomenological (FayansFayans et al.) functional DF3, et al.) functional DF3,

2.2. Complete semi-microscopic GEDF (DF3 + Baldo et al.).Complete semi-microscopic GEDF (DF3 + Baldo et al.).

First, the pure DF3 case.First, the pure DF3 case.

Binding energy (per a nucleon) EBinding energy (per a nucleon) EBB(Z) for different (Z) for different kkFF in in

vicinity of vicinity of !!dd by BPS ( by BPS (kkFF=0.1977 fm=0.1977 fm-1-1) ,) ,

the minimum determines the the minimum determines the g.sg.s. (. (Z,RZ,Rcc) at each ) at each kkFF..

And !And !nn(Z(Z). Drip point: !). Drip point: !nn=0.  =0.  kkFF=0.181 fm=0.181 fm-1-1 :  : !!dd=3.30 x=3.30 x

10101111 g/cm g/cm3 3  (a little less than  (a little less than   !!d d ~4 x 10~4 x 101111 g/cm g/cm3 3 by S.B.by S.B.

RusterRuster et al.) The main difference is in Z=52 (N=126) instead of et al.) The main difference is in Z=52 (N=126) instead of

Z = 34 Z = 34 –– 38, N ~ 82 by  38, N ~ 82 by RusterRuster et al. Our calculation also results et al. Our calculation also results

in a in a ““drip regiondrip region”” with Z~40, N~82, but the corresponding E with Z~40, N~82, but the corresponding EBB

is higher  than the minimum position.is higher  than the minimum position.

Second, the complete semi-microscopic GEDF: Second, the complete semi-microscopic GEDF: !!d d =4.06 x=4.06 x

10101111 g/cm g/cm3 3 , , kkFF=0.194 fm=0.194 fm-1-1, but again Z=52, N=126., but again Z=52, N=126.

Thus, the drip values, for both the cases, are shifted from Z~40,Thus, the drip values, for both the cases, are shifted from Z~40,

N~82  to Z~50, N~126.N~82  to Z~50, N~126.
 i i





!!nn for DF3 functional for DF3 functional

Two  competing  drip  regions



Phenomenological DF3 functional byPhenomenological DF3 functional by

  FayansFayans et al. et al.
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Complete semi-microscopicComplete semi-microscopic

functionalfunctional

 0.194 0.194-0.950-0.95057.1957.19 130 130  52  520.2000.200

 0.123 0.123-1.043-1.04357.3657.36 126 126  52  520.1950.195

-0.552-0.552-1.150-1.15057.8557.85 126 126  52  520.1900.190

-0.868-0.868-1.398-1.39860.1460.14 128 128  52  520.1800.180
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Upper part of the inner crustUpper part of the inner crust

Go to densities above the drip point:Go to densities above the drip point:

1.     1.     kkFF=0.2 =0.2 –– 0.5 fm 0.5 fm-1-1

2.     2.     kkFF=0.6 =0.6 –– 1.2 fm 1.2 fm-1-1

The equilibrium configuration (The equilibrium configuration (Z,RZ,Rcc) is determined by the) is determined by the

absolute minimum of Eabsolute minimum of EBB(Z) .(Z) .

Again Z Again Z ~ 50 (NV  Z=40).~ 50 (NV  Z=40).

Let us analyze characteristics of the central clustersLet us analyze characteristics of the central clusters

in the WS cells:in the WS cells:

!
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Acl=Z+Ncl, Rp and Rn are defined as the points of

the maximum of the gradient of !p or !n. (see Tabl.)



bm!f

Ground state configuration (Z,Rc) is influenced by

pairing effects significantly: for higher densities

the Z valuee can change by a factor 2 with respect

to NV .

Main reason : - "-stability condition. In fact  the %

values change due to pairing much more  than the

total energy.

But BCS theory in neutron matter overestimates the

gap significantly by a factor 2 - 3.

Eventually  correlations are taken into account

approximately  by a suppression factor fm-b.





Ground state characteristics of the upperGround state characteristics of the upper

parts of the inner crustparts of the inner crust

 2.643 2.643 1.625 1.625 1020 1020   46   460.50.5

 1.804 1.804 0.950 0.950  830  830   50   500.40.4

1.0181.018 0.211 0.211  562  562   54   540.30.3

0.1940.194-0.950-0.950  212  212   52   520.20.2

!!nn, , MeVMeVEEBB, , MeVMeV   A   A    Z    ZkkFF, fm, fm-1-1



Characteristics of nuclear clusters in theCharacteristics of nuclear clusters in the

upper part of the inner crustupper part of the inner crust

 38.64 38.64  6.41  6.41  6.77  6.77  166  166  46  46  0.5  0.5

 45.09 45.09  6.45  6.45  6.80  6.80  170  170  50  50  0.4  0.4

 52.79 52.79 6.55 6.55 6.88 6.88 174 174  54  54  0.3  0.3

 57.19 57.19 6.41 6.41 6.77 6.77 163 163  52  52  0.2  0.2

  RRcc, fm, fm  RRpp, fm, fm  RRnn, fm, fm    AAclcl   Z   ZkkFF,fm,fm-1-1







Atomic nuclei with such (Atomic nuclei with such (Z,AZ,Aclcl) are still stable for) are still stable for

the strong interaction:the strong interaction:

Comparing density distributions for clustersComparing density distributions for clusters

and nuclear counterparts (Figs.),and nuclear counterparts (Figs.),

they look quite close to each other, radii andthey look quite close to each other, radii and

diffuseness parameters for clusters are bigger, butdiffuseness parameters for clusters are bigger, but

only slightly.only slightly.

Consider Consider ""nn(r(r) (Fig.) : Direct solution of the gap) (Fig.) : Direct solution of the gap

equation versus LDA calculation. In the asymptoticequation versus LDA calculation. In the asymptotic
region, the difference is ~10region, the difference is ~10––15%.15%.

Inside the cluster, nothing in common. StrongInside the cluster, nothing in common. Strong

““proximityproximity”” effect in the direct solution: inside-outside effect in the direct solution: inside-outside

interplay - interplay - ""nn(0) (0) ""  ""nn(r(r ~ ~RRcc) ) , contrary to LDA., contrary to LDA.



""nn( r ) : direct solution versus LDA( r ) : direct solution versus LDA

Pairing  gap suppressed by a factor 2 



Results for the upper part of the inner crustResults for the upper part of the inner crust

Main new feature of our calculations isMain new feature of our calculations is

the shift of  the equilibrium Z values.the shift of  the equilibrium Z values.

In the density region under  consideration,In the density region under  consideration,

from Zfrom Z~40 to Z~50.~40 to Z~50.

The results depend not only on pairingThe results depend not only on pairing

effects, but also on the peculiarities of theeffects, but also on the peculiarities of the

semi-microscopic GEDF usedsemi-microscopic GEDF used

 For the drip point vicinity the For the drip point vicinity the

phenomenological DF3 component is morephenomenological DF3 component is more
important.important.



Neutron and proton

density profiles

Neutron and proton

pairing profiles

Density  =  1/10  saturation density ,  Wigner-Seitz cell

NPA 775 (2006) 235

M.B., E.E. Saperstein 

 S.V. Tolokonnikov.

Functional  compatible
with microscopic nuclear

matter  calculations



In search of the

energy minimum 

as a function of

the  Z value inside

the WS cell



Dependence  on  the 

boundary conditions

at different densities

Only at the higher 

densities the boundary

conditions matter



1 2

1  Negele & Vautherin

2  Uniform nuclear matter  (M.B.,Maieron,Schuck,Vinas   NPA  736, 241 (2004))
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Comparing different Equations of State for low density 

Thomas-Fermi

EOS   of  the   crust



Reducing the pairing gap

BCS
!=!

2/
BCS

!=!
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Gap  at  the  center  of  the  WS  cell                 

Gap  at  large  distance                                       

Gap  at  the  Fermi energy                                  

Gap  corresponding  to  the asymptotic density  



2/
BCS

!=!



3/
BCS

!=!



OUTLOOK

1. Different accurate functionals for the structure.          

 This appears the main uncertainity                           

(symmetry energy ?)                         

 

  2. The EOS seems to be less sensitive  (Oscillations,….) 

                                                     

3.  Excitations/Finite temperature                                    

4. Include deformations                                                  

                             

 4. Structure from band theory    (Meudon group)            

5. Inter-band Cooper pairs                                              


