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Motivation

Origin of elements

N

Z

Giant nuclei
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Neutrinosphere

T ∼ 10 − 20 MeV.

Cross section: n ∼ 1/(G2
F E2

νR) ∼ 10−4 fm−3.

Dilute 1/n1/3 � 1/mπ and cold
√

2π/(MT ) � 1/mπ on nuclear scale: perturbation.
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Nuclear interaction
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|a| ∼ 19 fm � 1/mπ ∼ 1.4 fm.

neutron-α P -wave resonance |aP | ∼ 60 fm3.

atomic systems: In 4He gases, a ∼ 100Å � r0 ∼ 7Å.
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From Atoms to Neutron Stars

Regal and Jin, 2003
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Finite density system

Consider a dilute system: R3n � 1.

At temperature T : λ =
√

2π/(MT ) � R.

Microscopic physics irrelevant.

However, no a3n, a
√

MT � 1

expansion.

Systematic calculation for
nλ3 � 1 even as
a3n → ∞ and a

√
MT → ∞.

Institute for Nuclear Theory, May 2007 – p. 6/28



Finite density system

Consider a dilute system: R3n � 1.

At temperature T : λ =
√

2π/(MT ) � R.

Microscopic physics irrelevant.

However, no a3n, a
√

MT � 1

expansion.

Systematic calculation for
nλ3 � 1 even as
a3n → ∞ and a

√
MT → ∞.

Institute for Nuclear Theory, May 2007 – p. 6/28



Finite density system

Consider a dilute system: R3n � 1.

At temperature T : λ =
√

2π/(MT ) � R.

Microscopic physics irrelevant.

However, no a3n, a
√

MT � 1

expansion.

Systematic calculation for
nλ3 � 1 even as
a3n → ∞ and a

√
MT → ∞.

Institute for Nuclear Theory, May 2007 – p. 6/28



Outline

1. Virial expansion

2. Unitarity

3. Neutron matter: effective range ρ, P -wave, ...

4. Neutrino response

5. Conclusion
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Non-ideal gases

P

T
=n + B(T )n2 + C(T )n3 + · · · .
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Free Theory

Fugacity z = exp(µ/T ) expansion:

n =2

∫

d3 k

(2π)3
1

e(k2/(2M)−µ)/T + 1
,

≈ 2

λ3

[

z − z2

2
√

2
+

z3

3
√

3
+ · · ·

]

.

Small nλ3 implies small z, where λ =
√

2π/(MT ).

Effective positive pressure

P

n
= T

[

1+
λ3n

8
√

2
+ · · ·

]

.
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In general

n =
2

λ3

[

b1(T )z + 2b2(T )z2 + 3b3(T )z3 + · · ·
]

,

P =
2T

λ3

[

b1(T )z + b2(T )z2 + b3(T )z3 + · · ·
]

.

bl receives contribution at most from l-body physics.

Density dependence in z ∼ nλ3

Interaction in bl

bl = f(a
√

MT )
[

1 + R
√

MT + · · ·
]

.
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Interacting Theory

Short range interactions at low densities.

+ + · · ·=

O(a) O(a2
p)

Need to resum for |a|p ∼ |a|
√

MT & 1

A =
4π

M

1

−1/a − ip
.

The effective range expansion, Schwinger 1947

A =
4π

M

1

p cot δ − ip
,

p cot δ = − 1/a +
r0

2
p2 + · · · .
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Effective Field Theory

L =
∑

n

CnO(n) , from symmetry

Example:

O(n) =N †
↑N†

↓N↑p
2nN↓ .

Separation of high-momenta Λ and low-momenta p:

Cn ∼ 1

MΛ2n+1
,

C1O(1)

C0O(0)
∼ p2

Λ2
, systematic, improvable, optimal

where mπ-Λχ, γ-mπ, Halo nuclei

Subtleties: quantum corrections and large scattering length.
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Impact on BBN

n + p → d + γ for light element production in early universe.

Experimental data scarce at E ∼ 100 KeV.

An EFT calculation with 1% uncertainty was performed (Rupak ’00).

σ(a, r0, γ, ρd, . . .
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0.0218(1 + 0.6389 + 0.0135 − 0.0053

+ · · · ) fm2.

Analytical expressions.
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Free Theory again

n =

−iπ

iπ

k2/(2M ) − µ

n =
i

π

I

dη
1

eη/T + 1

Z
d3 k

(2π)3
1

η + µ − k2/(2M)

=2

Z
d3 k

(2π)3
1

z−1ek2/(2MT ) + 1
≈ 2

λ3

»

z − z2

2
√

2
+ · · ·

–

.

Aside:
X

j

〈j|Xe−
H
T |j〉 →

X

j

〈j|Xe−itH |j〉 , identify t = − i

T
,

with boundary conditions.
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Examples

1

+ + · · ·D(p0, ~p) =

D(p0, ~p) =
4π

Mg2

1

−1/a +
√

p2/4 − Mp0 − 2Mµ
+ O(z2).
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Virial expansion

Closed particle loop O(z).

Closed dimer loop O(z2).

Closed trimer loop O(z3), ...

Corollary

Particle-particle loop O(1).

Particle-hole loop O(z).

Virial coefficient bl receives contributions from at most l-body physics. b1 = 1

Remember

n =
2

λ3

[

b1(T )z + 2b2(T )z2 + 3b3(T )z3 + · · ·
]

Bedaque and Rupak, 2003
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l-body contributions to bl

...

P =

Calculate

Leading order l-body propagator (same as in vacuum): T -matrix.

T (η) has cuts, poles at η = −lµ + · · · .

η integral gives 1/(eη/T + 1) → zl.
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Warm-up calculation

P =

−2µ

−2µ −

1

Ma2

P =
i

2π

I
dη

eη/T + 1

Z
d3q

(2π)3
log

h

−1/a +
p

q2/4 − M(2µ + η)
i

,

b2(T ) =
1√
2
e1/(a2MT )

h

1 + Erf(1/(a
√

MT ))
i

|a|→∞
=

1√
2

.

Compare with Beth and Uhlenbeck, 1937

b2(T ) =
√

2

»
X

eB/T +
1

π

Z

dk∂kδ(k)e−k2/(MT )

–

.
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b3(T )

+= + . . .
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We find b∞3 ≈ 1.05. b3(T )

plotted for T around 6µK in 40%

increments for 6Li.
Rupak, 2006

1/2eV ≈ 1/4000Å−1.

Institute for Nuclear Theory, May 2007 – p. 19/28



Daisy contributions
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Neutron matter: preliminary

Higher partial waves, effective range ρ corrections.

b2(T ) = − 1

25/2
+

3MCP

4λ3
+

1√
2
e

γ2

MT

(

1 + Erf(
γ√
MT

)

)

− ρ

2λ
− γρ2

4λ
,

b2(T = 5 MeV) = −0.18 + 0.017 + 0.62(1 − 0.30 + 0.016)

b̂3(5 MeV) ∼ 1.05(0.93),

b̂3(25 MeV) ∼ 1.2(0.99),

close to unitarity value ≈ 1.05
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Equation of state
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At T = 5 MeV, TF /T ≈ 0.3 corresponds to n ≈ 10−3 fm−3.

At T = 25 MeV, n ≈ 10−2 fm−3.
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Neutrino response

1

N

dσ

dΩ
=

G2
F E2

ν

4π2

ˆ
C2

A(3 − cos θ)SA(q) + C2
V (1 + cos θ)SV (q)

˜

Preliminary at T = 5 MeV.
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Horowitz, Schwenk (’06). T = 4 MeV.
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Helium

Bedaque and Rupak, 2003

Is Efimov effect important?

Coulomb effect: αMλ . 0.3 for T & 5 MeV.
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Beyond neutrinosphere
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At T = 50 MeV (1/λ ∼ 90 MeV,
√

MT ∼ 200 MeV), pions using KSW in 1S0.
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Conclusions

Systematic expansion, related to T -matrix in vacuum.

Benchmark neutrino calculations.

Isospin, heavier nuclei.

Neutrino interactions away from the static limit.

Higher densities with pions . . .
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Thank You
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Deuteron properties

1 ⊗ 1 = 0 ⊕ 1 ⊕ 2

dσ

dΩ
=

dσ

dΩ

˛
˛
point

[A(q2) + B(q2) tan(
θ

2
)],

where

A = F 2
C +

2

3
ηF 2

M +
8

9
η2F 2

Q,

B =
4

3
η(1 + η)F 2

M , η = − q2

4Md
.

Chen, Rupak and Savage ’98, Phillips, Rupak and Savage ’99
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