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Hohenberg-Kohn Theorem

Phys.Rev. 136 (1964) B846

The non-generate ground-state energy of a system of identical
fermions is a unique functional of the local density which attains
its minimal value, the ground-state energy of the system, when
the density has its correct ground-state value.

N-representability
Gilbert, Phys.Rev. 2111 (1975) B12

1) p(r) > 0 everywhere in R3

pr)=N f |[¥(r, 3,13, ..., ) |*dradrs...dry <m— 2) p(r)/* € L*(R?), ie., fdrp(r) = N
3) p(r) continuously differentiable in R3

HYy = EgW
po(r) = Nf |Wo(r, r2, T3, ..., IN)|*dradrs...drN <—p
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Kohn-Sham Theory

Phys.Rev. 140 (1965) A1133

BA=Tpl+Vl B+ A=A [pd=N

N
p(r) =X |oi(r)[*

1
Harriman, J.E, Phys.Rev. 680 (1981) A24

o) = VP, Tl = o [, Bl =Tlol + V16l , V1ol = Vol +Tle] ~ Tl

No idea about the many-body wave function of the system

No clear physical meaning of Kohn-Sham single-particle
functions and energies

Widely used in atomic, molecular and condensed matter physics
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HFB Method

1 _
H = Z Cning cllcn2+— Z Uningnany chciagcmx%’

nina 4 inangng

Unyngnang = (MiN2|V|ngng — nans), cu|—) =0.

Bogoliubov ( ‘{r) _ ( U; V;) ( ‘3{)
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a|®) =0, N|®)# N|®)
_ (Plchen|®) . (D|sieacy|®P)
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Tou(r,0) = SpPa(r,0), Susti=1, sz=—s,
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HFB Method

Particle Number Projection After Variation (PAV)

¢ H|(P N
B Energy Eprp = %, N|®) # N|®)

Particle Number

Projection
YN H[GY)  (o|HPV|0)
y _
A Eneroy Frav = TNy T @l
Enrn
2-3 MeV
Ef sy
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HFB Method

PNP

k] M. Stoitsov - Density Functional Theory and Symmetry Restoration in Nuclei

PNP HFB (VAP)

Particle Number Projection - Variation After Projection (VAP)

gy, 5 = (SUEPYIO) _ sds(a|He4T o)
PL= T OIPND) T dp(@]edF-M|o)

e¥ + TN + AV AN U\ _ (U
—(AN)" (TN AN SNV ] T TRV )

& = 5/ d y(8) (Y ($)Trlep(d)] + [1 — 2ie™sin pp()}eC(9) + hc.

IV = 2/ dg 4(d) (Y()THL(@)o(d)) + 201 — Zie ™ sin $p(#)T(H)C(S) + hc

AT

. L N R NTUE A F Nl N as B e & PN Akl Y T
AT = —2 [ dé y($) (Y (AITHA(G)R(8)] — die™?sin§ C(H)A($)R(¢)) + h-c.
Y = [y @) HC @) AP ~ (I, Trung(9) = 3 Tninmsnabnens(®),

1 1
Amnz (¢‘) = 9 ﬂszn«: DnyngngngFnany ((b) ’ K:lgm (¢‘) = ) n%z E:.]nz (‘Fs)ﬁnmznam ?

o) = C@p w(#) = (@)= rC"(9)
’(¢) = eC*(9) = e™C(¢)s
Cl#) = & (1+p(e-1)",
B ie“"” det(e*®1)
R e AL

_ (9
1d¢ ()’

[doy(¢) =1,
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Skyrme HFB

Skyrme HFB
Functional

= Sl forces (density dependence as a tree body term)
= Both ph and pp interaction from the force
= Exact treatment of Coulomb terms

o _ (O|H[®)
Elp, | =
(ele)
H(r) and H(r) are normal and pairing energy den-

sities, respectively, expressed in terms of particle
and pa,lrmg local densities and currents

= [dr |H(r) + H(r)]

p(ro,r'e’) = E%pnﬂr 1/3}(r’ ,0') ﬁn(r, o)
ﬁ(l‘O’, r’oj) = Zfﬁnn’ 1}:’;:(1", OJ) &n(r! 0')

0Blp,7| ;  _ OElp,l

h =
i 6pn’ n ’ e aﬁﬂ.’ n

(7)), == ()
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Skyrme HFB as DFT

Main Problem

HFB Elp, p] <= (®|H|®) Densities p, § associated with a single state |®)

®|H PN |® ires knowl f off-di '
PNP HEB ENp, j] <= (@] |®) Requires knowledge of off-diagonal expectation

(®|PN|®)  values which are not automatically given by DFT
(@(0)|H|®(¢)) , |B(p)) =" V|)

‘Mixed Densities’ Obviously certain extensions are necessary and

Prescription they are not unique. Among various possibilities,
the so-called ‘mixed density’ recipe is most fre-
quently used in projection and other GCM calcu-
lations.

p(p) = (20)|AI2(¢)) , Alp) = (2(0)|12(¢))
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PNP Skyrme HFB Method

Energy Functional under ‘Mixed densities’ prescription

BV =10 TN Te PO [dpyte) Blote) )

VO = o e [ d00) =1, Tle) = (2020

Energ_y
Functional (o) = (@(0)|AID(w)) , Blp) = (2(0)|0|®())

Elp(¢), b(9)] = [ dr H(r, ¢) e p(r),p(r) = p(r,9),p(r, )
o 7(r),7(r) = 7(r,¢),7(r,¢)
e Jij(r), Jii(r) => Jii(r, 6), Ti5(r, 6)

Canonical Representation
2 ~ 2 2 2
Prn =", Pon=uvy I(p)= I;I (uy + v, €7%).

2 2up
v,e

2 | o2 ’
u 4 v2 2%

U UnC'?
— .2 2
u + v2 e2%

pa(p) = Pn()

py = [doy(p) pn(e), BY = [de y(¥) Pal®)
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PNP Skyrme HFB Method

VAP under ‘Mixed densities’ prescription

A RY RN \ (U ~(U
E [ _hw)(v);Ek v),
= [doy(o)Y (P)E(¢) + [ doy(d)e ** C(¢)h()C(0)
- [fd¢y 2ze ®sin(¢)B(¢)h($)C(¢) + h.c,
= [doy(d)e* (h($)C(4) + (..)T)
BE[p( ), pl)] OE[p(p), p()]

h = ’ h = ~
(4) 3p(d) (#) 5(9)
. . vie?” N UnUne™
Pn =Yy, Pn=Unly Pn(‘p) = ug -I—’£12 e2up Pn((P) — ule + Ug o2y
—eN 2
Y ¢ ,u,l;IU ('u + ™y )

Culd) = az Yo =
p uZ + e?y2 Z —iNé, 11 ('u n 62"""5‘1;#)
z—o >0

Y(8) = s sing Culd) — 5 y(dr) e~ sindy Cu(d)
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1 P 1 L . & 27
PN = %fd(b eng(N—N) - PN = z lé:l e%qﬁ;(N—N), ¢1’ = f(l—l)
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PNP Skyrme HFB Method

Problems: Stability

Slow (even unstable) procedure Stable procedure
_ (hN EN)(U) EN(U) (hN—u R )(U) _EN(U)
o IN N — g BN (BN _ — Tk
Trp =N, p =VV" Trp =N, p =V*V"
g f4 is zero when the PNP solution is found
S N
= Trp" =N, p¥ = [doy(¢)C(e))p
% E a7 i N ~e ® ® ° ®
> ‘: | I,N
({_j 46 P~ = = = =~
g T
> > 82l E 7 0
g S saf HFB Y 9 | A 9
(:I—U < sef e L
S 60 [ ) o
0 ! E
E 50 K —
2 — 4ol —
[ > ' — = — —
c S 30r I — — =
o) ~ i = = ___ — —
' w20 — = = —
2 I _ = = __
o) 101 = = = = =
§ o _ = — = =
N L N=68 N=69 N=70 N=71 N=72
= 7=48 7=49 7=50 Z=51 Z=52
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PNP Skyrme HFB Method

Problems: Cut-off procedure for Delta pairing forces

40 —
o ——
én=(1_2Pn)En+A % 0:- ---------------- E
A § _ _— IIF:O
An = 2E,[P,(1 — B,) wf E, |
a0k e — 20
-60 _ e IO
— N K
wf — %
30 _ ——
ig 3 iiE __________ Unprojected HFB h and h
2 of == appear in the PNP scheme
2 ol — =" at gauge angle ¢ =0
& oo 50 gaug gle @
20 B P
=0 o 30 1 -~
A0p 120 P (U) (h—)\ h )(U)
_50 | pr— n Ju— —
60 | | ;0 |4 n h —h4+AX |4 n
) N=68 N=69 N=70 N=71 N=72 E(MeV)
/=48 /=49 /=50 Z=51 Z=52

Nuclear Structure Near the Limits of Stability - Towards a universal density functional for nuclei - Seattle, September 26-30, 2005




PNP Skyrme HFB Method

Problems: Pairing Strength

HF In the standard Skyrme HFB method the pairing
= strength V; is chosen in such a way that the HFB
value of the average neutron gap A,, at given cut-
off energy €. reproduces the experimental value

1.245 MeV for the nucleus 1208n.

i@ =511 (£) |22

Pa

PNP HEB  The average neutron gap A, is no more defined

Method  within PNP HFB method. Therefore, the above { 0 voulme pairing

procedure for adjusting the pairing strength is no Vi= | surface pairing

more applicable.
A strict way of adjusting the pairing strength vy=1, pg=0.16fm™>
should be obtained by calculating mass differences

and comparing with available experimental data.

Ralsitia “Fvsaia

We adjust the pairing strength to the total en-
ergy of some nucleus already calculated in PLN
HFB approximation. This is rather crude approx-

imation we are using just to analize the quality of
the PNP HFB treatment.
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PNP Skyrme HFB Method

Ca Chain Calculations

SLY4 + mixed delta pairing forces
HFB within 20 major HO shells
Complete Ca chain
Comparison:

HFB+LN results (LN)

PAV HFB+LN results (PLN)

VAP PNP HFB results (PNP)
o PLN pairing strength fitted to An @ 12°Sn
o PNP pairing strength to PLN E,_, @ 44Ca

O O O O

o With L=11 gauge-angle points
the code is just 11 times slower
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PNP Skyrme HFB Method

Some Results

222 \ ///
’q>': 223 \ / /
=Z 224
< /
|.|IJ r Bca
225 —A—LN 4
\\\/ —=—PLN
I —e—PNP

26 27 28 29 30

N

=) LN method should be avoided
One should use PLN instead

=) PLN is a good approximation
for open shell nuclei

total energy differences
are less than 250 KeV

=) PLN is wrong for closed shell
nuclei

total energy differences
could be more than 1 MeV

=) One should try to correct PLN
by projecting from neighboring
NEUTRON NUMBER nuclei
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PNP within DFT

Well Known Singularity

2 o2 “
. Pn(‘P) = 9 :}feg % ﬁn((p) = 2‘11'_:’5%&2e Q0
E uit+vie ui+vie
S 1 vl
S 2 2
= i =1 — (P =
o 4 n ’
S 2 2
0
(&)
x
>
1]
E 90_""I""I""I""I'"'I""I""I""I""I'"".‘***ﬁii—
= C . EEE, . .
- 8958 : We have found in mass table calculations that
L 0 0oOme by
- - S | among all 5818 nuclei only about 50 of them have
2 : = .1 a neutron state with occupation 0.5 and other 48
(@) 60 O ] = . .
= ' " 5 = nuclei with such a proton state. Therefore, we have
= 50 2 ool Jlgi,JI} B . . .
5 : 2 ‘.| about 100 questionable nuclei among 5818 which
< INI: S G
- I i = 31 makeslessthan 2 percents. The situations however
L : ‘\_HH}\HHHHHHHHHHH 0000000000000 H : - = - -
> I SE T 1 is much more serious when performing constrained
2] C il o }H%H ] .
g 20 :_ (i \HJ:!\ : o _: HFB CalCUIaltlonS-
8 wofe T E
2 fessssscony :
E o] iririrl I B T P BT N T PN P P
& 0O 10 20 30 40 50 60 70 80 90 100 110
= N
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PNP HFB Method

Shift invariance and Energy sum rule

1 T AT
Exc [¥n) = PY|@) = o [ dp Y| 2)

(P =PV, (P*)'=PY, TPy=I

5 Uy . i) . 5
Uy) = , |®) = ——, |®) =X bn|¥n),
W) T 1Vn) |®) @[0) |®) % ~|¥w)
'1)2 :M \—*Illj |2:1
AERCTN Ak
B — (9|H|®) EN _ (Un|H|Tx)
T (0]e) (Un|¥n)

(BT _ (B|H3,|Tn)
(PPx) (D) S| ¥w)

VM Wy) = |Wy), N|Uy)=N|Ty) EN =
Sy

Enrp = IXV: lbx|2EN
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PNP within DFT

Broken Shift Invariance

‘©

©

=

< Spherical Nuclei Deformed Nuclei

S

= UL L L L LU L L L BLELLA UL L BLELELE I RLEL BN 1 T T T T T T T T T 1
- I i 0 I
= 0 Py, 4 i I 0, SllI, volume pairing, p=-0.79 I
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@x I 1 20 | _
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> ~ - x0.25 . g L i
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o) I ] -100 | i
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PNP within DFT

1 dp e N I(p) Elp(p), ()]

Ni, =1 _
E [pr p] - fd(p e—wN 1'(('0)
; P I(p) = (2(0)|2(p)) =1II (up +v, €
E _ ?),%BZW - . UnUn€?
% pn((P) = 'H-?; n 'U?l 2w pﬂ(‘?a) — ,u'?l + 'b'f% e2wp
SE ) vAzZ2 . UnUn Z
= n n n n
3 complex
s : _ _ dz -
: variable  zr = [ dp N I(p) Elp(p), ple)] = —1 § w1l (uptv, 22 Ep(2), 5(2)]
c B dz
:E; DNEfd(PB WNI(SO)=sz+11;I (ui+vﬁz2)
é Cauchy's fc' dzf(z) = 2m% Rez[f(z)] 2z = %0 |ug/vg]
@ residue N =2 L w22
3 N=2m Y. Rez II (u, +v, 2;)E|2
D; theorem |2|<1 2 T m ( e
% Dy = 2m Rez L 11 (u-.-zz + ”fz. zg)]
? 0
=
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PNP within DFT

PNP Energy
Ex = Ex[z) + AEN 20=0, z= 13 |ux vk
1
Rez |y 1] (ul+ o2 Bl 2 E
Elz] = 20 ln n T Un AEyN = # > Rez (u2 +v2 27) 1{,?1]
Res [ ger 1 2 2 ol "k

PNP Energy — explicit pole dependence

e E[p, p| leads to f,(2) without pole at 2

e a = d + p, d power of p, p power of 5 Ey = Enlz] + AEy

e v} is the degeneracy of the k-th canonical state A F = 3. 3 Rez
0<|2g|<1 @

(u} -+ of 22)*ful)
A+ of B

— for deformed nuclei always vy =1

— for spherical nuclei vx = (2§ + 1)/2
vg=1forj=1/2, 1y =2 for j =3/2 ...

Shifted PNP Energy

=) |\ En(n) = Enlz0] + AEN(n)

(6 ok o)
Al + of )

Ci(|2] = 1) = Cy(|2| = e) v () T SR
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PNP within DFT

Local Shift Invariance

1 T

En(n) = Enlzg] + AEN(7) 20=0, zx==21|up/vr| ©ut =vi= 5 o= >
T
E Rez L]'[ (u2 + v, 23)E[z)] 2 .2 2w
= LAV e T Y (ug + vk 25)" fa(2k)
= Enlz] = 0 AEN(n)= Y X Rez N+1;7,.2 2 _Na
5 1 2 2 .2 |z |<e—? @ zp ' (ug + vk 2¢)
2 Rez | =11 (u;, + v 2p)
= Z | N+ n T Un 20
5 2 "
5 Spherical Nuclei Deformed Nuclei
= AL A I L I I I T +* T ' T '+ T ' T ' T ' T 7 1
= L i 0} _
2 S0 1p,, 1p 1, To_l ] I **0, SllI, volume pairing, p=-0.79 I ]

0} 12 ]

T I 20 | -
© -50 |- -
h [ L i
S 100 1d5/2 251/2 - 40 -
g 0N — S ol ]
(_g % -200 - />\
= S -250 4 g -80 |- i
8 \LI-J/ 300 x0.25 El/ L
T head ] -100 | -
*? 350 - 1d3/2 1f7/2 2p1/2'_ L
% -400 | - -120 =
al 450 | - —
: —x1 80, SllII, volume pairin I T LA [ e S
§ 500 I 0.003 S12 il ] -
g PO U U W N YN YN WO W T WO WO WO W N YOO YOOT WY W N O WO YOO WO T WO WO Y W [N WY WY WO WO [T WO UYWAY W WY WO WO WO N WA M _160 | ! | N | ) | ) | ) | 1 | 1 | 1 |
2 4 3 =2 1 0 1 2 3 4 5 4 3 =2 1 o 1 2 3
p= n n
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PNP within DFT

Exact versus Approximate DFT

In the ideal case when the functional EV[p, p]
is exactly equivalent to an expectation value of a
given Hamiltonian H all residues from the poles
2 > 2o are strictly zero and the energy is defined
only by the residue of the zero pole zy = 0.

M. Stoitsov - Density Functional Theory and Symmetry Restoration in Nuclei

Kinetic energy term as well as all linear terms
in the energy functional correspond to a power a =
1. Then all residues of 2z > z; will be zero since
always one has v > 1.

pp end ph contributions

ph channel:

(4 LAy vE2Z}

Z(l - EU)P?} — Z(l Ty) N+1(,u + 2 )
pp-channel:

to ", tt] u%vﬁz,%
D1 — 2P — B(1 —
4 (1 = ) 4 (1 = o) zp A (ud + uf 22)?

their sum cancels the pole contribution:
2,2

S22 = 2120 gt 7 o

Nuclear Structure Near the Limits of Stability - Towards a universal density functional for nuclei -

In the case of Skyrme forces for which contact
})amng forces are used instead the original Skyrme
orce, one will see nonzero contributions from the
oles 2 > 2 coming from both ph as well as pp
erms.

Coulomb energy is a quadratic term, a = 2.

e The residue contribution of zz > zg is zero as-
suming one treats the exchange term exactly —
the residue from the direct coulomb term ex-
actly cancels with the residue of the exchange
term.

e If one uses Slater approximation for the ex-
change term such a cancelation does not exist
anymore.
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PNP within DFT

Energy Sum Rule

E(n) = 3 |bw"E" (1) # Enrs

E(n=0)= Egrp

En=0)= 2 bw’EY = [ dp. e " I(p)Elp(p), p(w)] = E[p(0), p(0)] = Enrp

100 x0.1

100 |- 1d 25

5/2 12

E (MeV)

50 | 0, N-surf.pairing
| Siil, N_ =6, L=53

_ 2
—— E, =zb’ E

e

E 12
-400 I x0.0001

@
o

-
Z
c
=
o
=
©
O
=
(/) —
()
o 4
) i
+ i
[}

E -~
c -
=

> -
(/) -
—o —
=

@®© 4
> 150 = -
o J
Q
o -
= H
('_U -
=

o -
= -
O

= -
3 —
L

> -
5= -
(%))

=

Q
@)

|

>

(@]

0
8=

O
=
n
p=

Nuclear Structure Near the Limits of Stability - Towards a universal density functional for nuclei - Seattle, September 26-30, 2005



PNP within DFT

Deformation Energy Calculations

deformation B

@
o
-
pzd
18 ..
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PNP Skyrme HFB Method

Conclusions

When no singularity exists on the unit circle

=) LN method should be avoided — One should use PLN instead
=) PLN is a good for open shell nuclei — Error is less than 250 KeV
=) PLN is wrong for closed shell nuclei — Error could be more than 1 MeV
=) One should try to correct PLN — Projecting from neighboring nuclei
PNP versus DFT
=) All singularities cancel if EDF is exact
For an approximate functional:
=) Shift Invariance is broken — Locally it is satisfied
=) Energy Sum rule is not satisfied — Satisfied on the unit circle only
) Density dependence is not analytical — Valid even for Gogny forces
=) Instability in VAP — No solution at the moment
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