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Pulsar glitches 
 

 Pulsar spin-down 

   
 

emission of e.m. and gravitational waves   →  0Eem >&  

energy conservation  →  0)2I2
1(

dt
dEem =Ω+&   

⇓ 
 

decrease of rotational frequency  →   0<Ω&  
 

 Rotational glitches  

spin-ups  →   610−≈
Ω

∆Ω  (Vela)    810−≈
Ω

∆Ω  (Crab) 

 

 



  

Superfluidity in Neutron Stars 
 

 

 
 Inner crust  ( ρdrip

    <  ρ   <   0.6 ρnuc ) 
 
gas of unbound superfluid neutrons (1S0 pairing) →  Gn  

lattice of neutron-rich nuclei (Wigner-Seitz cells) → WS  N RR ,  
 

 
Negele & Vautherin (1973) 



  

Quantized vortex lines 
 
 

 Quantized vortex lines 
 

superfluidity   →   irrotational flow  →    0 v         s =×∇
r

 
 

classical vortex  →     ê  
r
C       vs θ=

r    →    ) r(δ   v  
 

s     Cπ2        (2) rr
=×∇     

  

    s v
r

minimizes  Ω   L  -     E lablabΩ  E   
rr

⋅=      (if       cr ΩΩ > ) 
 

   s v
r

singular at   0r    =  →  vortex core (empty or normal matter) 

  
 

  
 
 

quantized vortex lines  →   )          (        
 2m

        C 1,2,
 N

L
h == kk  

 

quantized vorticity   →    "  )          v         ( 
 2m

        l d    1,2,
 N 

s L
rr

==⋅ khk  

 
 
 

Flux lines 

core 



  

Rotations of a superfluid 
 
 

 Rotating vessel: Feynman-Onsager formula 
 

 0       Ω 2      ) r  Ω (    ≠=××∇
rrr

  →   no rigid rotations   Ω 
r

 

array of parallel vortices  (if    cr ΩΩ >> )  →        vs =><
r ∑  v  s ii

r  
 
 

 
 

  EΩ minimized by   r  Ω      v   s
rrr ×=><        

 

⇓ 
 

uniform density of vortices  →    Ω  
 
  4m

   
 πR

N
     N

2
 v

  vn
h

==  

 

   ⇓  ⇓ 

superfluid angular momentum quantized in vortices  
 
 
 
 



  

Vortex theory for glitches 
 
 

 Vortex pinning and Magnus force 
 

if superfluid vortices are pinned  →    0     vn =&    →   0       Ω s =&  

    but slow-down of normal component   →   0n <Ω&  

          ⇓ 
rotational lag of components   →   0  Ω  - Ω  Ω ns >=∆  

outward drag force on vortex    →    Ω mag ∆∝f    
 
 

 Vortex un-pinning and glitches  
 

since 0  Ω >∆ &    →   magf  increases with time 

pinning energy  →  maximum pinning force  pinf  

when  pinmag ff ≥    →    unpinning of many vortices 

⇓ 
transfer of angular momentum to the star surface   

⇓  ⇓ 

normal component spin-up  ⇒  pulsar glitch 
 
 

Self-repeating mechanism !  
 

Glitches as evidence of macroscopic superfluidity !  

 



  

Vortex-nucleus interaction 
 
 Why is there an interaction? 

 
energy density is density-dependent   →  ( )εε = n  

inner crust (nuclei + neutron gas)   →  GN nn >>  

⇓ 

presence and position of nuclei modify ( )ε n  
 

 Configurations and pinning energy 
 

vortex-nucleus configurations in nuclear lattice 

                       ↓                                          ↓ 

 
                      ↓                                          ↓ 
                      NPE                                       IPE  

pinning energy    →  IPNP EEEpin −=∆  
⇓ 

0E pin >∆    ⇒  interstitial pinning  ⇒  negligible 
 

0Epin <∆   ⇒  nuclear pinning  ⇒  real pinning 



  

Pinning energy: early models 
 

 Simple-model assumptions   
 

uniform densities and pairing gap  →   ( )nnn ∆=∆  ,, GN  

superfluid-normal energy difference  →  condkinns εεεε +=−  

kinetic term   →   ( ) nn
2kin r

Bε =         

condensation term   →   ( ) 3
1

A
ε

2

cond

∆
8
3 nn −=    

 ( 200A =  MeV fm2     175B .=  MeV fm2 ) 
 

 Vortex structure 
 

( ) ( ) 0condkin εε =+ nn   →  core radius  →   ( )ncc rr =    (
BCS
ξ= ) 

⇓ 

crr >    →   0εε ns <−    →    superfluid vortex    

crr <    →   0εε ns >−    →    normal core at rest  
  

 superfluid flux

normal core



  

 Naïve pinning energy (Alpar, 1977) 
 

simple assumption   →    pinE∆   related only to  condE∆    

condE∆  due to  NG nn ⇒  over the nucleus volume NV   

⇓ 
( ) ( )[ ] NGN condcondpin εεE Vnn ⋅−≡∆  

 

 Detailed model  (Epstein & Baym, 1988) 
 

realistic density profile for nuclei  →  ( )RNn        

Ginzburg-Landau for neutron pairing    (but        crTT <<  !) 
formula for kinE∆  due to  NG nn ⇒  

⇓ 

Zone→ 1 2 3 4 5 

ρ 1.5×1012 9.6×1012 3.4×1013 7.8×1013 1.3×1014 

∆Epin - 0.4 15 9 5.4 

Fpin - 0.11 3.6 1.9 1.7 

ρ in  g/cm3 ,   ∆Epin   in  MeV ,  Fpin   in  MeV/fm  
 

⇓  ⇓ 
 

nuclear pinning for  ρ  ≥ 1013 g/cm3 

large pinning energies and pinning forces 
 

(but  large rescaling factors are needed in G-L !) 



  

Semi-classical consistent model 
 
 Model assumptions (Donati & Pizzochero, 2004) 

 
Local Density Approximation ( 0T = ) →   ( ) ( ) 3

1
2

F xπ3xp ⎟
⎠
⎞⎜

⎝
⎛=

r
h

r n     

realistic density profile for nuclei  ( )RNn     →   ( )RUN  

all contributions to energy  →   ( )ncondε ,  ( )nkinε ,  ( )nintε  

BCS neutron pairing gap (Argonne)  →  ( )n∆=∆  

require thermodynamical and mechanical equilibrium  
 

 Density profiles determination 
 

find chemical potential   →     
( )( )

( )xδ
xδε

xµ tot
r

r
r

n
n

=⎟
⎠
⎞⎜

⎝
⎛  

 

Thomas-Fermi ansatz   →    ⎟
⎠
⎞⎜

⎝
⎛xµ r

   constant      

 

at given   xr   invert equation   
( )( )

( )
µ

xδ
xδε

tot =r

r

n
n

        ⇒      ( )xrn  

 

total neutron number →   ( ) xdxN
V

3  
rr

∫= n    ⇒   )(ρµ=µ  
 

⇓  ⇓ 
 

Thomas-Fermi  ⇒  mechanical equilibrium 



  

 Vortex core structure 
 

two consistent vortex scenarios    →    surface  coreΣ          

 ⇓                                      ⇓            
                  empty core                        normal matter core 

            ( ) 0cores =Σn                                            ( ) ( )corencores ΣΣ PP =           

           pure phase                             mixed phase 
 

⇓  ⇓ 

coreΣ  axially symmetric but not cylindrical in NP  
 

Model-consistent and unambiguous core surface !  
 

 Equilibrium phase determination 
 

for any given WS-cell and configuration (NP or IP)   

↓  

 calculate for both phases    →    N , E  

at  0T =  and fixed µ     →    potential   µN  -  E  Ω  =     

↓ 

for equilibrium state    →    minimize    µN  -  E  Ω  =  

⇓  ⇓ 
 

  Ωmin  ⇒  thermodynamical equilibrium 



  

Beyond the consistent model 
 

 Realistic pinning  (Donati & Pizzochero, 2005) 
 

few unphysical approximations in fully-consistent model   

supplement model with general properties     

⇓ 
more realistic pinning parameters 

 
 More realistic in-medium pairing 

 
medium polarization →  self-energy & vertex corrections 

 

 
Lombardo & Schulze (2001) 

 
reduction of BCS gap by factor between 2 and 3 

⇓ 
 

rescale Argonne gap   →   Argonne
1

∆=∆
β

 β   with  32 ≤β≤  
 



  

 

 More realistic scale of energies 
 

LDA  →  non-interacting neutrons (Fermi model) 
 

 
Bulgac & Yu (2003) 

 

Fermi systems with  −∞→a   and  ar <<
0

    
 

intermediate-density regime   →   akr
F

<< −1

0
 

⇓ 
 

general property  →    
F
E

N
E

5
3α=   with   50.≅α  

 

 
ρB  in g/cm3 ,    nG   in fm-3 ,  kF,G

-1
   in fm 

⇓ 
 

rescale Fermi term   →   ( ) ( )xx
fer
ε  ε rr  α=α   with  50.=α  



  

 More realistic vortex-nucleus kinetics  
 

continuity equation at nucleus  →  cut-off on vortex flow   

 
approximate analytical formula for nucleus in vortex flow 

⇓ 

2

1
D

Knucleus ∝∆  

 
 Caution: collective pinning!  

 
LDA  →   vortex core always normal   →   

BCScore ξ≈r  
 

 
ξBCS(nG) and RRW  in fm 

 

at large densities  (zones 4 & 5)  →   
WScore R  >r  

 

⇓ 
 

vortex core contains several nuclei   



  

Results of the realistic model 
 
 Pinning energies and forces(*) 

 
 only NP significative  →  0

IPNP
EEE 

pin
<−=∆  

pinning energy    →  
pin

EE 
P

∆=  

average pinning force      →    
WS

R

E
F P

P
=     

EP  in MeV,   FP  in  MeV/fm,   Paper I→ α=β=1,   [5]→ Epstein & Baym, 1988 

⇓ 

nuclear pinning only for 1013 < ρ< 1014 g/cm3 

small pinning energies and pinning forces 

⇓  ⇓   

limited region of weak pinning  
 

(*)  P. Donati & P. Pizzochero, Phys.Rev.Lett. 90(2003)211101;  
                                                 Nucl.Phys. A742(2004)363; 
                                                 Phys.Lett. B(2005)submitted. 
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