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Looking for a universal energy functional

◮ Lect. Not. in Phys. 641

◮ Rev. Mod. Phys. 75 (2003) 121

◮ Rev. Mod. Phys. 75 (2003) 1021

◮ Phys. Rep. 409 (2005) 101

◮ RIA theory Blue book (2005)

[http://www.orau.org/ria/RIATG]

Advantages of an energy functional:

◮ Clear physical picture

◮ Same interaction for all atomic nuclei

◮ Easy implementation

◮ Common framework for stable and unstable nuclei
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Signatures of QCD at low energy

Goldstone modes Quark condensate

Pions as low-energy d.o.f.
Long-range physics should be
explicitly treated

At T ≃ 0, 〈q̄q〉ρ is large
(≃ 1.8 fm

−3) and modifies
nucleon properties
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Inspiration from Kohn-Sham theory

In atomic physics

◮ Relativistic Kohn-Sham functional
[Dreizler, Lect. Not. in Phys. 620]

E0[j
µ] = Tkin[j

µ] + Eext + EHartree [j
µ] + Eexc [j

µ]

Strategy: isolate the (in principle) tractable dominant
contributions from the exc-energy that contains cru-
cial many-body effects Z=⇒ the success relies on Eexc

determination.

◮ Local Density Approximation (LDA)

ELDA
exc =

∫

d3x ǫxc
hom(ρ0)

∣

∣

∣

ρ0→ρ(x)
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Our proposal

Working scheme:

◮ Relativistic nuclear Kohn-Sham functional

E0[j
µ] = Tfree [j

µ] + E(0)[jµ] + Eexc [j
µ] + Ecoul [j

µ]

◮ E(0): Large scalar and vector fields, arising from the
in-medium changes of the chiral condensate 〈q̄q〉 and
the quark density 〈q†q〉, act as background fields (0).

◮ Eexc → Eπexc : The exchange correlation term is
described in terms of pion-nucleon interaction (within
the framework of in-medium ChPT).



Relativistic nuclear
energy density

functional
constrained by

low-energy QCD

Paolo Finelli†,
N. Kaiser†,

D. Vretenar∗,
W. Weise†

Introduction

DFT

Interaction

The model

Spherical nuclei

Deformed nuclei

Conclusions

Appendix

Our proposal

Working scheme:

◮ Relativistic nuclear Kohn-Sham functional

E0[j
µ] = Tfree [j

µ] + E(0)[jµ] + Eexc [j
µ] + Ecoul [j

µ]

◮ E(0): Large scalar and vector fields, arising from the
in-medium changes of the chiral condensate 〈q̄q〉 and
the quark density 〈q†q〉, act as background fields (0).

◮ Eexc → Eπexc : The exchange correlation term is
described in terms of pion-nucleon interaction (within
the framework of in-medium ChPT).



Relativistic nuclear
energy density

functional
constrained by

low-energy QCD

Paolo Finelli†,
N. Kaiser†,

D. Vretenar∗,
W. Weise†

Introduction

DFT

Interaction

The model

Spherical nuclei

Deformed nuclei

Conclusions

Appendix

Our proposal

Working scheme:

◮ Relativistic nuclear Kohn-Sham functional

E0[j
µ] = Tfree [j

µ] + E(0)[jµ] + Eexc [j
µ] + Ecoul [j

µ]

◮ E(0): Large scalar and vector fields, arising from the
in-medium changes of the chiral condensate 〈q̄q〉 and
the quark density 〈q†q〉, act as background fields (0).

◮ Eexc → Eπexc : The exchange correlation term is
described in terms of pion-nucleon interaction (within
the framework of in-medium ChPT).



Relativistic nuclear
energy density

functional
constrained by

low-energy QCD

Paolo Finelli†,
N. Kaiser†,

D. Vretenar∗,
W. Weise†

Introduction

DFT

Interaction

The model

Spherical nuclei

Deformed nuclei

Conclusions

Appendix

Nuclear interaction

Background fields

[Prog. Part. Nucl. Phys. 35 (1995) 221; 27 (1991) 77]

Σ
(0)
S ≃ −

σNMN

m2
πf

2
π

ρ + . . .

Σ
(0)
V ≃

4(mu + md)MN

m2
πf

2
π

ρ + . . .

Of approximately equal
magnitude (300 MeV) but
of opposite sign
Z=⇒ origin of the

spin-orbit interaction
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Background fields: in-medium QCD sum rules

In-medium nucleon self-energies

Σ
(0)
S = −

8π2

Λ2
B

[〈q̄q〉ρ − 〈q̄q〉0] = −
8π2

Λ2
B

σN

mu + md
ρs

Σ
(0)
V =

64π2

3Λ2
B

〈q†q〉ρ =
32π2

Λ2
B

ρ

Strong scalar and vector
mean fields generated
by in-medium changes
of QCD condensates

◮ Scalar self-energy

Σ
(0)
S = MN(ρ) − M∗

N(ρ) = −
σNMN

m2
πf 2

π

ρs

◮ Vector self-energy

Σ
(0)
V =

4(mu + md )MN

m2
πf 2

π

ρ

◮ Estimates

Σ
(0)
S

Σ
(0)
V

=
G

(0)
S ρs

G
(0)
V ρ

= −
σN

4(mu + md )

ρs

ρ
≃ −1

Ioffe’s sum rule

MN = −
8π2

Λ2
B

〈q̄q〉0

GMOR relation

(mu + md )〈q̄q〉0 = −m
2
π

f
2
π
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Spin-orbit from in-medium QCD sum rules

Equation of motion

 

[Σ
(0)
S + Σ

(0)
V ] −iσ · ∇

−iσ · ∇ [−Σ
(0)
S + Σ

(0)
V ]

! „
φk

χk

«

=

„
ǭk 0
0 2MN + ǭk

« „
φk

χk

«

Non-relativistic reduction

0

B
B
@
−∇

1

2Meff
N (r)

∇

| {z }

+ Σ
(0)
V + Σ

(0)
S

| {z }

+
1

r

d

dr

 

1

2Meff
N (r)

!

l · σ

| {z }

1

C
C
A
φk = ǭkφk

Kinetic Central Spin − orbit

If Σ
(0)
S /Σ

(0)
V ≃ −1

8
>><

>>:

Central Σ
(0)
V + Σ

(0)
S ≃ 0

Spin − orbit Meff
N (r) ≃ MN − 1

2
(Σ

(0)
V − Σ

(0)
S )

| {z }

≃ 600/700 MeV
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Nuclear interaction

Background fields

[Prog. Part. Nucl. Phys. 35 (1995) 221; 27 (1991) 77]

Σ
(0)
S ≃ −

σNMN

m2
πf

2
π

ρ + . . .

Σ
(0)
V ≃

4(mu + md)MN

m2
πf

2
π

ρ + . . .

Of approximately equal
magnitude (300 MeV) but
of opposite sign
Z=⇒ origin of the

spin-orbit interaction

Exchange correlation term

[Nucl. Phys. A750 (2005) 259]

The nuclear matter energy
density is calculated at
three loop order, including
medium and ∆-insertions.
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Exchange correlation term: in-medium ChPT

Key ingredient: In-medium propagator

= (/p + MN ) [ i
p2−M2

N
+iǫ

−2πδ(p2 − M2
N)θ(kf − |~p2|)θ(p0)]

full vacuum medium

◮ Expansion of Ē (kf ) = E(kf )/A in powers of
q

Q
with

q = kf ,mπ,M∆ − MN small momentum ≤ 300 MeV
Q = MN , 4π, fπ large momentum ≃ 1 GeV

◮ Ē (kf ) can be written as:

Ē (kf ) =
3k2

f

10MN
− α

(

kf

mπ

)

k3
f

M2
N

+ β

(

kf

mπ

)

k4
f

M3
N

+ . . .
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Exchange correlation term: in-medium ChPT

First step: no delta intermediate states

[Nucl. Phys. A697 (2002) 255; Nucl. Phys. A700 (2002) 343; Nucl. Phys. A724 (2003) 47]

Kinetic energy O(q2)

1π − exchange O(q3)

Iterated 1π − exchange O(q4)

Irreducible 2π − exchange O(q5)

Regularization

A single contact term (or an equivalent cut-off Λ ≃ 2πfπ)
at order k3

f adjusted to empirical saturation point.
Encodes unresolved short-distance information.
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Exchange correlation term: in-medium ChPT
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Asym = 33.8 MeV, U(0, kf 0) = −53.2 MeV
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Exchange correlation term: in-medium ChPT

Inclusion of Delta-intermediate states
[Nucl. Phys. A750 (2005) 259]

Irreducible 2π-exchange:

Divergent momentum space loop integrals are regularized by
(few) subtraction constants

∆Ē (kf )
(ct) = b3

k3
f

Λ2
+ b5

k5
f

Λ4
+ b6

k6
f

Λ5

∆S̄2(kf )
(ct) = a3

k3
f

Λ2
+ a5

k5
f

Λ4
+ a6

k6
f

Λ5

with Λ = 2πfπ ≃ 0.58 MeV
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Exchange correlation term: in-medium ChPT
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Asym = 34.0 MeV, U(0, kf 0) = −78.2 MeV
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Formalism

Functional : E0[ρ̂] = Efree [ρ̂] + E(0)[ρ̂] + Eπexc [ρ̂] + Ecoul [ρ̂]

Efree [ρ̂] =

Z

d3x 〈φ0|ψ̄[−iγ · ∇+ MN ]ψ|φ0〉 Free

E(0)[ρ̂] =
1

2

Z

d3x [〈φ0|G
(0)
S (ψ̄ψ)2|φ0〉 + 〈φ0|G

(0)
V (ψ̄γµψ)2|φ0〉] BG

Eπ
exc [ρ̂] =

1

2

Z

d3x [〈φ0|G
π
S (ρ̂)(ψ̄ψ)2|φ0〉 + 〈φ0|G

π
V (ρ̂)(ψ̄γµψ)2|φ0〉]

+

Z

d3x [〈φ0|G
π
TS (ρ̂)(ψ̄~τψ)2|φ0〉 + 〈φ0|G

π
TV (ρ̂)(ψ̄γµ~τψ)2|φ0〉]

−

Z

d3x [〈φ0|D
π
S (∇ψ̄ψ)2|φ0〉 + 〈φ0|D

π
V (∇ψ̄γµψ)2|φ0〉]

ff

Pions

Ecoul [ρ̂] =
1

2

Z

d3x 〈φ0|A
µe

1 + τ3

2
(ψ̄γµψ)|φ0〉 Coulomb

Equation of motion

[−iβα · ∇ + MN + γ0Σ
0
V + γ0τ3Σ

0
TV + γ0Σ

0
R + ΣS + τ3ΣTS ]ψk = ǫkψk
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How to include in-medium ChPT calculations

Application of the Hugenholtz-Van Hove theorem:

. . . for a system with zero pressure (i.e. a Fermi liquid at absolute
zero) the Fermi energy is equal to the average energy per particle
E/N of the system.

-20

-10

0

10

20

30

E
/A

 (
M

eV
)

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
ρB(fm

-3
)

in-medium ChPT
ChPT-mapping
no  ΣR

Rearrangement terms (Σ0
R) can not be neglected

[Phys. Rev. C52 (1995) 3043]
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Density-dependent couplings

G(ρ) =

QCD Sum Rules
| {z }

high order
| {z }

g3(b3, a3,G
(0)
S ,G

(0)
V ) + g4ρ

1/3 + g5(b5, a5)ρ2/3 + g6(b6, a6)ρ
z }| {

ChPT
z }| {

ChPT
z }| {

ChPT
z }| {

ChPT

Background terms
Fit FKVW QCD SR

G
(0)
S [fm2] - 11.5 -11.0

G
(0)
V [fm2] 11.0 11.0

Counter terms / Pionic fluctuations
Fit FKVW ChPT

b3 -2.93 -3.05
a3 2.20 2.16
b5 0 0
a5 0 -3.5
b6 -5.68 -2.83
a6 -0.13 2.83

D
(π)
S [fm4] -0.76 -0.7

◮ nice agreement for the
QCD SR estimates

◮ truncation at order k6
f is

not adequate for finite
nuclei
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Gradient terms
Inhomogeneous systems: a density-matrix expansion could be used to derive

E(ρ,∇ρ) = ρ Ē(kf ) + (∇ρ)2 F∇(kf ) + . . .

To estimate our derivative term D
(π)
S , we approximate F∇ by a costant

D
(π)
S = −2F∇ = −0.7 fm4 ≃ −140 MeVfm5

0 0.05 0.1 0.15 0.2

 ρ [fm-3
]

0

25

50

75

100

125

150

 F
gr

ad
 [M

ev
 fm

5 ]

 no-∆ 
 with ∆ 

Sly

SIII

MSk

◮ Anoumalous
behaviour close to
zero density due to
chiral singularities

lim
ρ→0

F∇ = 340 Mevfm5

◮ The shaded area
represents a region
where calculations
are under control

This estimate −0.7 fm4 is in good agreement with the fitted value −0.76 fm4
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In practice...

Functional : E0[ρ̂] = Efree [ρ̂] + E(0)[ρ̂] + Eπexc [ρ̂] + Ecoul [ρ̂]

⇓

Antisymmetrized single particle (qp) basis Ψn

⇓

Dirac equation of motion (RHB)

(

ĥD − MN − λ ∆̂

−∆̂∗ −ĥD + MN + λ

) (

Uk(r)
Vk(r)

)

= Ek

(

Uk(r)
Vk (r)

)

⇓
Self-consistent calculations

⇓
Observables, check with experimental data
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Lead isotopes
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Binding energies within 0.4%

Exp. data:

Audi, Wapstra and Thibault (2003), Nadiakov, Marinova and Gangrsky (1994)
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Tin isotopes
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Neutron and proton radii (Tin and Lead isotopes)

100 110 120 130 140
-0.1

0

0.1

0.2

0.3

Exp. data
FKVW [2005]

180 190 200 210 220
A

0.1

0.2

0.3r n -
 r

p (
fm

)

Sn

Pb
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Krasznahorkay et al. (1999), Krasznahorkay et al. (1994)
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Form factors
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Binding energies
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Charge radii
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Deformations
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Perspectives

Present:

◮ Successful description of ground-state properties in
finite nuclei

◮ Linking to the low-energy phenomenology of QCD

Future:

◮ Hypernucley

◮ Collective motions (QRPA)

◮ Clear identification of the three-body term
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Self-energies

From the variation of the vertex functionals

δLint

δψ̄
=
∂Lint

∂ψ̄
+
∂Lint

∂ρ̂

δρ̂

δψ̄
with

δρ̂

δψ̄
=
∂ρ̂

∂ψ̄
= γµûµψ and ρ̂ûµ = jµ

the self-energies are defined as

ΣV = [G
(0)
V + G

(π)
V (ρ)]ρ + eA0 1 + τ3

2

ΣTV = G
(π)
TV (ρ) ρ3

ΣS = [G
(0)
S + G

(π)
S (ρ)]ρS + D

(π)
S ∇

2ρS

ΣTS = G
(π)
TS (ρ) ρS3 ,

ΣR =
1

2

(

∂G
(π)
V (ρ)

∂ρ
ρ2 +

∂G
(π)
S (ρ)

∂ρ
ρ2

S +

∂G
(π)
TV (ρ)

∂ρ
ρ2

3 +
∂G

(π)
TS (ρ)

∂ρ
ρ2

S3

)
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Self-energies

U(p, kf ) − UI (p, kf )τ3δ + O(δ2) with δ =
ρn − ρp

ρn + ρp

where

U(kf ; b3, b5, b6) = [c3 + 2b3 ]
k3
f

Λ2
+ c4

k4
f

Λ3
+

»

c5 +
8

3
b5

–

k5
f

Λ4
+ [c6 + 3b6 ]

k6
f

Λ5

and

UI (kf , a3, a5, a6, b5) = [d3 + 2a3 ]
k3
f

Λ2
+ d4

k4
f

Λ3
+

»

d5 + 2a5 −
10

9
b5

–

k5
f

Λ4
+ [d6 + 2a6 ]

k6
f

Λ5

Comparison

8

>

>

>

<

>

>

>

:

ΣChPT

S (kf , ρ) = 1
2
U(kf , kf )

ΣChPT

V (kf , ρ) = 1
2
U(kf , kf )

ΣChPT

TS (kf , ρ) = − 1
2
UI (kf , kf )δ

ΣChPT

TV (kf , ρ) = − 1
2
UI (kf , kf )δ

Σ
PC

S (kf , ρ) = G
(π)
S

(ρ) ρS

Σ
PC

V (kf , ρ) = G
(π)
V

(ρ) ρ

+
1

2

8

<

:

∂G
(π)
V

(ρ)

∂ρ
ρ

2
+

∂G
(π)
S

(ρ)

∂ρ
ρ

2
S

9

=

;

Σ
PC

TS (kf , ρ) = G
(π)
TS

(ρ) ρS3

Σ
PC

TV (kf , ρ) = G
(π)
TV

(ρ) ρ3
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Influence of the three-body term

Central potential

U(r) = U3
ρ(r)

ρ(0)
+ U4

„
ρ(r)

ρ(0)

«4/3

+ U5

„
ρ(r)

ρ(0)

«5/3

+ U6

„
ρ(r)

ρ(0)

«2

-100

0

100

U
S 

 +
 U

V
 [M

eV
]

k
f

3
k

f

4
k

f

5 k
f

6

◮ Almost no contribution from
background fields

U(0) = G
(0)
S ρS + G

(0)
V ρ ≃ 0

◮ Convergence still to be achieved

◮ Terms of order ρ4/3 and ρ5/3 are
free-parameters
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Shape coexistence: experimental status
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Shape coexistence: theoretical overview
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E = 〈Ĥ〉 −
∑

q=p,n

λq〈N̂q〉 +
1

2

∑

a

Ca(〈Q̂a〉 − µa)
2
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