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Self-Consistent Mean Field Models 101: Ingredients

1.) independent (quasi-) parti
le states2.) e�e
tive intera
tion3.) self-
onsisten
y4.) stationary states ⇒ equations-of-motion
• full model spa
e of o

upied states
• universal e�e
tive intera
tion or energy density fun
tional(no agreement about a unique intera
tion, though: Skyrme, Gogny, Fayans, relativisti
Lagrangians, . . . ; many parameterizations thereof)
• Intuitive interpretation in terms of 




shapes of a nu
lear liquidshells of single-parti
le states



Self-Consistent Mean Field Models 101: Limitations and Problems

• very limited a

ess to spe
tros
opy{ 
ertain rotational bands in well-deformed nu
lei through 
ranking{ (harmoni
) vibrations from linear response theory in the small amplitude limitof time-dependent mean-�eld theory (QRPA); no 
oupling between ex
itation modes.
• nu
lei are des
ribed in a body-�xed intrinsi
 frame
⇒ symmetry breaking. Mean-�eld states are not eigenstates ofparti
le number for HFB states (pairing)momentum for �nite nu
leiangular momentum for deformed nu
leiparity for o
tupole-deformed nu
lei

⇒ done on purpose: adds np-nh and p-p shell-model 
orrelations

⇒ but: still missing 
orrelations related to symmetry restoration

⇒ diÆ
ult 
onne
tion to the lab frame for spe
tros
opi
 observables

• arbitrary when energy 
hanges slowly with 
olle
tive 
oordinate:transitional nu
lei ⇔ many near-degenerate mean-�eld states

• interpretation of 
oexisting minima:mean-�eld states with di�erent deformation are not orthonormal.



Correlations within and beyond the mean fieldSome semanti
s:

• stati
 
orrelations: deviation of a single deformed and paired mean-�eld state from aspheri
al Slater determinant.

• dynami
al 
orrelations: 
u
tuations around a mean-�eld state, to be des
ribed by a
oherent superposition of many mean-�eld states.
• All short-range 
orrelations are assumed to be integrated out in the e�e
tive intera
tion.



Going Beyond the Mean Field I: Projection (After Variation)

• parti
le-number proje
tion (separately for protons and neutrons)
P̂N0

=
1

2π

∫2π

0

dφN eiφN(N̂−N0)

• angular-momentum proje
tion

P̂J
MK =

2J + 1

16π2

∫4π

0

dα

∫π

0

dβ sin(β)

∫2π

0

dγ D∗J
MK(α,β, γ)

︸ ︷︷ ︸Wigner fun
tion rotation operator
︷ ︸︸ ︷
R̂(α,β, γ)

|JMN0Z0q〉
︸ ︷︷ ︸proje
ted state =

1

N

+J∑

K=−J

FJ∗
K P̂J

MK P̂N0
P̂Z0

|q〉
︸︷︷︸mean-�eld stateSigni�
antly simpli�ed for matrix elements of axial states| one rotation angle only, no K mixing

P̂J
M0 =

2J + 1

2

∫π

0

dβ sin(β) dJ
M0(β) R̂(0, β, 0)



Going Beyond the Mean Field I: Projection (After Variation)



Going Beyond the Mean Field II: Configuration Mixing via the Generator Coordinate Method

mixed proje
ted many-body state: |JMi〉 =
∑

q

fJi(q) |JMq〉





fJi(q) weight fun
tion
|JMq〉 proje
ted mean-�eld statestationarity: δ

δf∗Ji(q)

〈JMi|Ĥ|JMi〉

〈JMi|JMi〉
= 0

⇒ Hill-Wheeler-GriÆn equation

∑

q ′

[

HJ(q, q ′)−Ei IJ(q, q ′)
]

fJ,i(q
′) = 0





HJ(q, q ′) = 〈JMq|Ĥ|JMq ′〉 Hamiltonian kernel

IJ(q, q ′) = 〈JMq|JMq ′〉 norm kernel

• 
orrelated ground state (for ea
h J)
• ex
ited states (from orthogonalisation to the ground state)
• the weight fun
tions fJ

k(q) are not orthonormal
⇒ orthonormal 
olle
tive wave fun
tions are obtained as gk(q) =

∑
q ′ I1/2(q, q ′) fk(q ′)

D. L. Hill, J. A. Wheeler, Phys. Rev. 89 (1953) 1102; J. J. GriÆn, J. A. Wheeler, ibid. 108 (1957) 311



Going Beyond the Mean Field II: Configuration Mixing via the Generator Coordinate Method

. ..
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..

. .
.. .

.. .... ... .. .

M. B., P. Bon
he, T. Duguet, P.-H. Heenen, Phys. Rev. C 69 (2004) 064303.



Going Beyond the Mean Field II: Configuration Mixing via the Generator Coordinate Method

• Proje
tion is a spe
ial 
ase of the GCM, where exa
tly degenerated states are mixed. Thegenerators of the symmetry group involved de�ne the 
olle
tive path, while the weightfun
tion is determined by the restored symmetry.

• Angular momentum-proje
tion is part of what 
an be 
alled \quadrupole 
orrelations",as it mixes states with di�erent orientations of the quadrupole tensor.
⇒ For 
onsisten
y, 
on�guration mixing of states with di�erent quadrupole momentshould be done together with angular momentum proje
tion.
• There is no 
olle
tive potential or 
olle
tive mass in the GCM method { they appear inapproximations to the GCM as, for example, the Bohr-Hamiltonian.
• Without exa
t parti
le-number proje
tion, it is not guaranteed that matrix elementsbetween di�erent mean-�eld states have the right parti
le number. Proje
tion eliminatesthe problem, otherwise one has to use 
orre
tion s
hemes that add further approximations.

• There is 
onservation of trouble: by introdu
ing spurious divergen
ies, parti
le-numberproje
tion 
auses new problems that one does not have without (see Mario Stoitsov's talk)



β
(t)

2 (Jk) =
4π

3R2A

s

B(E2;Jk → J′
k

−2)

〈J020|(J−2)0〉2e2

with R = 1.2A1/3

B(E2;J′k ′ → Jk) =
e2

2J′ +1

+J∑

M=−J

+J ′

∑

M ′=−J ′

+2∑

µ=−2

|〈JMk|Q̂2µ |J′M′k′〉|2 =
e2

2J′ +1

˛

˛

˛

∑

q,q ′

f∗J,k(q)fJ ′,k ′(q′)〈Jq||Q̂2||J′q′〉
˛

˛

˛

2



Promesse: Mixing of axially symmetric time-reversal-invariant states

• 
on�guration mixing of parti
le-number and angular-momentum proje
ted states
• mass quadrupole moment serves as the generator 
oordinate
• time-reversal invariant self-
onsistent HF+BCS or HFB states
• full model spa
e of o

upied parti
les.

• approximate parti
le-number proje
tion before variation �a la Lipkin-Nogami
• representation of the single-parti
le states on a 3d Lagrange mesh
• restri
tion to axially and re
e
tion-symmetri
 shapes ⇒ J even, K = 0, P = +1

• Skyrme intera
tion SLy4 or SLy6 in the parti
le-hole 
hannel+ density-dependent lo
al pairing intera
tion (\surfa
e pairing")
24Mg A. Valor, P.-H. Heenen, P. Bon
he, Nu
l. Phys. A671 (2000) 145.

16O M. B., P.-H. Heenen, Nu
l. Phys. A713 (2003) 390.
32S, 36,38Ar, 40Ca M. B., H. Flo
ard, P.-H. Heenen, Phys. Rev. C 68 (2003) 044321.

186Pb T. Duguet, M. B., P. Bon
he, P.-H. Heenen, Phys. Lett. B559 (2003) 201.

182−194Pb M. B., P. Bon
he, T. Duguet, P.-H. Heenen, Phys. Rev. C 69 (2004) 064303.

240Pu M. B., P.-H. Heenen, P. Bon
he, Phys. Rev. C 70 (2004) 054304.
orrelation energies M. B., G. F. Berts
h, P.-H. Heenen, Phys. Rev. C 69 (2004) 034340.M. B., G. F. Berts
h, P.-H. Heenen, Phys. Rev. Lett. 94 (2005) 102503.M. B., G. F. Berts
h, P.-H. Heenen, nu
l-th/0508052



Masses from Mean-Field Calculations

M. B., G. F. Berts
h, P.-H. Heenen, Phys. Rev. Lett. 94 (2005) 102503.



Readjustment of the density functional
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• The slightly wrong trend with mass and isospin 
an be removed by a slight (a fewpermille) readjustment of the parameters of SLy4.G. F. Berts
h, B. Sabbey, M. Uusn�akki, Phys. Rev. C 71 (2005) 054311.



. . . .

. . .

Typical Situations

nu
leus Edef EJ=0 EGCM E
orr
208Pb 0.0 1.7 0.0 1.7
180Hg 3.0 2.6 0.5 3.1
170Hf 12.2 2.9 0.5 3.4
202Rn 2.6 2.7 1.4 4.0

48Ca 0.0 1.4 0.7 2.0

32S 0.0 3.8 0.9 4.7

28Si 0.7 4.2 0.6 4.9

M. B., G. F. Berts
h, P.-H. Heenen, nu
l-th/0508052



Ground-state correlation energies made simple

• Full 
al
ulation requires

nJ ≈ 5 . . . 15 rotated states

nq ≈ 7 . . . 25 deformations 



⇒ nJ ×

nq(nq + 1)

2
≈ 150 . . . 5000 mixed 
on�gurations

• For large-s
ale 
al
ulations of masses and other ground state observables, it is desirableto have a faster method

⇒ Gaussian overlap approximation (GOA)
• topologi
al GOA for the angular momentum proje
tion. The rotational operator has to beapplied only on
e

• only diagonal matrix elements and matrix elements between nearest neighbors are
al
ulated expli
itely for the GCM
⇒ nJ × [nq + (nq − 1)] ≈ 26 . . . 100 
al
ulated matrix elements
⇒ A

ura
y better than 300 keV ⇒ suÆ
ient for study of systemati
s of quadrupole
orrelation energies
⇒ emphasis on ground state | most information on spe
tros
opy is lostM. B., G. F. Berts
h and P.-H. Heenen, Phys. Rev. C 69 (2004) 034340



Induced Deformations
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M. B., G. F. Berts
h, P.-H. Heenen, nu
l-th/0508052



Quadrupole Correlation Energies

M. B., G. F. Berts
h, P.-H. Heenen, Phys. Rev. Lett. 94 (2005) 102503.



Static and Dynamic Quadrupole Correlation Energies

M. B., G. F. Berts
h, P.-H. Heenen, nu
l-th/0508052



Masses including Quadrupole Correlation Energies

M. B., G. F. Berts
h, P.-H. Heenen, Phys. Rev. Lett. 94 (2005) 102503.



M. B., G. F. Berts
h, P.-H. Heenen, nu
l-th/0508052
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l-th/0508052



Systematics of Mass-Difference Formulas
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S2n(N,Z) = E(N − 2, Z) − E(N,Z) M. B., G. F. Berts
h, P.-H. Heenen, nu
l-th/0508052



Systematics of Mass-Difference Formulas
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h, P.-H. Heenen, nu
l-th/0508052



Systematics of Mass-Difference Formulas
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δ2p(N,Z) = E(N,Z − 2) − 2E(N,Z) + E(N,Z + 2)M. B., G. F. Berts
h, P.-H. Heenen, nu
l-th/0508052



Systematics of Mass-Difference Formulas

. . . . . . . . . . . . . . . . .. .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . .
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. . .

. . . . . . . . . . .
.

δ2p(N,Z) = E(N,Z − 2) − 2E(N,Z) + E(N,Z + 2)provides an approximation to twi
e the gap in the single-parti
le spe
trum at shell 
losuresif the intrinsi
 stru
ture of the nu
lei involved does not 
hange

• This assumption is not valid for the Z = 50 and Z = 82 shells. Adja
ent nu
lei are mu
hsofter than the Z = 50 and Z = 82 isotopes, or even deformed.M. B., G. F. Berts
h, P.-H. Heenen, Phys. Rev. Lett. 94 (2005) 102505



Systematics of Mass-Difference Formulas
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Intrinsic Deformation and Quadrupole Correlation Energy

M. B., G. F. Berts
h, P.-H. Heenen, nu
l-th/0508052



Systematics of rms charge radii

data taken from I. Angeli, Atom. Data Nu
l. Data Tables 87, 185 (2004).M. B., G. F. Berts
h, P.-H. Heenen, nu
l-th/0508052



Isotopic shifts of charge ms radii
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c(N,Z) = r2(N,Z) − r2(N,Z0) M. B., G. F. Berts
h, P.-H. Heenen, nu
l-th/0508052



Isotopic shifts of charge ms radii
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Status of the Project

• Con�guration mixing of symmetry-restored mean-�eld states provides a tool to analyzeand predi
t ground-state and spe
tros
opi
 properties

• The method keeps the intuitive features of mean-�eld models (shapes, shells) and addsnew features as ex
itation spe
tra, transition moments, et
, and allows the des
ription ofadditional phenomena as shape 
oexisten
e.

• The method 
an be applied to all (but the lightest) nu
lei using a universal intera
tion.

• Adding beyond-mean-�eld quadrupole 
orrelations improves the systemati
s of bindingenergies, in parti
ular around magi
 numbers.
• For light nu
lei, the beyond-mean-�eld quadrupole 
orrelation energy is of the sameorder as the mean-�eld quadrupole deformation energy.
• The density of ex
ited states is too low with the implementation of the model assumingaxial symmetry and time-reversal-invariant states.
• Certain ex
itation modes 
annot (yet) be des
ribed.
• Going beyond the mean-�eld does not (yet) 
ure all de�
ien
ies of mean-�eld models, asthe 
urrent e�e
tive intera
tions 
annot be expe
ted to be the best starting point to do so.

⇒ Present results are en
ouraging, but there is a lot of work left to be done.



Outlook: Possible Future DevelopmentsAdditional generator 
oordinates:non-axial quadrupole moment ⇔ full 5d quadrupole dynami
s work in progress\pairing gaps" ⇔ dynami
al pairing work in progresso
tupole deformation ⇔ o
tupole vibrations for the momentwithout J proje
tionbut with Π proje
tion

• 
hoi
e of generator 
oordinates and the 
olle
tive path
• role of diabati
 states

• E�e
tive Intera
tion:| improve �t proto
ol and strategy| re�t with ground-state 
orrelations| revisit density dependen
e | e�e
tive mass | spin-orbit intera
tion | . . .| establish link to bare nu
leon-nu
leon intera
tion
• what about odd-A and odd-odd nu
lei?
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