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EFTs

Effective Field Theories are based on the premise that we can integrate out
all degrees of freedom from a QFT above a scale Λ.

• Write a field theory with infinite number of terms, obeying only the
symmetries of the underlying one.

• Determine constants from theory (hard), experiment (possible but only
finite number).

• Need a “power counting” to order terms.

• We then use experiment to determine the LECs (that depend on Λ)
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Expansion parameters

(Follows Kaplan, Savage, Wise)
A field theory with cut-off Λ naturally gives rise to a problem with Yukawa
potential

V (r) = −
g2

4π

e−Λr

r
Schrödinger equation in relative coordinates (scaled with M)

[

−∂2
x + η

e−x

x
−

p2

Λ2

]

Ψ = 0

x = Λr, η =
g2M

4πΛ
, p2 = ME

There are two possible expansion parameters:
1-η (Born approximation)
2-p/Λ (Effective Field Theory)
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Effective range expansion

We can write S matrix as S = 1 + i
Mp

2π
T .

For the case of S-wave scattering we have

T =
4π

M

1

p cot δ − ip
.

Effective range expansion:

p cot δ = −
1

a
+

1

2
Λ2

∞
∑

n=0

rn

(

p2

Λ2

)n+1

a is scattering length, r0 is effective range.
Now expand T in powers of p/Λ.

Natural if 1/a ∼ Λ; Unnatural if 1/a � Λ; (also need rn ∼ 1/Λ)
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Natural Case

Here we can expand

T = −
4πa

M
[1 − iap + (ar0 − a2)p2 + O(p3/Λ3)]

How can EFT reproduce this? Start with

L = N †(i∂t + ∇
2/2M)N +

+(µ/2)4−D1

2

[

−C0(N
†N)2 +

C2

8

[

(NN)†(N
↔

∇

2

N) + h.c.

]]

+ . . .

Tree level:

iT = −i(µ/2)4−D

∞
∑

n=0

C2n(µ)p2n
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Loops:

Loop integrals (in minimal subtraction: remove any pole of form
1/(D − 4), take limit D = 4). Typical form (q2n from vertices)

In = −i(
µ

2
)4−D

∫

dDq

(2π)D
q2n i

E/2 + q0 −
q2

2M
+ iε

i

E/2 − q0 −
q2

2M
+ iε

= −i
M

4π
p2n+1

iT = −i(µ/2)4−D

∞
∑

n=0

C2n(µ)p2n
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Resummation and Counting

We can sum all bubble diagrams to

T =

∑

C2np2n

1 + i(Mp/4π)
∑

C2np2n

Here C2n is independent of µ.
Counting: each derivative gives power of p, loop carries another p.
Natural expansion:

T0 = −C0, T1 = iC2
0

Mp

4π
, T2 = C3

0(
Mp

4π
)2 − C2p

2.

Thus

C0 =
4πa

M
, C2 = C0

ar0

2
, . . .
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Unnatural Case

In real nuclear physics singlet scattering length as = −23.714 fm,
1

as
= 8.3MeV. Gives a new low energy scale to the problem (no pions

implies Λ ≈ mπ = 140 MeV).
This means p/Λ is small—expand, but ap is large—keep!
In the effective range expansion

T = −
4π

M

1

1/a + ip

(

1 +
r0/2

1/a + ip
p2 + . . .

)

First term looks much like C0 bubble sum. Let’s use slightly different
subtraction scheme (necessary to get counting!)

T−1 = −
C0

1 + C0M
4π

(µ + ip)
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Counting

One can now try to do a scale analysis, and find

C2n(µ) ∼
4π

MΛnµn+1

For normal sized µ ∼ p, C2n ∼ 1/pn+1. Derivatives propto p, gives clean
ordering! (Cn term goes like p2n/pn+1 = pn−1)
Can relate back to a and r0,

C0(µ) =
4π

M

(

1

−µ + 1/a

)

, etc.

Couplings now “run” (depend on µ), but have consistent counting.
Running implies that physics is independent of µ,
leads to renormalization group flow for C’s.
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Example
Effective Field Theory for Few-Nucleon Systems 11
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Figure 2: 3S1 NN phase shift (in degrees) as function of the center-of-mass
momentum. The LO result is the dashed (purple) line, the N2LO the dotted
(red) line and N4LO the thick (blue) solid curve. The dot-dashed line is the
Nijmegen PSA. From Ref. (15), courtesy of M. Savage.

Electromagnetic effects in proton-proton scattering were considered in the EFT
approach in Ref. (27).

Up to this point we have considered only NN scattering, where the predictive
power of the pionless EFT is very small. We were able however to determine
many LECs using scattering data and understand the effects of the fine-tuning
on the S-wave channels. We now apply the formalism developed above to the
computation of form factors and processes involving external currents. We will
omit the diagrams needed to be computed and the explicit analytic expressions
that are always available in the two-nucleon sector. They can be found in the
literature cited.

2.1.2 Electromagnetic form factors of the deuteron

The matrix element of the electromagnetic current on the deuteron has the non-
relativistic parameterization

〈p′, εj|J0
em|p, εi〉 = e

[

FC(q2)δij +
1

2M2
d

FQ(q2)

(

qiqj −
1

3
q2δij

)

]

(

E + E′

2Md

)

,

〈p′, εj| ~J k
em|p, εi〉 =

e

2Md

[

FC(q2)δij(p+ p′)k + FM (q2)
(

δk
j qi − δk

i qj
)

+
1

2M2
d

FQ(q2)

(

qiqj −
1

3
q2δij

)

(p+ p′)k
]

, (17)

where |p, εi〉 is the deuteron state with momentum p and polarization εi, Md is
the deuteron mass, q = p′ − p and the form factors are normalized such that
FC(0) = 1 (deuteron charge), eFM (0)/2Md = µD (deuteron magnetic moment)
and FQ(0)/M2

d = µQ (deuteron quadrupole moment).
At LO and NLO the computation of FC(q2) involves only the constants C0t

and C2t and is identical to the ERT calculation. At N2LO a one-body term
describing the nucleon charge mean square radius (〈r2〉N ) appears, which is the
first deviation from ERT (15). Formally there are also relativistic corrections, but
they are suppressed by powers of Q/M as opposed to Q/mπ, and are numerically

NN phase shifts to leading (purple), N2LO (red), and N4LO (blue). Black
Nijmegen phase shifts.
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Better interpretation

(Birse, McGovern, and Richardson)
Another way to look at this wonderful counting issue, is to consider the
flow of the potential.

Calculate K matrix, which can be expanded as

1

K
≈

−M

4π

(

−
1

a
+

1

2
r0p

2 + . . .

)

and require that it is independent of the renormalisation point. Defines
renormalisation group flow for potential.
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Fixed points
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FIG. 1. The RG flow of the first two terms in the expan-
sion of the rescaled potential in powers of energy. The two
fixed points are indicated by the black dots. The solid lines
are flow lines that approach one of the fixed points along a
direction corresponding to an RG eigenfunction; the dashed
lines are more general flow lines. The arrows indicate the
direction of flow as Λ → 0.

The unscaled potential including the perturbations
(19) is

V (k′, k, p, Λ) (20)

= V0(p, Λ) +
MΛ0

2π2

∞∑

n=0

Ĉ2n−1

(
p

Λ0

)2n

V0(p, Λ)2.

The (on-shell) K-matrix for this potential has the
effective-range expansion

1

K(p, p, p)
= −MΛ0

2π2

∞∑

n=0

Ĉ2n−1

(
p

Λ0

)2n

+ · · · . (21)

To first order in the coefficients Ĉν of the eigenfunctions,
we see that the terms in the expansion of the potential
are in one-to-one correspondence with the terms in the

effective-range expansion. In particular, Ĉ−1 and Ĉ1 are
given in terms of the scattering length and effective range
by

Ĉ−1 = − π

2Λ0a
, Ĉ1 =

πΛ0re

4
. (22)

At this point we can compare our potential (20) with
that found by KSW in the PDS scheme [13]. To first
order in 1/a and p2 their potential can be written in the
form

V (p, µ) =
4π

Mµ

[
−1 −

1

µa
−

re

2µ
p2 + · · ·

]
. (23)

Remembering that the scale µ in a subtractive renormal-
isation scheme acts like a resolution scale and so plays an
analogous role to the cut-off Λ, we see that the 1/µ depen-
dence of the first term in Eq. (23) agrees with the 1/Λ de-
pendence of the fixed-point potential (16). Similarly the
factors of 1/µ2 in the second and third terms agree with
the 1/Λ2 factors in the energy-dependent perturbations
in Eq. (20). If, as for perturbations around the trivial
fixed point, we assign an order d = ν − 1 to each term
in the potential, then we see that the power counting for
(energy-dependent) perturbations around the nontrivial
fixed point agrees with that of KSW.

For systems with finite but large scattering lengths,
it is still possible to build a description based on Wein-
berg’s expansion around the trivial fixed point. To do
so one must solve the RG equation to all order in the
scattering length, resumming terms involving powers of
Λa. This is approach adopted by van Kolck [10,15]. It
can be pictured as following one the flow lines in Fig. 1
that approach the trivial fixed point close to the line that
connects the two fixed points. For values of Λ that are
large compared with 1/a such a flow line lies close to the
critical surface for the nontrivial fixed point and so the
behaviour of the system can be organised according to
the power counting associated with that fixed point.

So far we have considered perturbations of the poten-
tial that depend only on energy, but there are also ones
that depend on momentum as well. To find these, we
look for solutions (14) that have the form

φ(k̂′, k̂, p̂) = k̂nφ1(p̂) + φ2(p̂). (24)

(A Hermitian potential can be obtained by adding a sim-
ilar term with k → k′.) In this case the solutions are

φ(k̂′, k̂, p̂) =


k̂n − p̂n +

n/2−1∑

m=0

p̂m

n − 2m + 1
V̂0(p̂)


 V̂0(p̂),

(25)

with RG eigenvalues ν = n = 2, 4, 6 . . .. Multiplying any
of these functions by pm where m is a positive even inte-
ger also gives an eigenfunction, with ν = n + m. An im-
portant point to note is that the momentum-dependent
eigenfunctions have different eigenvalues from the corre-
sponding purely energy-dependent ones. This is quite
unlike the more familiar case of perturbations around
the trivial fixed point where, for example, the p2 and
k2 terms in the potential are both of the same order,
ν = 3. It means that, in the vicinity of the nontrivial
fixed point, one cannot make a field transformation to
eliminate energy dependence from the potential in favour
of momentum dependence without introducing a much
more complicated cut-off dependence into the the effec-
tive potential.

To complete the picture, we note that it is possible
to find solutions to Eq. (18) that depend on both k and
k′. These are products of two factors of the form of the

4

Of interest are the fixed points:
• Trivial one (zero potential) to lowest
order.
• Non-trivial one corresponding to
1/K = 0: Infinite scattering length or
zero-energy bound state.

Expansion around latter≈ KSW counting.
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Nuclear matter

We would really like to find an EFT expansion for nuclear matter. Problem
is that there are multiple scales: kF or µ provides another scale, neither
small nor large.

Naive EFT approach can’t work!

Looked at alternatives: Steele’s 1/D expansion: isn’t what it says on the
tin. We couldn’t make sense of it.

Some naive approximation give the “hole-line expansion”: diagrams
suppressed according to number of hole lines. Old and not very good.

Noticed Dick’s work on dilute systems, and tried to apply it to real nuclear
systems.
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Off-shell behaviour and field redefinitions

One cannot meassure the off-shell nature of the nuclear
force directly.
Bold Question:
Is there any physics in the off-shell behaviour?
Old answer (70’s and 80’s): yes! (Remember the EMC
effect?)
New answer: no!

How come?
The key argument is whether we can pick out a nucleon inside a nucleus.
If we assume we know exactly what it looks like, then the off-shell nature
of the force is unique.
Even if the nucleon were fundamental, this would be hard (c.f., the
concept of “dressed particle”).

With a composite nucleon, we really know very little!
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Equivalent potentials

Old story:

What potentials have same phaseshift?
Unitarily equivalent potentials.

What properties do these unitary transformations have?
They are of finite range, but not local!

In a many-body context these transformations generate many-body
potentials (Polyzou and Glöckle, Amghar and Desplanques)
i.e., we get a many-body interaction that gives same binding, with the
same on-shell two-body potential.
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Field theoretical approach

In a QFT the equivalence can be stated as reparametrization invariance.

(Generic statement is Haag’s theorem)

One is allowed to redefine the fields (by a local transformation).

This changes Green’s functions, etc., but does not change the S
matrix.

Proof is quite subtle, since a change in fields induces a Jacobian in the
path integral, and we have to argue that it is irrelevant. Also at finite
density, requires careful treatment of chemical potential.
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Natural case

Look at a sub-part of case considered by Furnstahl and collaborators.
Take Lagrangian leading order with sub-leading pure off-shell

The circle is C0 (Feynman rule: −iC0S2) and triangle C2

(iC2(∆i + ∆i′ + ∆j + ∆j′)S2).
S2 standard product of (spin-isospin) delta’s, ∆i = Mp0

i − pi
2/2.

Statement: we can transform C2 into three-body contact term,

(Feynman rule −iD0S3) if D0 = 12C0C2M .
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Check!

Feynman rules standard, can be found in books (but notice “Hugenholtz”
structure). Key point to remember is that the factor ∆i in the C2 terms is
an inverse propagtor: can cancel a propagator and lead to “amputation” of
lines. Loop integrals are very trivial (anyway, all the same!). Only
difference in degeneracy factors.

Weight for diagram 1 2g(g − 1)C0C2, 2 −2g(g − 1)2C0C2, 3
g(g− 1)(g− 2)/6D0 which indeed cancel. Can continue, but want real NP!
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Counting

Unfortunately no good counting in NM! Shall use reparametrisation
invariance to check on QMBT instead. Classify according to integration
structure (type of loops).

We shall really look at “only” two diagrams,

���������������� ������������

��������������������

�������� 	�	�	
�
�������� �����

a

+

b

the Hugenholtz diagrams for the ground state energy at first order order in
C2 (the open triangle). Assume that filled circle is resummed in whatever
way is necessary (see below).
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Ordering principle

We first look at what happens if we amputate a leg, we get a loop
structure as in the three body diagrams

��������������������

��������������������

��������������������

������

������
����������������

��������

 � !�!"�"�"#�#$�$%�% &�&'�' (�()�)*�*+�+

,�,�,-�- .�./�/

0�0�00�0�01�11�1

2�2�23�3a b c

.....

Hugenholtz diagrams for the ground state energy at first order in the
three-body force D0 (the open square). The loop integrals are labeled as
I0, I1, . . . .

This is only obtained by isolating one bare vertex from the integration, and
performing a truncation on a line connecting the C0 and C2 vertices.

UMIST

INT, Seattle, 31 October 2003 22



Minimal

Need to resum C0: need at least in medium T matrix (due to diagramatics
used)

45454454546565665656
= + +

757575775757578585885858
95959:5:

;5;;5;<5<<5<=5=5=>5>

?5?@5@ A5A5AB5B

C5CC5CD5DD5DE5EF5F

G5G5GH5H

I5I5II5I5IJ5J5JJ5J5J

K5KL5L

M5MN5N

O5OO5OP5PP5P

Q5QR5R

S5S5ST5T U5U5UV5V

b

= +

a

Hugenholtz diagrams representing the equation for (a) the T matrix and
(b) the dressed propagator. The open circle denotes the LO potential C0,
and the solid circle the T matrix. Generally black dots will be a resummed
two-body vertex.
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BHF

Let us look at the simplest many body theory first, Brueckner Hartree
Fock. This corresponds exactly to the picture shown before. The I0

contribution

W�WX�X Y�YZ�Z
[�[[�[\�\\�\

]�]�]^�^
_�_�_`�` a�ab�bc�c�cd�d e�e�ef�f

(Diagrams which can be obtained from those shown by simply reversing all
the arrows are not shown separately.)
These diagrams have already been evaluated in perturbative analysis and
cancel with three-body force calculated in same approximation.
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I1

The next structures take the form

ghghgihijhjhjkhk lhlhlmhm nhnhnoho

phphpphphpqhqhqqhqhq

rhrhrshs

ththtuhu
vhvwhw xhxhxxhxhxyhyyhy

zhzzhz{h{{h{|h|h|}h}

~h~~h~�h��h��h��h�
�h�h�h��h�h�h��h�h��h�h�

�h��h� �h��h�

�h��h� �h��h�

�h�h��h�h��h�h��h�h�

�h��h� �h��h��h�h��h��h�h��h��h�h��h��h��h�

�h�h��h�h��h�h��h�h�

�h��h�

�h�h��h�h��h��h�

a b c d

(a-c) are the contributions proportional to the integral I1 obtained in the
BHF approximation.
These do not cancel against 3Body force, we can draw one more structure,
(d) which is an extra contribution which can be found in the parquet
approximation (and others?).

UMIST

INT, Seattle, 31 October 2003 25



Parquet

A.D. Jackson et aL, Variational and perturbation theories made planar 69

~ ~

Fig. 5. Diagrammatic representation of the ladder operation Fig. 6. Diagrammatic representation of the chaining opera-
x. Y. tions X * Y and X X Y.

two rung term V~V. The leading term, V, deserves special attention since it is independent of the
orientation of the lines. Its isolation is desirable. Second, we have included in eq. (6) those dia-
grams, B, which are neither particle-particle nor particle-hole reducible ~. These include, e.g., the
diagram shown in fig. 3(c). We shall carry such additional diagrams along until their inclusion re-
quires special attention. (For example, in the construction of the single-particle Green’s function.)
In section 5 we shall demonstrate explicitly that eq. (5) contains the usual ladder contributions
to F in the limit that B and C are set equal to zero.

Somewhat greater care is called for in writing the explicit form of eq. (3.2) in order to avoid
counting problems ~. The construction of particle-hole ladder diagrams (which we shall variously
call chain, RPA, particle-hole reducible and t-channel reducible diagrams depending on the con-
text) from two links requires two chaining operations. These chaining operations, given schemat-
ically in fig. 6, may be written as:

[X * ~]adpbcp’ —i f-~---~_~ X(adp;zz’p”)G(z)G(z’)Y(z,z’, —p”;bcp’), (7)
(27r) P

and

[X x Y]adP;bcP~ —if —~-_~- ~ X(adp;zz’p”)G(z)G(z’)Y(z’zp”; bcp’). (8)
(27r) P”

As in the ladder operation, the momentum z’ is not independent. In this case it is given as

z’z+pp”(a—d). (9)

Eqs. (8) and (9) differ from eq. (4) in that they require the sum over the orientations of the inter-
nal lines, z and z’. The need for this summation as well as the need for two kinds of chaining op-

* The symbol B is a mnemonic for butter. This seems a reasonablename for diagrams which are not parquet. It is also reminiscent
of the Basic or Bridge diagrams of the HNC theory.

~ In this context we recall the words of A. Kerman (private communication), “Double counting is better than not counting at all”.
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Parquet for us

OK, so parquet is better than BHF (i.e, pp, hh and ph ladders all treated
self-consistently).
Well, let us look at the I2 structure

 ¡ ¡  ¡ ¡ ¢¡¢¡¢¢¡¢¡¢ £¡£¡£¡££¡£¡£¡£¤¡¤¡¤¤¡¤¡¤¥¡¥¡¥¦¡¦§¡§¡§¨¡¨ ©¡©¡©ª¡ª «¡«¡«¬¡¬¡®¡®
¯¡¯¡¯°¡°±¡±¡±²¡²

³¡³¡³´¡´
µ¡µ¶¡¶

·¡·¡·¡··¡·¡·¡·¸¡¸¡¸¸¡¸¡¸

¹¡¹¡¹¡¹¹¡¹¡¹¡¹º¡º¡ºº¡º¡º

»¡»¼¡¼ ½¡½¾¡¾¿¡¿À¡ÀÁ¡ÁÂ¡Â Ã¡Ã¡ÃÄ¡ÄÅ¡Å¡ÅÅ¡Å¡ÅÆ¡ÆÆ¡Æ
Ç¡Ç¡ÇÈ¡È É¡É¡ÉÊ¡Ê

Ë¡Ë¡Ë¡ËË¡Ë¡Ë¡ËÌ¡Ì¡ÌÌ¡Ì¡Ì
Í¡Í¡ÍÍ¡Í¡ÍÎ¡Î¡ÎÎ¡Î¡ÎÏ¡ÏÐ¡Ð Ñ¡Ñ¡ÑÒ¡Ò
Ó¡ÓÔ¡Ô

Õ¡Õ¡ÕÖ¡Ö×¡×¡×Ø¡Ø

Ù¡ÙÚ¡ÚÛ¡ÛÜ¡ÜÝ¡ÝÞ¡Þ

ß¡ß¡ßß¡ß¡ßà¡à¡àà¡à¡à
á¡á¡áá¡á¡áâ¡â¡ââ¡â¡â
ã¡ãä¡ä å¡åæ¡æ

ç¡ç¡çè¡è é¡éê¡ê
ë¡ë¡ëë¡ë¡ëì¡ìì¡ì í¡íî¡îï¡ï¡ïð¡ðñ¡ñ¡ñò¡ò

da b c

(a) proportional to the integral I2 in the BHF approximation. (b-c) Extra
contribution in the parquet approximation. Once again the whole story is
slightly less complete, and we find that there is one diagram (d) containing
a non-parquet contribution. Unfortunately this is essential for the
invariance.
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The analysis
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Next?

Clearly we could try to analyse the extended parquet of Blaizot and Ripka,
which includes (d).
We have the feeling that there is no single many-body theory that satisfies
reparametrisation invariance!

This leads to a worrying conclusion. We can not determine the off-shell
behaviour of the nuclear force, and if we parametrise incorrectly, we need a
three-body force to correct for this. Since no many-body calculation is
complete, the answer will depend on the choice we have made. (Even if we
get the exact answer for few nucleon systems)

On the positive side, we should parametrise the nuclear force such that
many-body forces are minimal. Can we? If so how?
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A few new ideas

In few nucleon systems, one can benefit from a renormalisation group
analysis (i.e., run scale to zero, and expand around non-trivial fixed point.

Can we do that for nuclear matter?

Seems like a simple idea: Renormalise towards nuclear matter. Brings to
mind Landau theory. Also must be related work in condensed matter
physics (Hubbard model, etc.)!

Unfortunately, Landau theory is not microscopic enough. Nobody really
has run EFT down to to sensible scales, and in condensed matter theory
this problem hasn’t been solved either (some ideas around, though).
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Renormalization

The issue is that starting from an EFT in terms of fermions, that we
cannot use fermions below the gap (“they are confined”).

Need to bosonise theory (follow Weinberg, as usual), and use QRPA
bosons, which will become irrelevant at large scales, but will dominate at
scales near kF .

Need to solve renormalisation group for flow effective action. Technology
so-called “exact renormalisation group” (Wetterich et al). Based on a
Legendre transform of the action; leads to equations that can be solved
with approximation, but results at intermediate points are unphysical.

Equation developped, first reasonable approximations made. Awaiting
numerical results.
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Where does this lead us

• Need nonperturbative approaches for nuclear matter (nothing new).
• No counting for nuclear matter???
• Need to expand around a nontrivial fixed point (as in KSW for 2-body).
• Need renormalisation approach towards nuclear matter. (Work by
Schwenk, Brown, Kuo et al addresses related but different problem.)
• Real nuclear matter is superfluid. Renormalisation problem doesn’t seem
to have been done, even in condensed matter.
• For cut-off below gap fermions are not the correct degrees of freedom.
This a kind of confinement!
• Add “pair-boson field” (Weinberg, Hubbard-Stratonovich) and use exact
renormalization group (á la Wetterich).
• Current research (results soon)
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Final thoughts
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Roach and Dino..
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Roach
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