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Lattice-QCD

forward limit PD non-perturbative
technique

discretization Lattice-QCD-actions
light cone distributions,

matrix elements of bilocal operators

Monte Carlo simulation
of path integral

generalized form factors,
ME of local operators

Mellin-Moments

extract generalized form factors form factors F1,F2

nucleon spin structure,
e.g. (orbital) angular momentum

structure

moments of (G)PDs

Overview

GPDs

estimate ME of
local operators

transverse coordinate
space structure

of nucleon

„local limit“ FF



GPDs: Short overview

off-forward matrix elements of bilocal operators

forward limit „local“ limit, 
Mellin transformation
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GPD, DVCS 

PD, DIS FF, elastic scattering

forward local

GPDs and basic experimental probes



GPDs and (O)AM

(orbital) angular momentum and off-forward distributions

nucleon spin sumrule

related sumrules

spin and orbital
decomposition

flavour and gluon
decomposition

Is the relation
GPDs nucleon spin

trivial? 
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Quark OAM and twist-3 GPDs
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parametrization including transverse
parts in terms of twist-3-distributions

use EOF

Kiptily/Polyakov, hep-ph/0212372

derive an integrated sumrule for the
twist three distributions and OAM 
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define new off-forward function

with a testfunction T we have
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twist-2 and 3 paramterization
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consider a general off-forward correlator



GPDs as transverse-coordinate space distributions

infinite momentum frame Galileian structure in transverse plane

Fourier-transform in transverse plane
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GPDs in terms of light-cone wave functions 1
Brodsky et al, NPB596, 2001
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how does this translate to coordinate (impact parameter) space?



GPDs in terms of light-cone wave functions 2
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GPDs in Lattice QCD
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general correlation
functions



GPDs in Lattice QCD…continued
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GPDs in Lattice QCD…continued
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finally, we equate lattice result and
continuum parametrization for
different momenta and indices

this gives an (overdetermined)
set of linear equations which is solved

to get the GFFs
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Numerical results for heavy and „light“ pions
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see also QCDSF 
(Göckeler et al.),
hep-ph/030424



0.0 0.4 0.8 1.2 1.6 2.0 2.4 2.8 3.2

0.0

0.2

0.4

0.6

]

]
[

[

C20

u-d

B20

u-d

A20

u-d

F
(t

)
|t| [GeV2]

n=2, u-d

)t(A)x(xqdx)t,,x(Hxdx 000 20

1

1

1
1

1

==== ��
−−

( )221 Dm/t

a
)t(GFF

−
≈   well workfits-dipole

0 is ≈− )t(C du
20

Results for the GFF A(t), B(t), C(t)

concentrate on u-d in order to cancel disconnected pieces

0 0.5 1 1.5 2 2.5 3
�t �GeV 2�

0

0.5

1

1.5

2

2.5

3

F
F
G

��0.1560

B10u� d�F1, A10u� d�F2

n=1, u-d

)t(A)x(qdx)t,,x(Hxdx 000 10

1

1

0
1

1

==== ��
−−



11
1

0

≈ → ∞→−
� xxdx nn

)"b(")b,x(H ⊥⊥ ∝≈ δ1

.const)t,x(H ∝≈ 1

t-slopes effectively flatten for larger n

masses pion

these for out ruled be can

like ansätze factorized

)t(f)x(q)t,x(H =

0 0.5 1 1.5 2 2.5 3
�t �GeV2�

0.2

0.4

0.6

0.8

1

1.2

1.4

F
F
G

��0.1560

A30u� d,A20u� d,A10u� d

0 0.5 1 1.5 2 2.5 3
�t �GeV2�

0.2

0.4

0.6

0.8

1

1.2

1.4

F
F
G

��0.1565

A30
u�d,A20

u� d,A10
u� d

0 0.5 1 1.5 2 2.5 3
�t �GeV2�

0.2

0.4

0.6

0.8

1

1.2

1.4

F
F
G

��0.1570

A30
u� d,A20

u� d,A10
u�d

A, n=(1,2,3), up-down

Flattening of t-slope for higher moments of H
)t(A)t,,x(Hxdx n

n
0

1 0 ==−
� ξ



0.4 0.8 1.2 1.6 2.0 2.4 2.8 3.2
-0.15

-0.10

-0.05

0.00

0.05

C
20

,u
+d

(t
)

|t| [GeV2]

0.0 0.4 0.8 1.2 1.6 2.0 2.4 2.8 3.2

0.0

0.2

0.4

0.6

0.8

]

[
]

B20

u+d

A20

u+dF
(t

)

|t| [GeV2]

n=2, up+down, disconnected pieces missing

( )

( ) ( ))(B)(A)t,,x(E)x(qxdx

)t,,x(E)t,,x(HxdxJq

00
2

1
00

2

1

0000
2

1

2020

1

1

1

1

+==+=

=+==

�

�

−

−

0≈+ )t(B du
20

2000) al., et (Kivel

model soliton quark chiral the with

 compatible least at be to seems

 edextrapolat

negative and small is 

?)t(C

)t(C

du

du

==

→
+

+

020

20

(Orbital) Angular Momentum

� 0.1570 0.1565 0.1560
�� 0.666�0.033 0.727�0.028 0.684�0.018
2�Jq 0.730�0.035 0.688�0.024 0.682�0.029

2�Lq 0.064�0.048 �0.039� 0.037 �0.002� 0.034



Towards the chiral region
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lattice calculations of
hadronic observables

PT(?)χ

see e.g. 
Göckeler et al., hep-lat/0303019

Detmold et al, Phys.Rev.Lett.87 2001



Towards the chiral region…continued
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should be a clean observable…
„delocalization of axial charge“?
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axial coupling/charge//form factor and the quark spin contribution

results for the lowest two pion masses are not renormalized,
I expect Z 1±0.05 for the FF

Jaffe PLB 529, 2002 chiral logs for (O)AM Chen/Ji, PRL88,2002



Towards the chiral region…continued
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Outlook

-better stastistics for MILC is on the way
-extract GPDs from the recent MILC-configurations
-extract the spin-dependent GFFs for n=3 
-(perturbative) renormalization with
domain wall fermions + HYP-smeared links
-chiral extrapolation, if possible
-what is going on with the axial coupling?
-non-factorized models for H,E
-disconnected diagrams
-lower pion masses/larger lattices


