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| Outline

o [ o ®

form factor = charge distribution in position space
Deeply virtual Compton scattering (DVCS)
Generalized parton distributions (GPDs)

Probabillistic interpretation of GPDs as Fourier transforms of
impact parameter dependent PDFs

$ H(I7O,—Ai) —>Q(:EabJ_)
e H(zx,0,—-A%) — Ag(z,b))
»

E(z,0,—A%) — | distortion of PDFs when the target is trans-
versely polarized

Chromodynamik lensing and L single-spin asymmetries (SSA)

transverse distortion of PDFs

. . . = 1 SSAin YN — 714X
+ final state interactions
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I Form factor vs. charge distribution (non-relativistic)

® plane wave states have uniform charge distribution

— meaningful definition of p() requires that state is localized in
position space!

— define localized state (center of mass frame)

ﬁ:6> zN/d3ﬁ|]5>
® define charge distribution (for this localized state)

p(7) = <}§ = 6‘ 7°(7) |}§ = 6>
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I Form factor vs. charge distribution (non-relativistic)

® use translational invariance to relate to same matrix element that
appears in def. of form factor

p(r) = <R 6‘ | 6>

— NP /d3 /d?)—»/ 0 )

= INP Ja°7 [a57°(0) e ™)

— WP &5 [ F (- - 7))
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I Form Factors (relativistic)

® Lorentz invariance, parity, current conservation =

(" +p"') F(q?) (spin 0)

<p"j”<°)'p>_{ i) [ Fi(a?) + e Ba(e?)| u(p)  (spin 3

with ¢ = p* — pH’.
® issue: “energy factors” spoil simple interpretation of form factors
as FT of charge distributions
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I Form Factor vs. Charge Distribution (relativistic)

® wave packet

d°p P (p)

MU NGRS

),

® FE;=./M?2+ p2 and covariant normalization (5'|p) = 2Ez5(p’ — p)

® Fourier transform of charge distribution in the wave packet

5@ / BT (1] () | W)

/ ¢222Eq, v (5+ () (7] 5°(0) 5)

= P e u () F ().

ﬁ
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I Form Factor vs. Charge Distribution (relativistic)

® Nonrelativistic case:

9
FE>-+ E
PRy g and =
2. /E;E5

— Forier transform of charge distribution in the wave packet

5() = / PpU* (5 + V() F ()

» choose ¥(p) very localized in position space
U (p + q) = ¥ (p)

— p@) =F(q)
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I Form Factor vs. Charge Distribution (relativistic)

® Relativistic corrections (example rms radius):

R , R (7-P)°
=N vy 3 2
p(g) = 1 661 ; d’p [¥(p)| B2
2 1 2 (D)
+ /d3 ‘q VY (p) /d3p|‘11(p)l2(E27

[R? defined as usual: F(¢?) =1+ £ ¢% + O(¢")]
# [f one completely localizes the wave packet, i.e.

. 2
[ d%p |q_'- V\If(ﬁ)| — 0, then relativistic corrections diverge

(AzAp ~ 1)
R2 d3 /] (_) @2 1 d3 \/j 2 (J@Q
o [ g e L fat e TR o
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I Form Factor vs. Charge Distribution (relativistic)

® in rest frame, rel. corrections contribute AR? ~ \2, = ﬁ

identification of charge distribution in rest frame with Fourier
transformed form factor only unique down to scale \¢

® standard remedy: interpret F(¢) as Fourier transform of charge
distribution in Breit “frame” p’ = —p (note: Breit “frame” is actually
a different frame for each ¢1)

Hadron Tomography



I Form Factor vs. Charge Distribution (relativistic)

® infinite momentum frame: rel. corrections governed by %3 and £

'Ql
[N

consider wave packet ¥(p ) in transverse direction, with
# sharp longitudinal momentum P, — oo
# transverse size of wave packet r , with
R>ri> 5
» take purely transverse momentum transfer

=  pqL) = F(q1)

form factor can be interpreted as Fourier transform of
charge distribution w.r.t. impact parameter in co momen-
tum frame (without Ao uncertainties!)

# impact parameter measured w.r.t. 1 center of momentum

_ )
RJ— — Zz’Eq,g x@rJ_
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I Same Derivation in LF-Coordinates

® light-front (LF) coordinates

pt = % (p° + p°) p- = % (p° — p?)

® form factor for spin % target (Lorentz invariance, parity, charge
conservation)

W' 13#(0)] ) = alp) |7 Fa(q®) + % Faa?) | u(p)

with ¢# = p# — pH’.
® |[f g™ = 0 (Drell-Yan-West frame) then

', 1 [37(0)

p,T) =2p" Fi(—q?)
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F(q*) = p(r.) in LF-Coordinates

® define state that is localized in L position:

’p—i_?R_L — 0_L7)\> EN/dsz_ ’p+7pJ_7>\>

Note: L boosts in IMF form Galilean subgroup = this state has
R, = %fdx_dQXJ_XJ_T—H_(ZC) =0,
(cf.: working in CM frame in nonrel. physics)

®» define charge distribution in impact parameter space

1
2pTp(b.) = T (PptR. =050 ,b)|[p" " RL=0,)
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F(q*) = p(r.) in LF-Coordinates

® use translational invariance to relate to same matrix element that
appears in def. of form factor

p(b.)

1
2p~T
N
2p~T
N
2p~T

(Pt R =0, |07, b1) [p" R =0,)

/d2m /fp; (p%,p', | 5+(07,bL) [p*,pu)

A2 /deL /dzp;m—qi)eiqm

p(bL) =

f d2(1¢
(2m)*

Fi(—q7 )e'd P

/de /del (pH P |57(07,00) [pFpL)erarPr
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I Summary. Form Factor vs. Charge Distribution

® fixed target: FT of form factor = charge distribution in position
space

» “moving” target:
» nonrelativistically: FT of form factor = charge distribution in
position space, where position is measured relative to center of
Mmass

» relativistic corrections usually make idendification

F(q?) gkt p(r) ambigous at scale AR ~ \¢ = %

& exceptions:
& Breit “frame”
& oo momentum frame (— Galilean subgroup of L boosts)
Reference point: transverse center of longitudinal momentum
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I DIS — light-cone correlations
0 N\

3

light-cone coordinates:

DIS related to correlations along light—cone \ /

d‘r— —/Nn— — 1T TR +
o(5;) = / (PIa(0™, 0. )y a(a—, 0.)| P) e 5P

27

Probability interpretation!

No information about transverse position of partons!
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I Generalized Parton Distributions (GPDs)

0(-5 )7 () |p) = HEcaNaw) )

2T
—y
+E(z, ¢, A2)?1(10’)7/02]\4 u(p)
A ~ _ |
) A+
FE(w, &, A%)a(p') ()

where A = p’ — p is the momentum transfer and £ measures the longi-

tudinal momentum transfer on the target A™ = £(pt + pt).
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I Parton.Interpretation

® 1 is mean long. momentum fraction carried by active quark

® In general no probabilistic interpretation since initial and final state
not the same

® Instead: interpretation as transition amplitude
® [drH(z,¢ A% =Fi(A%) and [dzE(z,& A?%) = Fy(A?)

— GPDs provide a decomposition of form factor w.r.t. the momentum
fraction (in IMF) carried by the active quark

® Actually H = H(x, &, A%, ¢%), but will not discuss ¢* dependence
of GPDs today!
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I What Iis Physics of GPDs ?

® Definition of GPDs resembles that of form factors

(o

icTVA,
2M

u(p)

0| p) = H(x, & A2)a(p' )yt u(p) + E(w,€, A)a(p)

with O = [ 42 _¢iz"preg (—%) g (%)
— relation between PDFs and GPDs similar to relation between a

charge and a form factor

— |f form factors can be interpreted as Fourier transforms of charge
distributions in position space, what is the analogous physical
interpretation for GPDs ?

Hadron Tomography



| Form Factors vs. GPDs

forward off-forward .
operator . . position space
matrix elem. matrix elem.
o Q F(t) p(7)
da;_emp—i_x_— —x + [z~ )
e q( > )’Y Q(T) q() H(z,¢&, 1) -
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| Form Factors vs. GPDs

operator forward off-forward osition space
P matrix elem. matrix elem. P P
vty Q F(t) p(T)
—giepta_ [ -
[hrc q( > )v*q(T) q(x) H(x,0,t) q(z,by)

q(x,b ) = impact parameter dependent PDF

Hadron Tomography



| Impact parameter dependent PDF:

® define state that is localized in _L position:

’p—i_?R_L — 0_L7)\> EN/dsz_ ’p+7pJ_7>\>

Note: L boosts in IMF form Galilean subgroup = this state has
R, = %fda:_dQXLXLTJFJF(x) =0,
(cf.: working in CM frame in nonrel. physics)

» define impact parameter dependent PDF

dx~ oz - iont o
q(x,by) 5/4—7T (pt R, =0| Q(—E, bL)TLQ(?a b )[pt R =0,)e™P
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| Impact parameter dependent PDFS

® use translational invariance to relate to same matrix element that
appears in def. of GPDs

- 21 T T ixp T
q(xr,by) = /de (p", Ry = OL‘Q(_77 bJ_)'Y+Q(77 b )lp", R =0, )e Pt

— — x x izpt o™
= INIQ/ciQm/chpi/dw (p™, pi\é](—?bL)VW(?bL)\pﬁer P
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| Impact parameter dependent PDFS

® use translational invariance to relate to same matrix element that
appears in def. of GPDs

X

q(z,b1) = /dx_ <p+7 R, = OL‘ g(_%a bL)’YJFQ(?, b,) ‘p+, R, = 0¢> eiep@”
|N| /dZPJ-/;ZQPJ_/d:C <p 7pJ_’q N bJ_ (— bJ_ ’p PL > ZCBP+CE_

o 21 T T ixp Tz
— |N|2/d2PL/d2Pl/d37 <p+,pUQ(—?OL)7+Q(7OL) pT.pL)e™?

Hadron Tomography



| Impact parameter dependent PDFS

® use translational invariance to relate to same matrix element that
appears in def. of GPDs

- T T ixp T
Q(xybj_) = /d:z: <]9+7 R, = ()L’ q(_77 bL)’Y+q(7, bJ_) ’p+, R, — 0¢> . pt
B T . _
|N| /CZQPJ_/dQPJ_/dx ,pJ_‘ q —7’ bJ_)"Y—FQ(?, bJ_) ‘p—l—’ p¢> ezxp+x

o 21 T T izpTx T
— |N|2ﬁ2pLﬁ2pl/d$ <p+,PMQ(_7aOL)7+Q(?7OL) pT,pL)e™?

— WP [dpu [/ 0 (2.0, (B, — pu)? e (el

d’A | b
SN q(x,b) = / 2m)? H(x,—A%)e PL AL
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| Impact parameter dependent PDFS

o (z,b)) = dQALH — A2 )AL
q\x, J_)_ (271_)2 (.CE', J_)e

(AL =p) —p1, £=0)
® ¢(x,b ) has physical interpretation of a density

q(x,by) >0 for >0

g(x,b) <0 for z <0




| Discussion: GPD « qg(x,b))

® GPDs allow simultaneous determination of longitudinal
momentum and transverse position of partons

b= [ LAL (0, A2 )b A
Q(xa J_)_ (27’(’)2 (xa ) J_)e

® ¢(x,b ) has interpretation as density (positivity constraints!)

g(z,b1) ~ (ph0L |6 (zpT, b1 )b(zpT,b1)|pT0L)

= |b(zp™,b.)p?, 0¢>‘2 >0

< positivity constraint on models
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I Discussion: GPD « qg(x,b))

® Nonrelativistically such a result not surprising!
Absence of relativistic corrections to identification

H(z,0,—A%) L, g(z,b ) due to Galilean subgroup in IMF

® b, distribution measured w.r.t. RY™ =5 z;r; |
— width of the b distribution should go to zero as x — 1, since
the active quark becomes the L center of momentum in that limit!
— H(x,t) must become t-indep. as x — 1.

® very similar results for impact parameter dependent polarized
guark distributions (nucleon longitudinally polarized)

Ag(z,by) = dgAlﬁl 0, —A7)e AL
Q(xa L)_ (27’(’) (:Ea ’ J_)e
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I Discussion: GPD « qg(x,b))

$ Use intuition about nucleon structure in position space to make
predictions for GPDs:
large x: quarks from localized valence ‘core’,
small z: contributions from larger * meson cloud’
— expect a gradual increase of the ¢t-dependence (L size) of

H(x,0,t) as x decreases

® small z, expect transverse size to increase

® very simple model: H,(z,0,—A2) = g(z)e A1 (1-2)n

Hadron Tomography



| Other topics

® QCD evolution
® extrapolatingto ¢ =0

omography



The physics of £(z, 0, —A?)

® Sofar: only unpolarized (or long. polarized) nucleon

In general, use ( A* = 0)

dz™—
dz™ A_iA

® Consider nucleon polarized in x direction (in IMF)
|X> = |p+7RJ_ — OJ_7 T> T |p+7RJ_ — OJ_7 l>
— unpolarized quark distribution for this state:

1 0 [d*°A) e
(b)) = awbu) = oy /(27r)2 B(z,~ A e~ A
Yy
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The physics of £(z, 0, —A?)

gx (x, b1 ) in transversely polarized nucleon is transversely distorted
compared to longitudinally polarized nucleons !

® mean displacement of flavor ¢ (_L flavor dipole moment)
1
dl = /dx/deLqX(a:,bL)b i drE,(z,0,0) = Kb

with 7, = F/90) = 0(1-2) = df = 0(0.2fm)
® CM for flavor ¢ shifted relative to CM for whole proton by

1
/dw/d2quX(a:,bL)xby = 577 /da: rE,(x,0,0)

— not surprising to find that second moment of £, is related to
angular momentum carried by flavor ¢

Hadron Tomography



physical origin for _L distortion

Comparison of a non-rotating sphere that moves in z direction with a
sphere that spins at the same time around the z axis and a sphere that
spins around the x axis When the sphere spins around the z axis, the
rotation changes the distribution of momenta in the z direction
(adds/subtracts to velocity for y > 0 and y < 0 respectively). For the
nucleon the resulting modification of the (unpolarized) momentum

distribution is described by E(x,0, —A?). Hacion Tomography



| simple model for £, (z,0, —A*)

°

For simplicity, make ansatz where E, « H,
2 Ky 2
Eu(x,O,—AL) — 7Hu(x707_AJ_)
Eq(z,0,-A%) = khHy(z,0,—A7)

with H,(z,0, —A%) = g(z)e AL -o)n 3 gngd
kP =2k, + kp = 1.673 Kg = 2Ky, + Kkp = —2.033.

Satisfies: [ dxE,(x,0,0) = &}

Model too simple but illustrates that anticipated distortion is very
significant since [ dzE, ~ k, known to be large!

Hadron Tomography
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I 1 single-spin asymmetry

® Example: left-right asymmetry in semi-inclusive vp — 7+ + X on
a L polarized target (p5 < €, §p X €z, asymmetry o e,)

® Sivers mechanism: left-right asymmetry due to L. asymmetry of
1 -momentum dependent PDFs f(x,k )

dy~d?y 1 it ik I
f(w,kL)Z/ T TRy (p|q(0,y 7,y )7t a(0)| p) .

# gauge invariance — include Wilson line!

» Naively, f(z,k, )= f(x, -k, ), due to time-reversal invariance,
l.e. with above definition, Sivers asymmetry vanishes

identically [7, - (5, x 5y ) is T-odd]
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I 1 single-spin asymmetry

® However, Brodsky et al. = Sivers asymmetry possible due to FSI!
Formal argument: include FSI in eikonal approximation

— define f(x,k, ) gauge invariantly

d _d2y —ixpTy  +ik, - ~ —
flo, k)= / y167r3 —e TV HRLYL (130,57, y L)W ov T Woseq(0)] p)
® W, = Pexp (—z‘g fyof dz= At (y*, 27, yL)> indicates a

Wilson-line operator going from point y to infinity (FSI!).
® Wilson line not invariant under T
— Sivers asymmetry possibe [f(z, k) # f(x, -k )]

Hadron Tomography



I 1 single-spin asymmetry

©

9

Presence of phase factors in definition of Sivers distribution do
explain why SSA can be nonzero.

does not obviously explain:

» why these “phase factors” give rise to such large ‘stable’
polarization effects? (example: L polarization in hyperon
production)

# which sign should one expect in which reaction?

Hadron Tomography



I Physical origin of SSA

$» mean L momentum of active quark in semi-inclusive DIS contains
term

(k) ~ / dy~ e PV (p|g(0,y™,y 1)W1 WosoyTq(0)] p)

® Physics of this term (for simplicity abelian case):
, this term simplifies as (k) ~ ... — g [~ dy~ 91 A" (y~,z, ) which
has semi-classical interpretation as impulse experienced by the
active quark on its way out from _L position z | .

— mean .. momentum obtained as correlation between PDF and
transverse impulse I, (z,) =g [." dy 0. AY(y~,z1)

® physics of this correlation — switch to impact parameter
representation
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|Connection with L distortion of ¢(z, b,

® use simple potential model to estimate
I,(z1)=0. [dy A" (y ,z,) =mean L impulse that the FSI
exert on active quark on its way out as function of the separation

from the CM
1—by
CH T N A B
P O O A A

IR O
IV N B N A S
S N W B A
— TR s T Ty o

hhhhhhhhhhhh
T 'y

_Khhhﬂ-—_hl
eyl M G
St L0 T BN RSB

e il 1L TUR s
FAEE TN AN
Eris] 3 ER
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|Connection with L distortion of ¢(z, b,

® use simple potential model to estimate
I,(27)=0, [dy~ AT (y~,z,)=mean L impulse that the FSI exert
on active quark on its way out as function of the separation from

the CM
14 by ]
LR S O A A \
VN ML Ll :

s aly Nl T o i : i
SRR R L ey : \
SN N Y L e e e e : |
TITETY (T b e i
1,*.&;*#“’.-—*';‘“ | “‘x‘"‘“hhhhl /j
R .l o L NNL N = /AJ
£l £F T AN = -~ "/

e e Al T N e “’E/’f/

A2TETIAN —
N A N I T T
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I vp —7X_IN Breit frame

R
— — /// 7T—|_
p’y PN d e
wr’

® «,d distributions in L polarized proton have left-right asymmetry in
| position space (T-even!)

® attractive FSI deflects active quark towards the center of
momentum

— FSI converts left-right position space asymmetry of leading quark
into right-left asymmetry in momentum

® compare: convex lens that is illuminated asymmetrically

Hadron Tomography



| Summary

® DVCS allows probing GPDS
o R ey
(7))

dr™ .+ -
TP ' X /
21 c <p
® GPDs resemble both PDFs and form factors:
defined through matrix elements of light-cone correlation, but
A=p —p#D0.
® {-dependence of GPDs at £=0 (purely L momentum transfer) =
Fourier transform of impact parameter dependent PDFs ¢(x, b )

— knowledge of GPDs for £ = 0 provides novel information about
nonperturbative parton structure of nucleons: distribution of
partons in L plane

A0, A A

Aqxbj_ fchA)JQ_HxO A2)_ZbL'Al

® (x,b)), Aq(z,b ) have probabilistic interpretation, e.qg.
Q(ZC, bJ_) > O fOI’ i > O Hadron Tomography



| Summary

o ?—ﬁE(ZE, —A?) describes how the momentum distribution of
unpolarized partons in the L plane gets transversely distorted
when is nucleon polarized in _L direction.

® (attractive) final state interaction converts _L position space
asymmetry into .. momentum space asymmetry

— simple physical explanation for sign of left-right asymmetry in
semi-inclusive DIS

® Similar mechanism also applicable to many other semi-inclusive
events, such as transverse polarizations in hyperon production.

® published in: M.B., PRD 62, 71503 (2000), hep-ph/0105324, and
hep-ph/0207047; see also D. Soper, PRD 15, 1141 (1977).

® Connection to SSA in M.B., PRD 66, 114005 (2002);
hep-ph/0302144.
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| extrapolating to £ = 0

® Dbad news:¢ = 0 not directly accessible in DVCS since long.
momentum transfer necessary to convert virtual ~ into real ~

®» good news: moments of GPDs have simple £-dependence
(polynomials in &)
— should be possible to extrapolate!

even moments of H(x,&,t):

1 [25]
Ho(61) = / daa™ H(z,6.0) = 3 AnsiDE + Cu(1)
_ 1=0

= Ano(t) + Ana (D€ + o+ Apna(HE" 2 + Co()E",
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-

1
/ dCECIZH(SIZ, 57 t) — A2,O(t) + C12 (t)€2

—1

® For n'" moment, need Z + 1 measurements of H, (¢, t) for same ¢
but different ¢ to determine A,, 2;(t).

® GPDs @ ¢ = 0 obtained from H,, (¢ = 0,t) = A, 0(t)

similar procedure exists for moments of H

°

back
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| QCD evolution

So far ignored! Can be easily included because

® Fort < Q?, leading order evolution ¢t-independent

® For ¢ = 0 evolution kernel for GPDs
same as DGLAP evolution kernel

likewise:

® impact parameter dependent PDFs evolve such that different b |
do not mix (as long as L spatial resolution much smaller than Q?)

Hadron Tomography



I

— above results consistent with QCD evolution:

[i’(l'7 O, —Ai7 Q2) — f deJ_Q(ZC, bJ_’ Qz)e—ibJ_AJ_
H(x,0,—A2%,Q%) = [d?*b, Aq(z,b),Q?)e P+AL

where QCD evolution of H, H, ¢, Aq is described by DGLAP and is

independent on both b, and A?, provided one does not look at scales
in b, that are smaller than 1/Q.

back
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| suppression of crossed diagrams

back

(

T
AL

p p y

Flow of the large momentum ¢ through typical diagrams con-
tributing to the forward Compton amplitude. a) ‘handbag’
diagrams; b) ‘cat’s ears’ diagram. Diagram b) is suppressed

at large ¢ due to the presence of additional propagators.
Hadron Tomography



| density.interpretation for ¢(z,b )

® express quark-bilinear in twist-2 GPD in terms of light-cone ‘good’
component gy = 7 ~vtg

7y q= §E+)7+Q(+) = \/iq&)q(vt)'
#® expand g4 In terms of canonical raising and lowering operators

- > dkt  [d’k,
10X = ) T | o
X uggy (K, 8)bs (KT k1 )e™ ™ 4o (k, s)df (kT k1 )e™™]

Hadron Tomography



| density.interpretation for ¢(z,b )

with usual (canonical) equal light-cone time ™ anti-commutation
relations, e.g.

{br (kT k1), b (g 1)} = 6(kT = ¢M)d(k . — a1 )3,
and the normalization of the spinors is such that
a(‘i‘) (p7 T)fy—ku(—l-) (p7 S) — 2p+5rs-

Note: @y, )y u)(p,s) = 2p™ 6, for p™ = p'*, one finds for
x>0

21/
q(z,by) N’Z/ L/inL@J:OL’bT xpt K )bs(zpT k1) [pT,00)

DL (ki—K, )
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| density.interpretation for ¢(z,b )

» Switch to mixed representation:

back

momentum in longitudinal direction
position in transverse direction

- d?k .
bs(k+,XJ_) = / Lbs(lfr,kL)eZkL'XL

2T

g(z,br) = Y (ph0L|bl(zpt,bL)bs(zpt,bL) |ph0L).

> 0.

~

2
bs(zp™,b1) [pY, 0¢>‘
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| density.interpretation for ¢(x)

® express quark-bilinear in twist-2 PDF in terms of light-cone ‘good’
component gy = 7 ~vtg

7y q= §E+)7+Q(+) = \/iq&)q(vt)'
#® expand g4 In terms of canonical raising and lowering operators

- > dkt  [d’k,
10X = ) T | o
X uggy (K, 8)bs (KT k1 )e™ ™ 4o (k, s)df (kT k1 )e™™]
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| density.interpretation for ¢(x

with usual (canonical) equal light-cone time ™ anti-commutation
relations, e.g.

{br (kT k1), b (g 1)} = 6(kT = ¢M)d(k . — a1 )3,
and the normalization of the spinors is such that
a(‘i‘) (p7 T)fy—ku(—l-) (p7 S) — 2p+5rs-

(Note: @iy (p', r)y T uisy(p, s) = 2pT ;s for p™ = p'™)
® |[nsertin

q() —/d; (p|g(0~,0. )y g(z—,0.)|p) e =P
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| density.interpretation for ¢(x

® onefindsforz >0

=N’Z/ /ko' (ol b (pt K, ba(zp™ k1) [p)

4%k | ’
= VY| [t )| 2 0.

® antiquarks (x < 0) yield g(z) < 0
— usually define positive antiquark distribution

q(x) = —q(—x) (z>0)

back
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| Boosts in_nonrelativistic QM

¥ =7+ Ut ' =t

purely kinematical (quantization surface ¢t = 0 inv.)

— 1. boosting wavefunctions very simple

‘Pa(ﬁbﬁz) — ‘1’6(271 — MU, Pa — m2v)

2. dynamics of center of mass

R = Z T with 2, = -~

decouples from the internal dynamics
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| Relativistic Boosts

t’:fy(t—l—%z>, z'=~(z+vt) x| =x,
c

generators satisfy Poincaré algebra:
PYPY] = 0
M, PP] = i(g""P" = g"P")
[MMV’ Mpk} — 4 (guAMl/p + ngMW\ _ gupMW\ _ gW\Mup>

rotations: M;; = €;;xJk, boosts: M,y = K.
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| Galilean subgroup of L boosts

introduce generator of L ‘boosts’:

Ky + J,
NG Y

Poincaré algebra — commutation relations:

= M"Y =

B, =M™ = By =
V2

|J3, Br] = ien D) [Py, Bl] = —i0i PT
[P_,Bk] = P [P+,Bk] =0

with k.1 €{x,y}, €zy= —€yo=1,and g, = €, = 0.
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I

Together with [J,, P.] = ie; P, as well as

P~ P = [P,PT]=[P,J.]=0
[Pt P = [P*,By] =[P", J.]=0.

Same as commutation relations among generators of nonrel. boosts,
translations, and rotations in x-y plane, provided one identifies

P~ — Hamiltonian

P, — momentum in the plane

PT — mass

L. —— rotations around z-axis

B, — generator of boosts in the plane,

back to discussion
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| Consequences

L I

back

many results from NRQM carry over to L boosts in IMF, e.qg.

1 boosts kinematical

\I/AL(xﬂ{J_) — \IJOJ_(ZC,kJ_—ZCAJ_)
Ua (z,ki,y,11) = Yo, (z,k;, —2zA1,y, 1 —yA])

Transverse center of momentum R, = ) . x;r ; plays role

similar to NR center of mass, e.g. [ d*p. |[p*, p.) corresponds to
statewithR;, =0,.

Hadron Tomography



| 1 Center.of Momentum

® field theoretic definition

p R E/dx_/d2XJ_T++(x)XJ_ = M+

® M+t+ =B" generator of transverse boosts
® parton representation:

R, = E Tir ]
i

(z; = momentum fraction carried by i** parton)

back
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| Poincare algebra:

PYPY] = 0
M, PP = i(g" P! — g PY)
[MW, MPA} — 3 (gW\MVp + ngM/M _ gupMW\ _ gW\Mup>

rotations: M,;; = €;xJi, boosts: M, = K;. back
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| Galilean subgroup of L boosts

introduce generator of L ‘boosts’:

Ky + J,
NG Y

Poincaré algebra — commutation relations:

= M"Y =

B, =M™ = By =
V2

|J3, Br] = ien D) [Py, Bl] = —i0i PT
[P_,Bk] = P [P+,Bk] =0

with k.1 €{x,y}, €zy= —€yo=1,and g, = €, = 0.

back
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I

Together with [J,, P.] = ie; P, as well as

P~ P = [P,PT]=[P,J.]=0
[Pt P = [P*,By] =[P", J.]=0.

Same as commutation relations among generators of nonrel. boosts,
translations, and rotations in x-y plane, provided one identifies

P~ —— Hamiltonian
P, — momentum in the plane

PT™ — mass
L. —— rotations around z-axis
B, — generator of boosts in the plane,

back
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| Consedquences of Galilean subgrou

L I

back

many results from NRQM carry over to L boosts in IMF, e.qg.

1 boosts kinematical

\I/AL(ZU,k_L) — \IJOL(ZC,kJ_—ZCA_L)
Ua (z,ki,y,11) = Yo, (z,k;, —2zA1,y, 1 —yA])

Transverse center of momentum R =) . z;r, ; plays role similar

to NR center of mass, e.g. [ptR.L =0.)= [d°p, |pT,pL)
corresponds to state with R, =0, .
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I Proof that BJ_‘p+7 R, = OL> = ()

® Use
e~ VLBt b A = pT L+ pTVL, A
C_>
e‘m'BL/delp*,m,M =/d2mlp+,m,k>
C_>

B /dzmlpﬁm, A) =0

back

Hadron Tomography



| Example

® Ansatz: H,(x,0,—A%) = g(x)e aALA-z)In g

2
1 b1

e_ 4a(l1—x)In %
Ama(l — z)In <

— q(vaJ-) — Q(x)
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| Center.of Mass Frame in NRQM

® The boost operator in NRQM:

1

® satisfies (H =Y, % + V(73))
Ry, B = by R.H| =iP

back



|_Physical Meaning ofz; = 2

®» Go to frame where q, =0, i.e.

Q*=—q¢°=—2q"q 2p-q=2q pT +2¢ p"
® Bjorkenlimit: ¢~ — oo , ¢t fixed
CH
B q g q"
rp; — — — —

g pt+qTpT pT
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|_Physical Meaning ofz; = 2

o q"

© ZCBJ = —p—+
® LC energy-momentum dispersion relation
P m? + ki
2k
< struck quark with k=" = k= + ¢~ — oo can only be on mass shell if
C_>
+ + k+

— xp; has physical meaning of light-cone momentum fraction
carried by struck quark before it is hit by photon

back
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