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Quark-gluon plasma in HIC
• High temperatures (>150 MeV) are produced in heavy ion collisions (little bang)

• Quarks and gluons (partons) deconfine and produce new state of matter

• Strong experimental evidence for collective flow
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Graphic from (Pasechnik et al., 2017)



What is a fluid ?
The Mathematicians answer:

“A fluid is something that obeys fluid dynamics”
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(rµT
µ⌫ = 0)

Macroscopic quantities: pressure, density, temperature, shear stresses, etc.



What Why is a fluid ?
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l ⇠ 10�10m
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L ⇠ 1m
• Local thermal equilibrium / coarse graining / system determined by few 

macroscopic (thermodynamic) quantities.
• Hydrodynamics: small deviations from thermal equilibrium
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L
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Heavy ion collisions
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L ⇠ 10fm
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l ⇠ 1fm

• No separation of scales (small system)
• Very far from thermal equilibrium !
So how and why is this a fluid ?

Spatial Transverse Gradients in 
the Thermalisation of the Quark-
Gluon-Plasma
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Dashed: Thermal equilibrium   (                       )
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✓
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Early attractor Only late attractor
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The question
• Previous analyses had assumed rotational symmetry in the transverse 

direction for simplicity

• Spatial transverse gradients are relevant for small systems

Does breaking this symmetry change how the system thermalises ? 

Spatial Transverse Gradients in the Thermalisation of the Quark-Gluon-Plasma
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Outline
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1. Kinetic Theory 

2. Eigenspectrum analysis

3. Thermalisation



1. Kinetic Theory
How do we compute things ? The theoretical setup
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A crash course in Kinetic Theory
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Boltzmann equation

Single-particle distribution function

Relaxation-time approximation

External forces CollisionsStreaming
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n(t,~r) =

Z
fd3p
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N(t) =

Z
fd3p d3xPhysical meaning, e.g. or



Boost-invariance
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(Bjorken, 1983), (Baym, 1984)
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f = f(⌧,~k?, ~p)

<latexit sha1_base64="rx0ZxR0Ik/5ZjvCRAnfKQr6UluE="></latexit>

v0z =
v + w

1 + vw
=

�w(z + tw)

�w(t+ zw)
=

z0

t0

<latexit sha1_base64="vGlDRqYKtTNrw2+dNwFpP3W3v3w=">AAACInicbVDLSsNAFJ3UV62vVJduBovgqiQi1Y1QcKO7CvYBbQiT6aQdOpmEmUk1Df0Ud6L/4k5cCX6JKydtFrb1wIXDOfdyD8eLGJXKsr6Mwtr6xuZWcbu0s7u3f2CWD1syjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9kY3md8eEyFpyB9UEhEnQANOfYqR0pJrlsfuBF7Dni8QTifTVE1ds2JVrRngKrFzUgE5Gq750+uHOA4IV5ghKbu2FSknRUJRzMi01IsliRAeoQHpaspRQKSTzqJP4alW+tAPhR6u4Ez9e5GiQMok8PRmgNRQLnuZ+J/XjZV/5aSUR7EiHM8f+TGDKoRZD7BPBcGKJZogLKjOCvEQ6RaUbmvhy9M86oIWDRNJsczKsperWSWt86pdq9buLyr1u7y2IjgGJ+AM2OAS1MEtaIAmwOARPINX8Ga8GO/Gh/E5Xy0Y+c0RWIDx/QtbUKV3</latexit>

vz =
z

t Boost



Expansion

Uri Sharell, Rising Researchers Seminar, 03/06/2025 16

(Blaizot & Yan, 2018), (Brewer et al., 2021), (Brewer et al., 2022)
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F = F (⌧, k?, ✓,�)

<latexit sha1_base64="PaDWNvc0HGuPWGYyf63T/k/QLUQ=">AAACL3icbZDLSsNAFIYn9VbrrepSkMEiVJCSiFQ3QsGNgosK9gJNCJPppB06SYaZiVhCdj6NO9F3ETfi1ldw5bTJwlZ/GPj4zzmcM7/HGZXKNN+NwsLi0vJKcbW0tr6xuVXe3mnLKBaYtHDEItH1kCSMhqSlqGKkywVBgcdIxxtdTuqdeyIkjcI7NebECdAgpD7FSGnLLe/fuAkLUngBM6jaCsXHcOTanAh+5JYrZs2cCv4FK4cKyNV0y992P8JxQEKFGZKyZ5lcOQkSimJG0pIdS8IRHqEB6WkMUUCkk0z/kcJD7fShHwn9QgWn7u+JBAVSjgNPdwZIDeV8bWL+V+vFyj93EhryWJEQZ4v8mEEVwUkosE8FwYqNNSAsqL4V4iESCCsd3cyWh+zUGY8Px5JimeqwrPlo/kL7pGbVa/Xb00rjOo+tCPbAAagCC5yBBrgCTdACGDyCJ/ACXo1n4834MD6z1oKRz+yCGRlfP0Tvqew=</latexit>

Llm = Llm(⌧, k?)



Physical meaning
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Moments with  l =   {0,1,2   correspond to the stress-energy tensor

Coefficients of

<latexit sha1_base64="wjxJZ4Vu4/XNiLjCF+zZxF4Z9Pg=">AAACGHicbVDLSsNAFL2pr1pfVZduBovgqiQi1Y1QcKPgooJ9SBvKZDpph85MwsxEDKFf4U70X9yJW3f+iiuTNgtbPTBwOOde7pnjhZxpY9tfVmFpeWV1rbhe2tjc2t4p7+61dBApQpsk4IHqeFhTziRtGmY47YSKYuFx2vbGl5nffqBKs0DemTikrsBDyXxGsEmle3SBbvqJbU/65YpdtadAf4mTkwrkaPTL371BQCJBpSEca9117NC4CVaGEU4npV6kaYjJGA9pN6USC6rdZBp4go5SZYD8QKVPGjRVf28kWGgdCy+dFNiM9KKXif953cj4527CZBgZKsnskB9xZAKU/R4NmKLE8DglmCiWZkVkhBUmJu1o7srjLOqcFo5izYjOynIWq/lLWidVp1at3Z5W6td5bUU4gEM4BgfOoA5X0IAmEBDwBC/waj1bb9a79TEbLVj5zj7Mwfr8AaQSoNQ=</latexit>

= L00



Tower of ODEs
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Hydrodynamic (conserved) moments



Sectors
• At zero (transverse) gradients, 

moments decouple into sectors,         
, where      is the parity given 

by 

• m = 0,±1: “hydro sectors” (they 

contain all conserved quantities)
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• Kinetic Theory is useful to connect the initial stage particle level description 
to the late time fluid description at thermal equilibrium.

• The spherical harmonic expansion creates a physical hierarchy of moments.

• Without gradients, expansion moments decouple into separate sectors due 
to system symmetries (SO(2) x Z2) 



2. Eigenspectrum analysis
What insights can we gain before directly solving the ODEs ?
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• Real part of eigenvalue ~ decay rate of the eigenmode
• Gap in spectrum  all modes except dominant modes decay quickly
               Attractors!

Eigenvalues recap
Consider Time-independent hermitian Hamiltonian with 

Time evolution: 

Decomposing:
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<latexit sha1_base64="MyypVIbajoa+xBA9ZIt5/ZsrnG8=">AAACN3icbVC7SgNBFJ31GeMramkzGBQbw65ItBECNrGLYB6QXcLdySQZMrs7zMyKYckf+DV2oj9iZSe2tlbOJluYxAsDh3Pu5Zw5vuBMadt+t5aWV1bX1nMb+c2t7Z3dwt5+Q0WxJLROIh7Jlg+KchbSumaa05aQFAKf06Y/vEn15gOVikXhvR4J6gXQD1mPEdCG6hROXAFSM+AdV0OMXaEYvsZnbgB6QIAn1fGE6xSKdsmeDF4ETgaKKJtap/DjdiMSBzTUhINSbccW2ktSL8LpOO/GigogQ+jTtoEhBFR5yeQ/Y3xsmC7uRdK8UOMJ+/cigUCpUeCbzTSnmtdS8j+tHevelZewUMSahmRq1Is51hFOy8FdJinRfGQAEMlMVkwGIIFoU+GMy+M06gwnBiPFiBqbspz5ahZB47zklEvlu4ti5TarLYcO0RE6RQ66RBVURTVURwQ9oWf0it6sF+vD+rS+pqtLVnZzgGbG+v4FkButpQ==</latexit>

@⌧ = �H 

<latexit sha1_base64="XPyYC3YOEr5vIJUqWpidImStOQg=">AAACNnicbVDNS8MwHE3n15xfVY9egmPgabQi04sw8DJvE9wHrGWkWbqFpWlJUrGU/gX+Nd5E/xIv3sSrZ09maw9u80Hg8X5fL8+LGJXKst6N0tr6xuZWebuys7u3f2AeHnVlGAtMOjhkoeh7SBJGOekoqhjpR4KgwGOk501vZvXeAxGShvxeJRFxAzTm1KcYKS0NzZoTIDXBiKWtDDrRhA45vIYO0xtGSPNcGppVq27NAVeJXZAqKNAemj/OKMRxQLjCDEk5sK1IuSkSimJGsooTSxIhPEVjMtCUo4BIN51/J4M1rYygHwr9uIJz9e9EigIpk8DTnTPzcrk2E/+rDWLlX7kp5VGsCMf5IT9mUIVwlg0cUUGwYokmCAuqvUI8QQJhpRNcuPKYW13QokkiKZaZDstejmaVdM/rdqPeuLuoNm+L2MrgBJyCM2CDS9AELdAGHYDBE3gGr+DNeDE+jE/jK28tGcXMMViA8f0LpYqtLg==</latexit>

H�n = �n�n

<latexit sha1_base64="DjmgIv8l9j5Nb5QQ4lli2EyjxSA="></latexit>

 (⌧) =
X

n

an(⌧)�n = a0(⌧)�0
<latexit sha1_base64="UtxstwtyYrDi7i6mO0KJX5m5cyo=">AAACNHicbVDLSgMxFM34rPVVdekmWAQ3lhmR6kYouNFdBfuAThnupGkbmsmEJCOWoR/g17gT/RTBnbj1A1yZabuwrRcunJz7ODcnlJxp47rvztLyyuraem4jv7m1vbNb2Nuv6zhRhNZIzGPVDEFTzgStGWY4bUpFIQo5bYSD66zeeKBKs1jcm6Gk7Qh6gnUZAWOpoFD0JSjDgAe+gQRDIPAVPsU+tys62cum7XJL7jjwIvCmoIimUQ0KP34nJklEhSEctG55rjTtNBMinI7yfqKpBDKAHm1ZKCCiup2OPzPCx5bp4G6sbAqDx+zfiRQirYdRaDsjMH09X8vI/2qtxHQv2ykTMjFUkIlQN+HYxDhzBneYosTwoQVAFLO3YtIHBcRY/2ZUHienznCyP9SM6JE1y5u3ZhHUz0peuVS+Oy9Wbqe25dAhOkInyEMXqIJuUBXVEEFP6Bm9ojfnxflwPp2vSeuSM505QDPhfP8CA/Grxw==</latexit>

@⌧an = ��nan
<latexit sha1_base64="RDku2vvWx3HAKwWgfxb5Zq3lhm4="></latexit>

an(⌧) / e��n⌧



Eigenvalues numerical
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Hydro modes (shear 
and sound) at finite 
gradient

Non-hydro modes

Reminder:

• Constant eigenvalue: exponential decay

• Decaying eigenvalue          : power law decay
<latexit sha1_base64="K89iOwaNp3hwmPbn30Sa9A+3xbc=">AAACGnicbVDLSgMxFM34rPVVdekmWARXdUakuiy40V0F+4CZoWTSTBuax5BkxGHoZ7gT/Rd34taNv+LKtJ2FbT0QOJxzL/fkRAmj2rjut7Oyura+sVnaKm/v7O7tVw4O21qmCpMWlkyqboQ0YVSQlqGGkW6iCOIRI51odDPxO49EaSrFg8kSEnI0EDSmGBkr+YGmHHrngUFpr1J1a+4UcJl4BamCAs1e5SfoS5xyIgxmSGvfcxMT5kgZihkZl4NUkwThERoQ31KBONFhPo08hqdW6cNYKvuEgVP170aOuNYZj+wkR2aoF72J+J/npya+DnMqktQQgWeH4pRBI+Hk/7BPFcGGZZYgrKjNCvEQKYSNbWnuytMs6pyWDDNNsR7bsrzFapZJ+6Lm1Wv1+8tq466orQSOwQk4Ax64Ag1wC5qgBTCQ4Bm8gjfnxXl3PpzP2eiKU+wcgTk4X78iLaIz</latexit>

⇠ 1/⌧

Hydro modes at zero gradient



Dispersion relations
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Sound mode

Shear mode (2-degenerate)

Sanity

But – very easy to extract in this framework !

Can extract at late times analytically, power series in gradients

= dispersion relation obtained in relativistic hydrodynamic 
gradient expansion (see, e.g. Baier et al, 2008) 



Dispersion (numerical)
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Sound

Shear

Non-hydro modes

Large gradients:
• No gap
• No attractor

• No hydrodynamic modes



Sound mode (numerical)
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• Gradients allow description of shear and sound modes

At late times:

• Equivalence to the hydrodynamic gradient expansion

• Gradients increase decay rate of hydro modes

• Very strong gradients destroy hydro modes, and the system no longer 

thermalises



3. Thermalisation
Do transverse gradients change if and how the QGP thermalises ?
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Contribution of sectors
• Decompose moment vector into different sectors

• Population fraction
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e.g.

such that



Contribution of hydro sectors
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All hydro sectors Non-hydro sector m = ± 2

Gradients Hydro Non-hydro 

No full thermalisation!



Attractors – hydro vs non-hydro sectors
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Hydro sector Non-hydro sector

• Hydro sectors: strong moment hierarchy due to conserved moments
• Non-hydro sectors: all moments decay exponentially  constant attractor



Attractor modification with gradients
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0.010 0.100 1 10 100 1000
-1.0-0.5

0.51.0

Dashed: Attractor for zero gradients

<latexit sha1_base64="FV7/iU0WSgkxp29e7O8K1zvoOA4=">AAACIHicbVDLSsNAFJ3UV62PRl26GSyCq5KI1G6EghvdVbEPaEOYTCft0MkkzEMMoV/iTvRf3IlL/RRXTtssbOuBYQ7n3Ms9nCBhVCrH+bIKa+sbm1vF7dLO7t5+2T44bMtYC0xaOGax6AZIEkY5aSmqGOkmgqAoYKQTjK+nfueRCElj/qDShHgRGnIaUoyUkXy7PIZ9hbR/D6+gU3Xqvl0x3wxwlbg5qYAcTd/+6Q9irCPCFWZIyp7rJMrLkFAUMzIp9bUkCcJjNCQ9QzmKiPSyWfAJPDXKAIaxMI8rOFP/bmQokjKNAjMZITWSy95U/M/raRXWvYzyRCvC8fxQqBlUMZy2AAdUEKxYagjCgpqsEI+QQFiZrhauPM2jLmjJKJUUy4kpy12uZpW0z6turVq7u6g0bvPaiuAYnIAz4IJL0AA3oAlaAAMNnsEreLNerHfrw/qcjxasfOcILMD6/gXYiaLm</latexit>

k⌧R = 0.08 Attractor is modified and now 
looks like hydro attractor:
• Sectors are now coupled

• Hierarchy of hydro sectors is 
imprinted on non-hydro 
moments.
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• Gradients increase contribution of non-hydrodynamic modes, preventing full 
thermalisation of the system

• Small gradients imprint hierarchy of hydro modes onto non-hydro sectors.

• Attractor is modified: All attractors look like the hydrodynamic ones.



What now ?
Caveats, current work, and summary
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Caveats
• Fourier space, keeping gradients constant, only then full thermalisation is 

“prevented”. In HIC, gradients decay in time.

• Relaxation time is temperature-dependent, which itself is time-dependent. 
However, dynamics don’t change up to time rescaling

• Analysis assumes perfect boost–invariance, additional gradients in rapidity 
could further change dynamics.

• Conformality is broken by nonzero quark masses (e.g. speed of sound2 ≠ 1/3)
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Current work 
• Attractor deviation time – analytic expression.

• Hierarchy imprinting should improve accuracy of low truncation – currently 
checking this

• Writing up paper (stay tuned!)
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Summary
• QGP hydro can be understood through studying attractors in kinetic theory.

• Transverse spatial gradients are relevant in small systems and:
• Allow for the description of sound and shear modes in the kinetic theory framework

• Modify the attractor in non-hydrodynamic sectors by imprinting the hydro hierarchy onto 

previously decoupled sectors.

• Excite non-hydrodynamic modes and prevent the full thermalisation of the system.
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u.sharell@thphys.uni-heidelberg.deThank you! Questions?


