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Figure 1.1: Schematic phase diagram of strong-interaction matter for physical values of the quark masses
(left) and for different values of the light quark masses, including the expected behavior in the chiral limit
(right). The right-hand figure is taken from Ref. [10] and was first suggested in Ref. [11].

our collaboration, and our multi-pronged approach to provide theoretical inputs, which are well grounded in
fundamental theory and involve techniques which are tested against each other and against data.

Motivation

When strong-interaction matter is in or near equilibrium, we can describe it in terms of its temperature T
and chemical potentials for the various quark numbers which are conserved by the strong interaction. In
most cases – predominantly for neutron-star interiors – this reduces to the baryon number µB and isospin
µI chemical potentials. This leads to a phase diagram in the three variables (T, µB , µI), and we want to
know all properties of matter through this phase diagram; standard thermodynamical quantities like the free
energy, but also more physical properties like the nature of any phases and their excitation spectra.

The most discussed case is µI = 0, where we consider the phase diagram as a function of temperature
T and baryon chemical potential µB . A schematic of what we expect is shown in Fig. 1.1 (left). At low
temperatures and baryon chemical potentials the QCD coupling constant is large: quarks and gluons are
confined into hadrons and the chiral symmetry of QCD is spontaneously broken by a non-vanishing quark
condensate. At high temperatures and baryon chemical potentials, the coupling constant becomes small:
quarks and gluons are liberated, and chiral symmetry is restored. This new phase of strong-interaction matter
is commonly termed the quark-gluon plasma (QGP) [12,13]. Numerical calculations on a discretized space-
time lattice (lattice-QCD calculations) tell us that the restoration of chiral symmetry happens via a crossover
transition [14,15] at a temperature T ⇠ 155 MeV for µB = 0 [16], [A04-1], and leads to a true phase transition
in the chiral limit at a temperature Tc ' 132 MeV [A01-1]. Calculations from QCD-inspired models predict
that the chiral transition is of first order at small T and values of µB of order 1 GeV. For physical values of
the light quark masses the first-order phase boundary ends in a second-order critical point [11], At vanishing
values of the light quark masses this endpoint is a tricritical point, which is connected to the critical endpoint
at physical values of the quark masses by a line of second-order phase transitions in the 3d-Ising universality
class as indicated in Fig. 1.1 (right). The location of the critical endpoint as well as the tricritical point in the
chiral limit is presently not accessible to first-principles QCD calculations and varies from model to model.
At small temperatures and very high baryon chemical potentials, strong-interaction matter becomes a color
superconductor, on account of attractive interactions near the Fermi surface of weakly coupled quarks.

This rather schematic view of the QCD phase diagram needs to be substantiated and refined, both through
experimental investigations as well as solid, quantitative theoretical calculations based on QCD. In particular,
we want to emphasize where the phase diagram is based on models which are not yet reliable and system-
atically improvable. We illustrate this point in Fig. 1.2, which shows the same phase diagram but listing
what quantitative and close-to-first-principles computational techniques are available in each phase-diagram
region. At (very) high temperatures and baryon chemical potentials, asymptotic freedom of QCD allows
for the application of (resummed) perturbation theory [17], with BCS theory covering the range of small to
moderate temperatures and high baryon chemical potentials [18]. As explained above, near the temperature
axis and at small baryon chemical potentials, lattice-QCD calculations deliver reliable first-principle infor-
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are based on (at least) full NNLO QCD predictions, and are published
in peer-reviewed journals at the time of completing this Review.
These pre-averages are then combined to the final world average value
of αs(M2

Z), using the χ2 averaging method and error treatment as
described above. From these, we determine the new world average
value of

αs(M
2
Z) = 0.1181 ± 0.0011 , (9.23)

with an uncertainty of 0.9 %.→→→ This world average value is in
reasonable agreement with that from the 2013 version of this Review,
which was αs(M2

Z) = 0.1185 ± 0.0006, however at a somewhat
decreased central value and with an overall uncertainty that has
almost doubled. These changes are mainly due to the following
developments:

- the uncertainty of the combined lattice result, now using the
same averaging procedure as applied to the other sub-fields, is
more conservative than that used in our previous Review, leading
to a larger final uncertainty of the new world average, and to a
reduced fixing power towards the central average value;

- the relatively low value of αs from hadron collider results, which
currently consists of only one measurement of the tt cross section
at

→
s = 7 TeV [370] that is likely to be a fluctuation to the low

side.

For convenience, we also provide the values for ΛMS which
correspond to the new world average:

Λ
(6)

MS
= (89 ± 6) MeV, (9.24a)

Λ
(5)

MS
= (210 ± 14) MeV, (9.24b)

Λ
(4)

MS
= (292 ± 16) MeV, (9.24c)

Λ
(3)

MS
= (332 ± 17) MeV, (9.24d)

for nf = 6, 5, 4 and 3 quark flavors, which are determined using the
4-loop expression for the running of αs according to Eq. (9.5) and
3-loop matching at the charm-, bottom- and top-quark pole masses
of 1.3, 4.2 and 173 GeV/c2, respectively. Note that for scales below a
few GeV, Eq. (9.5) starts to differ significantly from the exact solution
of the renormalization group equation Eq. (9.3) and the latter is then
to be preferred.

In order to further test and verify the sensitivity of the new
average value of αs(M2

Z) to the different pre-averages and fields of αs

determinations, we give each of the averages obtained when leaving
out one of the six input values, as well as the respective, initial value
of χ2 :

αs(M
2
Z) = 0.1179± 0.0011 (w/o τ results;

χ2
0/d.o.f. = 3.3/4), (9.25a)

αs(M
2
Z) = 0.1174± 0.0016 (w/o lattice results;

χ2
0/d.o.f. = 2.9/4), (9.25b)

αs(M
2
Z) = 0.1185± 0.0013 (w/o DIS results;

χ2
0/d.o.f. = 2.0/4), (9.25c)

αs(M
2
Z) = 0.1182± 0.0010 (w/o e+e− results;

χ2
0/d.o.f. = 3.5/4), (9.25d)

αs(M
2
Z) = 0.1184± 0.0012 (w/o hadron collider;

χ2
0/d.o.f. = 2.4/4) and (9.25e)

αs(M
2
Z) = 0.1180± 0.0010 (w/o e.w. precision fit;

χ2
0/d.o.f. = 3.4/4). (9.25f)

They are well within the uncertainty of the overall world average
quoted above. Note, however, that the average excluding the lattice
result is no longer as close to the value obtained from lattice alone as

→→→ The weighted average, treating all inputs as uncorrelated mea-
surements with Gaussian uncertainties, results in αs(M2

Z) = 0.11810±
0.00078 with χ2/d.o.f. = 3.7/5. Requiring χ2/d.o.f. to reach unity
calls for an overall correlation factor of 0.28, which increases the over-
all uncertainty to ±0.00114.

was the case in the 2013 Review, but is now smaller by almost one
standard deviation of its assigned uncertainty.

Notwithstanding the many open issues still present within each
of the sub-fields summarised in this Review, the wealth of available
results provides a rather precise and reasonably stable world average
value of αs(M2

Z), as well as a clear signature and proof of the energy
dependence of αs, in full agreement with the QCD prediction of
Asymptotic Freedom. This is demonstrated in Fig. 9.3, where results
of αs(Q2) obtained at discrete energy scales Q, now also including
those based just on NLO QCD, are summarized. Thanks to the results
from the Tevatron and from the LHC, the energy scales at which αs is
determined now extend up to more than 1 TeV♦.

QCD αs(Mz) = 0.1181 ± 0.0011

pp –> jets
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Figure 9.3: Summary of measurements of αs as a function of
the energy scale Q. The respective degree of QCD perturbation
theory used in the extraction of αs is indicated in brackets (NLO:
next-to-leading order; NNLO: next-to-next-to leading order; res.
NNLO: NNLO matched with resummed next-to-leading logs;
N3LO: next-to-NNLO).
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reduced temperature

τ = (T – Tc)/Tc 

• For example, observables behave as 
power laws with universal exponents:
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Quark-gluon plasma

Ising model ⇒ equilibrium universal properties of QCD’s critical point

Stephanov, Rajagopal & Shuryak, 
PRL 81 (1998) 4816-4819
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Critical point: Correlation length    diverges


• Microscopic details irrelevant


• Critical properties fully determined by 
symmetries, number of dimensions, …
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Figure 2: Behavior of the correlation length for cooling through the critical
point along the h-axis of Figure 1. The equilibrium correlation length is
shown as a dashed line. The true correlation length is shown for (bottom
to top) a = 25, 50, 100. Our units, described in the text, are such that
h = →0.2,→0.1, 0, 0.1 corresponds to T = 180, 160, 140, 120 MeV, and ξ is
measured in units of ξ0 = 1.4 fm.

finite time and critical slowing down) imposes the more stringent constraint
on ξ. We have analyzed this nonequilibrium effect as if the system were
spatially homogeneous. Had we found correlation lengths growing beyond
6 fm, we would have to do a much more complicated analysis, taking both
the finite time and the inhomogeneous spatial dynamics into account. Since
we find that ξ only grows to about 3 fm, this is not necessary.

Fourth, just as critical slowing down prevents ξ from growing as fast as
ξeq does, it also prevents ξ from shrinking as fast as ξeq does after E has
been passed. Whether we estimate Tfreezeout ∼ 130 MeV (corresponding to
h = .05) or ∼ 120 MeV (h = 0.1) for trajectories passing near E, one finds
ξfreezeout ∼ 2ξ0. We can also argue that even if an a as large as 1000 were
possible, our conclusions would be little affected: If a = 1000, and ξ follows
ξeq closely enough that it increases to 4ξ0, ξ also tracks ξeq more closely as
it decreases below TE . If a = 1000, it turns out that ξ is quite close to ξeq
by the time h = .05. Thus, although increasing a to a ridiculous extent does
increase the maximum value of ξ, it has little effect on ξfreezeout. This is further

11

<latexit sha1_base64="WBFR6QnH41oeVLNreVxMDSQEPLM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolIFU8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqAccJ9yM6UCIUjKKV7rtPolcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns1Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06RRuCt/jyMmmeV7xqpXp3Ua5d53EU4BhO4Aw8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3rri5DNH8AfO5w9dD43Y</latexit>

⇠

<latexit sha1_base64="5FIOFpev0pWLgv33ZOfCdhUGUwk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRPEU8JJjAuYByRJmJ51kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFcSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHSUKIZNFolIdQKqUXCJTcONwE6skIaBwHYwuZ/77SdUmkfywUxj9EM6knzIGTVWatT6xZJbdhcg68TLSAky1PvFr94gYkmI0jBBte56bmz8lCrDmcBZoZdojCmb0BF2LZU0RO2ni0Nn5MIqAzKMlC1pyEL9PZHSUOtpGNjOkJqxXvXm4n9eNzHDWz/lMk4MSrZcNEwEMRGZf00GXCEzYmoJZYrbWwkbU0WZsdkUbAje6svrpHVV9irlSuO6VL3L4sjDGZzDJXhwA1WoQR2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB56jjM8=</latexit>

H

Berdnikov & Rajagopal, PRD 61, 105017 (2000)

Time evolution of correlation length    :        
<latexit sha1_base64="WBFR6QnH41oeVLNreVxMDSQEPLM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolIFU8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqAccJ9yM6UCIUjKKV7rtPolcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns1Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06RRuCt/jyMmmeV7xqpXp3Ua5d53EU4BhO4Aw8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3rri5DNH8AfO5w9dD43Y</latexit>

⇠

<latexit sha1_base64="6XsUZjL2vgdgArwoNgFXItNyaH0=">AAACBXicdVA9SwNBEN3z2/gVtdRiMQg2xrsYk2Al2FgqmCjkYtjbTHTJ3t6xOyeESxob/4qNhSK2/gc7/42bD0FFHww83pthZl4QS2HQdT+cicmp6ZnZufnMwuLS8kp2da1mokRzqPJIRvoyYAakUFBFgRIuYw0sDCRcBJ3jgX9xC9qISJ1jN4ZGyK6VaAvO0ErN7KZvREh7J72rdNdXyZ4fADLqt0Ai6zezOTdfqlQ8r0LdvFcqlPeHpHBQdovUy7tD5MgYp83su9+KeBKCQi6ZMXXPjbGRMo2CS+hn/MRAzHiHXUPdUsVCMI10+EWfblulRduRtqWQDtXvEykLjemGge0MGd6Y395A/MurJ9iuNFKh4gRB8dGidiIpRnQQCW0JDRxl1xLGtbC3Un7DNONog8vYEL4+pf+TWsHmky+dFXNHh+M45sgG2SI7xCNlckROyCmpEk7uyAN5Is/OvfPovDivo9YJZzyzTn7AefsEZzCYiA==</latexit>

⇠ |H|�⌫/��

Quark-gluon plasma
<latexit sha1_base64="hsds7U/nBMfIWA7OVhfYYTBIKwI=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GmYSHSeeAl48JpANkiH0dGqSNj0L3T1CGPIFXjwo4tVP8ubf2FkEFX1Q8Hiviqp6fsKZVJb1YeTW1jc2t/LbhZ3dvf2D4uFRW8apoNCiMY9F1ycSOIugpZji0E0EkNDn0PEnN3O/cw9CsjhqqmkCXkhGEQsYJUpLjeagWLJM23Ivqw62TKdiu+WKJrbjlKsutk1rgRJaoT4ovveHMU1DiBTlRMqebSXKy4hQjHKYFfqphITQCRlBT9OIhCC9bHHoDJ9pZYiDWOiKFF6o3ycyEko5DX3dGRI1lr+9ufiX10tV4HoZi5JUQUSXi4KUYxXj+dd4yARQxaeaECqYvhXTMRGEKp1NQYfw9Sn+n7TLOhbTaVyUaterOPLoBJ2ic2SjK1RDt6iOWogiQA/oCT0bd8aj8WK8LltzxmrmGP2A8fYJKjKNLw==</latexit>

T

Chiral order parameter:
<latexit sha1_base64="plEPa7GTfseEKE3c4u69QhyR4zU="></latexit>

' ⇠ q̄q � hq̄qic

<latexit sha1_base64="xrlVvAKRzaIGrFN/ztDKdovM/tE=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GmYSHSeeAl5yTMAskAyhp1OTtOlZ6O4RwpAv8OJBEa9+kjf/xs4iqOiDgsd7VVTV8xPOpLKsDyO3tr6xuZXfLuzs7u0fFA+P2jJOBYUWjXksuj6RwFkELcUUh24igIQ+h44/uZn7nXsQksXRrZom4IVkFLGAUaK01KwPiiXLtC33supgy3QqtluuaGI7TrnqYtu0FiihFRqD4nt/GNM0hEhRTqTs2VaivIwIxSiHWaGfSkgInZAR9DSNSAjSyxaHzvCZVoY4iIWuSOGF+n0iI6GU09DXnSFRY/nbm4t/eb1UBa6XsShJFUR0uShIOVYxnn+Nh0wAVXyqCaGC6VsxHRNBqNLZFHQIX5/i/0m7rGMxneZFqXa9iiOPTtApOkc2ukI1VEcN1EIUAXpAT+jZuDMejRfjddmaM1Yzx+gHjLdPGAKNIw==</latexit>

H

<latexit sha1_base64="OoqkHRBf0sZVdObBjffhugJLSNs=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+pCCm5cVrC1kIYymU7aoZOZMDMplNDPcONCEbd+jTv/xulDUNEDFw7n3Mu990Qpo0o7zodVWFldW98obpa2tnd298r7B20lMolJCwsmZCdCijDKSUtTzUgnlQQlESP30eh65t+PiVRU8Ds9SUmYoAGnMcVIGynojpFMhxReQadXrji26/jndQ86tldz/WrNENfzqnUfurYzRwUs0eyV37t9gbOEcI0ZUipwnVSHOZKaYkampW6mSIrwCA1IYChHCVFhPj95Ck+M0oexkKa4hnP1+0SOEqUmSWQ6E6SH6rc3E//ygkzHfphTnmaacLxYFGcMagFn/8M+lQRrNjEEYUnNrRAPkURYm5RKJoSvT+H/pF01sdje7VmlcbmMowiOwDE4BS64AA1wA5qgBTAQ4AE8gWdLW4/Wi/W6aC1Yy5lD8APW2yed+pDT</latexit>

' > 0

<latexit sha1_base64="bQAqrpLDZp2KuHP1b7hBtv0p/6I=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFZJWYyouCm5cVrC1kIYymU7aoZOZMDMplNDPcONCEbd+jTv/xulDUNEDFw7n3Mu990Qpo0o7zodVWFldW98obpa2tnd298r7B20lMolJCwsmZCdCijDKSUtTzUgnlQQlESP30eh65t+PiVRU8Ds9SUmYoAGnMcVIGynojpFMhxReQadXrji26/jndQ86tldz/WrNENfzqnUfurYzRwUs0eyV37t9gbOEcI0ZUipwnVSHOZKaYkampW6mSIrwCA1IYChHCVFhPj95Ck+M0oexkKa4hnP1+0SOEqUmSWQ6E6SH6rc3E//ygkzHfphTnmaacLxYFGcMagFn/8M+lQRrNjEEYUnNrRAPkURYm5RKJoSvT+H/pF01sdje7VmlcbmMowiOwDE4BS64AA1wA5qgBTAQ4AE8gWdLW4/Wi/W6aC1Yy5lD8APW2yea7pDR</latexit>

' < 0

<latexit sha1_base64="DdKplJZnvHGItP9pPpkT8PlRJsA=">AAAB+XicbZC7TsMwFIZPuJZyCzCyWFRITFWCuI0VLIxFohepCZHjOq1Vx4lsp6JEfRMWBhBi5U3YeBvcNgO0/JKlT/85R+f4D1POlHacb2tpeWV1bb20Ud7c2t7Ztff2myrJJKENkvBEtkOsKGeCNjTTnLZTSXEcctoKBzeTemtIpWKJuNejlPox7gkWMYK1sQLb9h5ZoJGnWIwMPjwFdsWpOlOhRXALqEChemB/ed2EZDEVmnCsVMd1Uu3nWGpGOB2XvUzRFJMB7tGOQYFjqvx8evkYHRuni6JEmic0mrq/J3IcKzWKQ9MZY91X87WJ+V+tk+noys+ZSDNNBZktijKOdIImMaAuk5RoPjKAiWTmVkT6WGKiTVhlE4I7/+VFaJ5W3Yvq+d1ZpXZdxFGCQziCE3DhEmpwC3VoAIEhPMMrvFm59WK9Wx+z1iWrmDmAP7I+fwAqWZNf</latexit>

⇠t ⇠ ⇠zcritical slowing down:

correlation time correlation length

Hohenberg & Halperin,

Rev. Mod. Phys. 49, 435 (1977)

dynamic critical exponent
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Dynamic universality classes
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   depends on conservation laws, Poisson bracket relations, …


⤳ Static universality classes split up into dynamic universality classes:

Static Z2 (Ising) 
universality class Son & Stephanov, PRD 70, 056001 (2004)

Dynamic universality class 
of QCD’s critical point!

Functional renormalization group: 
Chen, Tan, Fu, arXiv:2406.00679


JR, Ye, Schlichting, von Smekal, arXiv:2409.14470

Classical-statistical simulation: 
Chattopadhyay, Ott, Schaefer, Skokov, PRL 133, 032301 (2024) 

Model A 
No conserved quantities

Model B 
Order parameter conserved


No Poisson brackets

Model C 
Conserved energy density


No Poisson brackets

Model H 
Order parameter     conserved


Poisson bracket             with shear modes
<latexit sha1_base64="elzNfm/Cig5hUhGvSHEEKl7RMjY=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBhZREfC2LblxWsA9oQplMJ+3YyYOZSSGE+CtuXCji1g9x5984bbPQ1gMXDufcy733eDFnUlnWt1FaWV1b3yhvVra2d3b3zP2DtowSQWiLRDwSXQ9LyllIW4opTruxoDjwOO1449up35lQIVkUPqg0pm6AhyHzGcFKS32z6mTIiUfsFDkTSrLHHDl536xZdWsGtEzsgtSgQLNvfjmDiCQBDRXhWMqebcXKzbBQjHCaV5xE0hiTMR7SnqYhDqh0s9nxOTrWygD5kdAVKjRTf09kOJAyDTzdGWA1koveVPzP6yXKv3YzFsaJoiGZL/ITjlSEpkmgAROUKJ5qgolg+lZERlhgonReFR2CvfjyMmmf1e3L+sX9ea1xU8RRhkM4ghOw4QoacAdNaAGBFJ7hFd6MJ+PFeDc+5q0lo5ipwh8Ynz/cPZRI</latexit>

{�,~j}

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

�

Hohenberg & Halperin,

Rev. Mod. Phys. 49, 435 (1977)

<latexit sha1_base64="3TKdS+R4n01umoGIeQHyl2rPndg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRPEU8OIxAfOAZAmzk95kzOzsMjMrxJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+prjQE=</latexit>z
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• If there are no (other) conservation laws ⤳ Model A 

• But: in QCD there are!

Dynamic universality classes in more detail

9

• Dynamics: Langevin equation of motion

relaxation to minimal 
free energy

<latexit sha1_base64="GjgTwQz8jx4gYIFxxS9ybLowoHw="></latexit>

@'

@t
= ��0

�F

�'
+ ⇠

• Statics: Landau-Ginzburg-Wilson (LGW) free energy

<latexit sha1_base64="jXIPJ2rfd+pLdURVtY9yVbMWFLU="></latexit>

F =

Z
ddx

⇢
1

2
(~r')2 + V (')

�<latexit sha1_base64="jXIPJ2rfd+pLdURVtY9yVbMWFLU="></latexit>

F =

Z
ddx

⇢
1

2
(~r')2 + V (')

�

φ

V(φ) T > Tc

T < Tc

Order parameter: (chiral condensate) Model A
<latexit sha1_base64="fVUrBleJJGf1YAYpnrUnqJpNB+8=">AAAB+nicdVDLSgNBEJz1GeNro0cvg0EQhLC7xGQRhIAXjxHMA7IhzE46yZDZBzOzSlzzKV48KOLVL/Hm3zibRFDRgoaiqpvuLj/mTCrL+jCWlldW19ZzG/nNre2dXbOw15RRIig0aMQj0faJBM5CaCimOLRjASTwObT88UXmt25ASBaF12oSQzcgw5ANGCVKSz2zcHfunFAPFOmlXgwinvbMolWqlB2nWsVWybKcsuNmxHZc9xTbWslQRAvUe+a7149oEkCoKCdSdmwrVt2UCMUoh2neSyTEhI7JEDqahiQA2U1np0/xkVb6eBAJXaHCM/X7REoCKSeBrzsDokbyt5eJf3mdRA3cbsrCOFEQ0vmiQcKxinCWA+4zAVTxiSaECqZvxXREBKFKp5XXIXx9iv8nTadkV0qVq3KxdraII4cO0CE6Rjaqohq6RHXUQBTdogf0hJ6Ne+PReDFe561LxmJmH/2A8fYJV2iUEw==</latexit>

z = 2 + c⌘?

<latexit sha1_base64="EipOvKv92X7g7v7h62oZjQh9jcA="></latexit>

@2
t '+ �@t' = ��F

�'
+ ⇠ ⤳ modelled as Gaussian white noise:

random forces from

thermal fluctuations

<latexit sha1_base64="k3DU88oAqZwkxQFC9R3rqFCGxqI=">AAACCXicbVDLSgNBEJyNrxhfUY9eBoMQQcKuSPQiBL14jGAekF3C7KQ3GTI7u8zMhoQlVy/+ihcPinj1D7z5N04eB00saCiquunu8mPOlLbtbyuzsrq2vpHdzG1t7+zu5fcP6ipKJIUajXgkmz5RwJmAmmaaQzOWQEKfQ8Pv3078xgCkYpF40KMYvJB0BQsYJdpI7Tx2ORFdDtgdsqI+cwdA0+H41JUz9dpu5wt2yZ4CLxNnTgpojmo7/+V2IpqEIDTlRKmWY8faS4nUjHIY59xEQUxon3ShZaggISgvnX4yxidG6eAgkqaExlP190RKQqVGoW86Q6J7atGbiP95rUQHV17KRJxoEHS2KEg41hGexII7TALVfGQIoZKZWzHtEUmoNuHlTAjO4svLpH5ecsql8v1FoXIzjyOLjtAxKiIHXaIKukNVVEMUPaJn9IrerCfrxXq3PmatGWs+c4j+wPr8AV6BmX8=</latexit>

h⇠(t, ~x)i = 0

Einstein relation

<latexit sha1_base64="YXC11+QefSaEwSyvaSEbNAQ/ed4="></latexit>

h⇠(t, ~x)⇠(t0, ~x0)i = 2�0T �(t� t0)�(~x� ~x0)

<latexit sha1_base64="ZPNlscuCwo3UPViHNa43NdFbxys=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4scyIVHFVcOOygn1AZxjupGkbmslMk0yhDP0NN/6KGxeKuNSVf2M6raCtBy6cnHMvufcEMWdK2/aXlVtZXVvfyG8WtrZ3dveK+wcNFSWS0DqJeCRbASjKmaB1zTSnrVhSCANOm8HgZuo3R1QqFol7PY6pF0JPsC4joI3kF213BDLuM+wqFmI3AJkOJ0N8hl0Oosfpj+LK7OkTv1iyy3YGvEycOSmhOWp+8cPtRCQJqdCEg1Jtx461l4LUjHA6KbiJojGQAfRo21ABIVVeml02wSdG6eBuJE0JjTP190QKoVLjMDCdIei+WvSm4n9eO9HdKy9lIk40FWT2UTfhWEd4GhPuMEmJ5mNDgEhmdsWkDxKINmEWTAjO4snLpHFedirlyt1FqXo9jyOPjtAxOkUOukRVdItqqI4IekBP6AW9Wo/Ws/Vmvc9ac9Z85hD9gfX5DR6uoQI=</latexit>

' ⇠ q̄q � hq̄qic
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(chiral condensate)Order parameter:

Dynamic universality classes in more detail

10

Model B
<latexit sha1_base64="mCo+T0tUdkUoTv3BTCQz8nSr/0U=">AAAB/HicdVDLSgNBEJyNrxhf0Ry9DAbBi8tuXDZBEAJePEYwD0hCmJ10kiGzD2ZmhXWJv+LFgyJe/RBv/o2zSQQVLWgoqrrp7vIizqSyrA8jt7K6tr6R3yxsbe/s7hX3D1oyjAWFJg15KDoekcBZAE3FFIdOJID4Hoe2N73M/PYtCMnC4EYlEfR9Mg7YiFGitDQolu7wBXbwaQ8UGaS9CEQ0GxTLlmnXqm7FwZbpWpWqm5Gq41pnNrZNa44yWqIxKL73hiGNfQgU5UTKrm1Fqp8SoRjlMCv0YgkRoVMyhq6mAfFB9tP58TN8rJUhHoVCV6DwXP0+kRJfysT3dKdP1ET+9jLxL68bq1Gtn7IgihUEdLFoFHOsQpwlgYdMAFU80YRQwfStmE6IIFTpvAo6hK9P8f+kVTFt13SvnXL9fBlHHh2iI3SCbFRFdXSFGqiJKErQA3pCz8a98Wi8GK+L1pyxnCmhHzDePgGufJQu</latexit>

z = 4� ⌘?(baryon density)
Son & Stephanov,


PRD 70, 056001 (2004)

coupled to:

<latexit sha1_base64="jXIPJ2rfd+pLdURVtY9yVbMWFLU="></latexit>

F =

Z
ddx

⇢
1

2
(~r')2 + V (')

�<latexit sha1_base64="jXIPJ2rfd+pLdURVtY9yVbMWFLU="></latexit>

F =

Z
ddx

⇢
1

2
(~r')2 + V (')

�<latexit sha1_base64="sqOmVoiXyfrpQBcVUSxEE/nDfMU="></latexit>

+
n2

2�0

<latexit sha1_base64="Bq6mXqLCe5lVb1NMYbdT/UXzbSY=">AAAB9HicdVDLSgMxFM3UV62vqks3wSIIypCptVNdFd24rGAf0BlKJk3b0ExmTDKFMvQ73LhQxK0f486/MX0IKnrgwuGce7n3niDmTGmEPqzM0vLK6lp2PbexubW9k9/da6gokYTWScQj2QqwopwJWtdMc9qKJcVhwGkzGF5P/eaISsUicafHMfVD3BesxwjWRvJPvNMrb4RlPGBQdPIFZDuVShFdQGSXUbHknhninqNK2YWOjWYogAVqnfy7141IElKhCcdKtR0Uaz/FUjPC6STnJYrGmAxxn7YNFTikyk9nR0/gkVG6sBdJU0LDmfp9IsWhUuMwMJ0h1gP125uKf3ntRPcqfspEnGgqyHxRL+FQR3CaAOwySYnmY0MwkczcCskAS0y0ySlnQvj6FP5PGkXbKdul21KhermIIwsOwCE4Bg5wQRXcgBqoAwLuwQN4As/WyHq0XqzXeWvGWszsgx+w3j4BLCiRuQ==</latexit>

+B'n

• Statics: LGW free energy

• Critical dynamics dominated by diffusion ⤳ Model B

<latexit sha1_base64="ZPNlscuCwo3UPViHNa43NdFbxys=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4scyIVHFVcOOygn1AZxjupGkbmslMk0yhDP0NN/6KGxeKuNSVf2M6raCtBy6cnHMvufcEMWdK2/aXlVtZXVvfyG8WtrZ3dveK+wcNFSWS0DqJeCRbASjKmaB1zTSnrVhSCANOm8HgZuo3R1QqFol7PY6pF0JPsC4joI3kF213BDLuM+wqFmI3AJkOJ0N8hl0Oosfpj+LK7OkTv1iyy3YGvEycOSmhOWp+8cPtRCQJqdCEg1Jtx461l4LUjHA6KbiJojGQAfRo21ABIVVeml02wSdG6eBuJE0JjTP190QKoVLjMDCdIei+WvSm4n9eO9HdKy9lIk40FWT2UTfhWEd4GhPuMEmJ5mNDgEhmdsWkDxKINmEWTAjO4snLpHFedirlyt1FqXo9jyOPjtAxOkUOukRVdItqqI4IekBP6AW9Wo/Ws/Vmvc9ac9Z85hD9gfX5DR6uoQI=</latexit>

' ⇠ q̄q � hq̄qic
<latexit sha1_base64="deWaO6h2ufy2zJvNFKMqHJJ1Kfo=">AAACJ3icbVDLSgNBEJz1GeNr1aOXwSB4MeyKRPEgAS8eI5gHZGPonUySITOzm5lZISz5Gy/+ihdBRfTonzh5HDRJQUNR1U13Vxhzpo3nfTtLyyura+uZjezm1vbOrru3X9FRoggtk4hHqhaCppxJWjbMcFqLFQURcloNezcjv/pIlWaRvDeDmDYEdCRrMwLGSk33WuJAM4GDEFTaHwYdEAIePNzHpzjgIDucLvACNXaapOnmvLw3Bp4n/pTk0BSlpvsWtCKSCCoN4aB13fdi00hBGUY4HWaDRNMYSA86tG6pBEF1Ix3/OcTHVmnhdqRsSYPH6t+JFITWAxHaTgGmq2e9kbjIqyemfdlImYwTQyWZLGonHJsIj0LDLaYoMXxgCRDF7K2YdEEBMTbarA3Bn315nlTO8n4hX7g7zxWvpnFk0CE6QifIRxeoiG5RCZURQU/oBb2jD+fZeXU+na9J65IznTlA/+D8/AIJWaVw</latexit>

n ⇠ q̄�0q � hq̄�0qic

• Dynamics: Langevin equations of motion

diffusive!

<latexit sha1_base64="KeKs0Wi+jZ2OX9sYIJNTA3p2KTw=">AAADSHichVFdaxQxFL0z9aNbv9b20ZfgIgjCMluK+iIUP4ovQhW3LTR1STLZNWw2M2SyC+0yf9B/oK/+Ad9E8MEzcVaqRZohc+8999yTm1xZWlOFLPucpGtXrl67vt7ZuHHz1u073bubB1Ux90o PVWELfyRFpa1xehhMsPqo9FrMpNWHcvqiyR8utK9M4d6H01KfzMTEmbFRIgAadWsexHz0jvFS+GCEHYUP28yxR+cAhM8Yl8IvuYVwLmq+0GrJnZBW1KDzsReIc22DYHv1ynN1I3OOyrjKi9BCZzqIetTtZf0sLnbRGbROj9q1X3S/EKecClI0pxlpchTgWxJU4TumAWVUAjuhJTAPz8S8ppo2UDsHS4MhgE7xnyA6blGHuNGsYrXCKRbbo5LRA+y9qCjBbk7V8CvYn9hnEZv894RlVG46PIWVUOxExTfAA30E47LKWctc9XJ5ZXOrQGN6Gm9j0F8Zkeae6o/OS2Q8sGnMMHoVmRNoyBgv8AIOdogOmldeKbB44xxWRKujimsVBfQ8bPP66AdjH vw71IvOwXZ/8Li/83ant/u8Hfg63aP79BBTfUK79Jr20Yeir0kn2Uy20k/pt/R7+uM3NU3ami36a62lvwAHcr2z</latexit>

⌧R@
2
t n+ @tn = �̄~r2 �F

�n
+ ~r · ~⇣

Gaussian white noises

P. Mörters, Y. Peres, Brownian Motion 
(Cambridge University Press, 2010)

<latexit sha1_base64="n42TCduP35Fbn84SMHjttKdn+jw="></latexit>

@t' = ��0
�F

�'
+ ⇠
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• spectral function of chiral order parameter:

Critical spectral functions in Model B

11
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ω
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) /
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eV
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ω / MeV

|p| / MeV

τ = –0.356
(non-critical)

<latexit sha1_base64="DHXzMxZ8JCa8Y5Hh4AVuUx4U318=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6vghBLx4jmgckS5idnU2GzM4sM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQcKZNq777RSWlldW14rrpY3Nre2d8u5eU8tUEdogkkvVDrCmnAnaMMxw2k4UxXHAaSsY3k781hNVmknxaEYJ9WPcFyxiBBsrPYTXp71yxa26U6BF4uWkAjnqvfJXN5QkjakwhGOtO56bGD/DyjDC6bjUTTVNMBniPu1YKnBMtZ9NTx2jI6uEKJLKljBoqv6eyHCs9SgObGeMzUDPexPxP6+TmujKz5hIUkMFmS2KUo6MRJO/UcgUJYaPLMFEMXsrIgOsMDE2nZINwZt/eZE0T6reRfX8/qxSu8njKMIBHMIxeHAJNbiDOjSAQB+e4RXeHO68OO/Ox6y14OQz+/AHzucPv8eNdg==</latexit>

d = 3
Chiral endpoint of QCD
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I Universality class of QCD CEP: Z2 Ising
chiral SU(2)A symmetry sponaneously broken
order parameter h ̄ i

I Landau-Ginzburg-Wilson

P[�] ⇠ e��H[�],

H[�] =
1

2
(~r�)2 + m2

2
�2 +

�

4!
�4 � J�

I J = 0: Z2 symmetry �! ��
m2 < 0: spontaneous symmetry-breaking at
T < Tc

order parameter M ⌘ h�i

T

JJ = 0

Tc

M > 0M < 0

M = 0

Figure: Semi-Quantitatives
Phasendiagramm der LGW-Theorie
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Model B
<latexit sha1_base64="mCo+T0tUdkUoTv3BTCQz8nSr/0U=">AAAB/HicdVDLSgNBEJyNrxhf0Ry9DAbBi8tuXDZBEAJePEYwD0hCmJ10kiGzD2ZmhXWJv+LFgyJe/RBv/o2zSQQVLWgoqrrp7vIizqSyrA8jt7K6tr6R3yxsbe/s7hX3D1oyjAWFJg15KDoekcBZAE3FFIdOJID4Hoe2N73M/PYtCMnC4EYlEfR9Mg7YiFGitDQolu7wBXbwaQ8UGaS9CEQ0GxTLlmnXqm7FwZbpWpWqm5Gq41pnNrZNa44yWqIxKL73hiGNfQgU5UTKrm1Fqp8SoRjlMCv0YgkRoVMyhq6mAfFB9tP58TN8rJUhHoVCV6DwXP0+kRJfysT3dKdP1ET+9jLxL68bq1Gtn7IgihUEdLFoFHOsQpwlgYdMAFU80YRQwfStmE6IIFTpvAo6hK9P8f+kVTFt13SvnXL9fBlHHh2iI3SCbFRFdXSFGqiJKErQA3pCz8a98Wi8GK+L1pyxnCmhHzDePgGufJQu</latexit>

z = 4� ⌘?
<latexit sha1_base64="OAyvvTaC9IHKIVyPkNJ6twiKq6k="></latexit>

⇢(!,p) ⌘ 1

2⇡i

Z
dt ei!t

Z
ddx e�ip·x ih['(t,x),'(0,0)]i

obtained with real-time functional renormalization group

JR, L. von Smekal, JHEP 10, 065 (2023)
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Critical spectral functions in Model B

12
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(near criticality)Chiral endpoint of QCD
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I Universality class of QCD CEP: Z2 Ising
chiral SU(2)A symmetry sponaneously broken
order parameter h ̄ i

I Landau-Ginzburg-Wilson

P[�] ⇠ e��H[�],

H[�] =
1

2
(~r�)2 + m2

2
�2 +

�

4!
�4 � J�

I J = 0: Z2 symmetry �! ��
m2 < 0: spontaneous symmetry-breaking at
T < Tc

order parameter M ⌘ h�i

T

JJ = 0

Tc

M > 0M < 0

M = 0

Figure: Semi-Quantitatives
Phasendiagramm der LGW-Theorie
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obtained with real-time functional renormalization group

JR, L. von Smekal, JHEP 10, 065 (2023)

Model B
<latexit sha1_base64="mCo+T0tUdkUoTv3BTCQz8nSr/0U=">AAAB/HicdVDLSgNBEJyNrxhf0Ry9DAbBi8tuXDZBEAJePEYwD0hCmJ10kiGzD2ZmhXWJv+LFgyJe/RBv/o2zSQQVLWgoqrrp7vIizqSyrA8jt7K6tr6R3yxsbe/s7hX3D1oyjAWFJg15KDoekcBZAE3FFIdOJID4Hoe2N73M/PYtCMnC4EYlEfR9Mg7YiFGitDQolu7wBXbwaQ8UGaS9CEQ0GxTLlmnXqm7FwZbpWpWqm5Gq41pnNrZNa44yWqIxKL73hiGNfQgU5UTKrm1Fqp8SoRjlMCv0YgkRoVMyhq6mAfFB9tP58TN8rJUhHoVCV6DwXP0+kRJfysT3dKdP1ET+9jLxL68bq1Gtn7IgihUEdLFoFHOsQpwlgYdMAFU80YRQwfStmE6IIFTpvAo6hK9P8f+kVTFt13SvnXL9fBlHHh2iI3SCbFRFdXSFGqiJKErQA3pCz8a98Wi8GK+L1pyxnCmhHzDePgGufJQu</latexit>

z = 4� ⌘?

<latexit sha1_base64="DHXzMxZ8JCa8Y5Hh4AVuUx4U318=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6vghBLx4jmgckS5idnU2GzM4sM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQcKZNq777RSWlldW14rrpY3Nre2d8u5eU8tUEdogkkvVDrCmnAnaMMxw2k4UxXHAaSsY3k781hNVmknxaEYJ9WPcFyxiBBsrPYTXp71yxa26U6BF4uWkAjnqvfJXN5QkjakwhGOtO56bGD/DyjDC6bjUTTVNMBniPu1YKnBMtZ9NTx2jI6uEKJLKljBoqv6eyHCs9SgObGeMzUDPexPxP6+TmujKz5hIUkMFmS2KUo6MRJO/UcgUJYaPLMFEMXsrIgOsMDE2nZINwZt/eZE0T6reRfX8/qxSu8njKMIBHMIxeHAJNbiDOjSAQB+e4RXeHO68OO/Ox6y14OQz+/AHzucPv8eNdg==</latexit>

d = 3

<latexit sha1_base64="OAyvvTaC9IHKIVyPkNJ6twiKq6k="></latexit>

⇢(!,p) ⌘ 1

2⇡i

Z
dt ei!t

Z
ddx e�ip·x ih['(t,x),'(0,0)]i

• spectral function of chiral order parameter:
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Critical spectral functions in Model B

13
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(critical)

<latexit sha1_base64="ropE/tLUzmyvC4fsexqSRgCoMTc=">AAACEnicbVC7TsMwFHV4lvIKMLJYVFSwVAkqjwWpgoWxSPQhNaFyXLe1aseR7SC1ab+BhV9hYQAhViY2/ga3zQAtR7J8dM69uveeIGJUacf5thYWl5ZXVjNr2fWNza1te2e3qkQsMalgwYSsB0gRRkNS0VQzUo8kQTxgpBb0rsd+7YFIRUV4p/sR8TnqhLRNMdJGatrHnuCkg2DeU5TDoRcI1lJ9br4kGg3vB9DzsgOYv4TFpp1zCs4EcJ64KcmBFOWm/eW1BI45CTVmSKmG60TaT5DUFDMyynqxIhHCPdQhDUNDxInyk8lJI3holBZsC2leqOFE/d2RIK7Ge5pKjnRXzXpj8T+vEev2hZ/QMIo1CfF0UDtmUAs4zge2qCRYs74hCEtqdoW4iyTC2qSYNSG4syfPk+pJwT0rnN4Wc6WrNI4M2AcH4Ai44ByUwA0ogwrA4BE8g1fwZj1ZL9a79TEtXbDSnj3wB9bnD4rJnL0=</latexit>

! ⇠ |p|z

z = 4
(here) Universal scaling function

Order-parameter excitations

stay massive!

Universal scaling functions computed in:

Model A, C: Schweitzer, Schlichting, von Smekal, Nucl. Phys. B 960, 115165 (2020)

Model B, BC: Schweitzer, Schlichting, von Smekal, Nucl. Phys. B 984, 115944 (2022)

Chiral endpoint of QCD
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I Universality class of QCD CEP: Z2 Ising
chiral SU(2)A symmetry sponaneously broken
order parameter h ̄ i

I Landau-Ginzburg-Wilson

P[�] ⇠ e��H[�],

H[�] =
1

2
(~r�)2 + m2

2
�2 +

�

4!
�4 � J�

I J = 0: Z2 symmetry �! ��
m2 < 0: spontaneous symmetry-breaking at
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order parameter M ⌘ h�i

T

JJ = 0

Tc
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M = 0

Figure: Semi-Quantitatives
Phasendiagramm der LGW-Theorie
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Model B
<latexit sha1_base64="mCo+T0tUdkUoTv3BTCQz8nSr/0U=">AAAB/HicdVDLSgNBEJyNrxhf0Ry9DAbBi8tuXDZBEAJePEYwD0hCmJ10kiGzD2ZmhXWJv+LFgyJe/RBv/o2zSQQVLWgoqrrp7vIizqSyrA8jt7K6tr6R3yxsbe/s7hX3D1oyjAWFJg15KDoekcBZAE3FFIdOJID4Hoe2N73M/PYtCMnC4EYlEfR9Mg7YiFGitDQolu7wBXbwaQ8UGaS9CEQ0GxTLlmnXqm7FwZbpWpWqm5Gq41pnNrZNa44yWqIxKL73hiGNfQgU5UTKrm1Fqp8SoRjlMCv0YgkRoVMyhq6mAfFB9tP58TN8rJUhHoVCV6DwXP0+kRJfysT3dKdP1ET+9jLxL68bq1Gtn7IgihUEdLFoFHOsQpwlgYdMAFU80YRQwfStmE6IIFTpvAo6hK9P8f+kVTFt13SvnXL9fBlHHh2iI3SCbFRFdXSFGqiJKErQA3pCz8a98Wi8GK+L1pyxnCmhHzDePgGufJQu</latexit>

z = 4� ⌘?

<latexit sha1_base64="DHXzMxZ8JCa8Y5Hh4AVuUx4U318=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6vghBLx4jmgckS5idnU2GzM4sM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQcKZNq777RSWlldW14rrpY3Nre2d8u5eU8tUEdogkkvVDrCmnAnaMMxw2k4UxXHAaSsY3k781hNVmknxaEYJ9WPcFyxiBBsrPYTXp71yxa26U6BF4uWkAjnqvfJXN5QkjakwhGOtO56bGD/DyjDC6bjUTTVNMBniPu1YKnBMtZ9NTx2jI6uEKJLKljBoqv6eyHCs9SgObGeMzUDPexPxP6+TmujKz5hIUkMFmS2KUo6MRJO/UcgUJYaPLMFEMXsrIgOsMDE2nZINwZt/eZE0T6reRfX8/qxSu8njKMIBHMIxeHAJNbiDOjSAQB+e4RXeHO68OO/Ox6y14OQz+/AHzucPv8eNdg==</latexit>

d = 3

<latexit sha1_base64="OAyvvTaC9IHKIVyPkNJ6twiKq6k="></latexit>

⇢(!,p) ⌘ 1

2⇡i

Z
dt ei!t

Z
ddx e�ip·x ih['(t,x),'(0,0)]i

• spectral function of chiral order parameter:

obtained with real-time functional renormalization group

JR, L. von Smekal, JHEP 10, 065 (2023)
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Outline

14

1. Introduction to critical dynamics


3. Critical dynamics near the chiral phase transition
2. Critical dynamics near the QCD critical point
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two sound modes
<latexit sha1_base64="jk6AvXYJ5YEiZlMzNvVsWmZgs+w=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEpIqnghePFewHNKFstpN26W4SdjeFkhb8K148KOLV3+HNf+O2zUFbHww83pthZl6QcKa043xbhbX1jc2t4nZpZ3dv/8A+PGqqOJUUGjTmsWwHRAFnETQ00xzaiQQiAg6tYHg381sjkIrF0aMeJ+AL0o9YyCjRRuraJ14soE+wp5jAE28ENEumk65ddirOHHiVuDkpoxz1rv3l9WKaCog05USpjusk2s+I1IxymJa8VEFC6JD0oWNoRAQoP5ufP8XnRunhMJamIo3n6u+JjAilxiIwnYLogVr2ZuJ/XifV4Y2fsShJNUR0sShMOdYxnmWBe0wC1XxsCKGSmVsxHRBJqDaJlUwI7vLLq6R5WXGrlerDVbl2m8dRRKfoDF0gF12jGrpHddRAFGXoGb2iN+vJerHerY9Fa8HKZ47RH1ifP2RZlcQ=</latexit>

! ⇠ |~p|
<latexit sha1_base64="YJWnLSfpzHiXF5YpmhELFuux+14=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJWkSBVPBS8eK9gPaGLZbCft0t0k7G4KJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6QcKa043xbhbX1jc2t4nZpZ3dv/8A+PGqpOJUUmjTmsewERAFnETQ10xw6iQQiAg7tYHQ789tjkIrF0YOeJOALMohYyCjRRurZJ14sYECwp5jA3hholkwfqz277FScOfAqcXNSRjkaPfvL68c0FRBpyolSXddJtJ8RqRnlMC15qYKE0BEZQNfQiAhQfjY/f4rPjdLHYSxNRRrP1d8TGRFKTURgOgXRQ7XszcT/vG6qw2s/Y1GSaojoYlGYcqxjPMsC95kEqvnEEEIlM7diOiSSUG0SK5kQ3OWXV0mrWnFrldr9Zbl+k8dRRKfoDF0gF12hOrpDDdREFGXoGb2iN+vJerHerY9Fa8HKZ47RH1ifP8YqlVw=</latexit>

! ⇠ ~p2

(at constant pressure)
<latexit sha1_base64="YJWnLSfpzHiXF5YpmhELFuux+14=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJWkSBVPBS8eK9gPaGLZbCft0t0k7G4KJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6QcKa043xbhbX1jc2t4nZpZ3dv/8A+PGqpOJUUmjTmsewERAFnETQ10xw6iQQiAg7tYHQ789tjkIrF0YOeJOALMohYyCjRRurZJ14sYECwp5jA3hholkwfqz277FScOfAqcXNSRjkaPfvL68c0FRBpyolSXddJtJ8RqRnlMC15qYKE0BEZQNfQiAhQfjY/f4rPjdLHYSxNRRrP1d8TGRFKTURgOgXRQ7XszcT/vG6qw2s/Y1GSaojoYlGYcqxjPMsC95kEqvnEEEIlM7diOiSSUG0SK5kQ3OWXV0mrWnFrldr9Zbl+k8dRRKfoDF0gF12hOrpDDdREFGXoGb2iN+vJerHerY9Fa8HKZ47RH1ifP8YqlVw=</latexit>

! ⇠ ~p2

two shear modes
diffusion of entropy per baryon

 ⤳  five eigenmodes:
<latexit sha1_base64="dzD6dQWUNoJ9UCL54NvncYUMTPw=">AAAB7nicdVDLSgMxFM3UV62vqks3wSK4GjK17bSuim5cVrAP6Awlk2ba0ExmSDJCGfoRblwo4tbvceffmD4EFT1w4XDOvdx7T5BwpjRCH1ZubX1jcyu/XdjZ3ds/KB4edVScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbTK7nfveeSsVicaenCfUjPBIsZARrI3W9KzYaebNBsYTsutuoNqoQ2bWKi1xkiFN20EUdOjZaoARWaA2K794wJmlEhSYcK9V3UKL9DEvNCKezgpcqmmAywSPaN1TgiCo/W5w7g2dGGcIwlqaEhgv1+0SGI6WmUWA6I6zH6rc3F//y+qkO637GRJJqKshyUZhyqGM4/x0OmaRE86khmEhmboVkjCUm2iRUMCF8fQr/J52y7dTs2m2l1LxcxZEHJ+AUnAMHuKAJbkALtAEBE/AAnsCzlViP1ov1umzNWauZY/AD1tsnnhyPww==</latexit>)

<latexit sha1_base64="KWAhEFnF5Hmb0+AQV+gC4tSGeSw=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8rbMxySaeAl48RjQPSEKYnUySIbOzy8ysEEI+wYsHRbz6Rd78GycPQUULGoqqbrq7glhwbTD+cFZW19Y3NlNb6e2d3b39zMFhXUeJoqxGIxGpZkA0E1yymuFGsGasGAkDwRrB6GrmN+6Z0jySd2Ycs05IBpL3OSXGSrf6XHYzWeyW/HKhXEDYLeZ97GNLvJyHL0rIc/EcWVii2s28t3sRTUImDRVE65aHY9OZEGU4FWyabieaxYSOyIC1LJUkZLozmZ86RadW6aF+pGxJg+bq94kJCbUeh4HtDIkZ6t/eTPzLayWmX+pMuIwTwyRdLOonApkIzf5GPa4YNWJsCaGK21sRHRJFqLHppG0IX5+i/0k953pFt3iTz1Yul3Gk4BhO4Aw88KEC11CFGlAYwAM8wbMjnEfnxXldtK44y5kj+AHn7ROQa439</latexit>

s/n

Dynamic universality class of QCD’s critical point
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• Now introduce coupling to energy-momentum tensor: 
<latexit sha1_base64="U6jLA1hWIvM7c9N2QVz5CB+ve9k=">AAACAnicbVBNS8NAEN3Ur1q/qp7Ey2IRPJVEpIqnghePFfoFTSyb7aRdutnE3U2hhOLFv+LFgyJe/RXe/Ddu2h609cHA470ZZub5MWdK2/a3lVtZXVvfyG8WtrZ3dveK+wdNFSWSQoNGPJJtnyjgTEBDM82hHUsgoc+h5Q9vMr81AqlYJOp6HIMXkr5gAaNEG6lbPKrfp7Y9wS48JGyE3RGRECvGM69kl+0p8DJx5qSE5qh1i19uL6JJCEJTTpTqOHasvZRIzSiHScFNFMSEDkkfOoYKEoLy0ukLE3xqlB4OImlKaDxVf0+kJFRqHPqmMyR6oBa9TPzP6yQ6uPJSJuJEg6CzRUHCsY5wlgfuMQlU87EhhEpmbsV0QCSh2qRWMCE4iy8vk+Z52amUK3cXper1PI48OkYn6Aw56BJV0S2qoQai6BE9o1f0Zj1ZL9a79TFrzVnzmUP0B9bnD9nJlxc=</latexit>

T 00 ⌘ "
<latexit sha1_base64="yarLmZaH6nz8cO29Y+HAB04rAY8=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQyCp7ArEsVTwIvHCHlBsgmzk9lkzOzsOjMbCWs+xYsHRbz6Jd78GyePgyYWNBRV3XR3+TFnSjvOt5VZW9/Y3Mpu53Z29/YP7PxhXUWJJLRGIh7Jpo8V5UzQmmaa02YsKQ59Thv+8GbqN0ZUKhaJqh7H1AtxX7CAEayN1LXz1U7q8Alq04eEjdB9h3ftglN0ZkCrxF2QAixQ6dpf7V5EkpAKTThWquU6sfZSLDUjnE5y7UTRGJMh7tOWoQKHVHnp7PQJOjVKDwWRNCU0mqm/J1IcKjUOfdMZYj1Qy95U/M9rJTq48lIm4kRTQeaLgoQjHaFpDqjHJCWajw3BRDJzKyIDLDHRJq2cCcFdfnmV1M+LbqlYursolK8XcWThGE7gDFy4hDLcQgVqQOARnuEV3qwn68V6tz7mrRlrMXMEf2B9/gCjpZOY</latexit>

T 0l ⌘ jl

⤳ three modes relevant for critical dynamics:

• Order parameter                    , transverse part     of momentum density  
<latexit sha1_base64="aQ4c2IfU+7LFlwb8tN0YfPRrxC4=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IR6qUmIlU8Fbx4rGA/oAlls9m2SzebsLsRSij4V7x4UMSrv8Ob/8Ztm4O2Phh4vDfDzLwg4Uxpx/m2Ciura+sbxc3S1vbO7p69f9BScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC6nfrtRyoVi8WDHifUj/BAsD4jWBupZx95yZAhT7EIeSHlGlfUuTjr2WWn6syAlombkzLkaPTsLy+MSRpRoQnHSnVdJ9F+hqVmhNNJyUsVTTAZ4QHtGipwRJWfzc6foFOjhKgfS1NCo5n6eyLDkVLjKDCdEdZDtehNxf+8bqr7137GRJJqKsh8UT/lSMdomgUKmaRE87EhmEhmbkVkiCUm2iRWMiG4iy8vk9ZF1a1Va/eX5fpNHkcRjuEEKuDCFdThDhrQBAIZPMMrvFlP1ov1bn3MWwtWPnMIf2B9/gDklpTJ</latexit>

� ⇠ �(s/n)
<latexit sha1_base64="quYPbn0sEgzmuWWKkp96rpjHYNM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KolIFU8FLx4r2A9oQ9lsJ+3azSbsbgol9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSwfzSRBP6IDyUPOqLFSqztGlj1Ne6WyW3HnIKvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nAabGbakwoG9EBdiyVNELtZ/Nzp+TcKn0SxsqWNGSu/p7IaKT1JApsZ0TNUC97M/E/r5Oa8MbPuExSg5ItFoWpICYms99JnytkRkwsoUxxeythQ6ooMzahog3BW355lTQvK161Un24Ktdu8zgKcApncAEeXEMN7qEODWAwgmd4hTcncV6cd+dj0brm5DMn8AfO5w+dx4+/</latexit>

~j

- baryon density

- momentum density

<latexit sha1_base64="cfvj46QYrUVBbyK6YWjBJiXUD8Q=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQiVTwVvHisYD+gDWWznbRLN7thd1IooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxPBDXret1PY2Nza3inulvb2Dw6PyscnLaNSzaDJlFC6E1IDgktoIkcBnUQDjUMB7XB8P/fbE9CGK/mE0wSCmA4ljzijaKVub0I1JIYLJfvlilf1FnDXiZ+TCsnR6Je/egPF0hgkMkGN6fpegkFGNXImYFbqpQYSysZ0CF1LJY3BBNni5Jl7YZWBGyltS6K7UH9PZDQ2ZhqHtjOmODKr3lz8z+umGN0GGZdJiiDZclGUCheVO//fHXANDMXUEso0t7e6bEQ1ZWhTKtkQ/NWX10nrqurXqrXH60r9Lo+jSM7IObkkPrkhdfJAGqRJGFHkmbySNwedF+fd+Vi2Fpx85pT8gfP5A7r5kYo=</latexit>"
<latexit sha1_base64="quYPbn0sEgzmuWWKkp96rpjHYNM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KolIFU8FLx4r2A9oQ9lsJ+3azSbsbgol9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSwfzSRBP6IDyUPOqLFSqztGlj1Ne6WyW3HnIKvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nAabGbakwoG9EBdiyVNELtZ/Nzp+TcKn0SxsqWNGSu/p7IaKT1JApsZ0TNUC97M/E/r5Oa8MbPuExSg5ItFoWpICYms99JnytkRkwsoUxxeythQ6ooMzahog3BW355lTQvK161Un24Ktdu8zgKcApncAEeXEMN7qEODWAwgmd4hTcncV6cd+dj0brm5DMn8AfO5w+dx4+/</latexit>

~j
<latexit sha1_base64="5pYwOEL9T4JnowIFOR9tCkMD0A4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolIFU8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhuyXym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqx41Uq1cVWu3eZxFOAUzuACPLiGGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucP2DuM9Q==</latexit>n

• Five conserved charges

- energy density

• integrate out ‘fast’ chiral order parameter 
⤳ form effective (low-frequency) theory for baryon density <latexit sha1_base64="5pYwOEL9T4JnowIFOR9tCkMD0A4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolIFU8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhuyXym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqx41Uq1cVWu3eZxFOAUzuACPLiGGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucP2DuM9Q==</latexit>n

fast!

Son & Stephanov, PRD 70, 056001 (2004)
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• Reversible (ideal) part: Poisson bracket technique
<latexit sha1_base64="9P26OyGcwIl/nuuliMZB7jwoLiA="></latexit>

conserve F exactly

<latexit sha1_base64="ZCrolH2Yl7ZUDHROSu/sCOR2YPc="></latexit>

@�

@t
= {�, F} = {�,~j} · �F

�~j

see Dzyaloshinskii and Volovick, 
Annals of Physics 125, 67 (1980)

<latexit sha1_base64="ZCxALByDhvFCLZK8ZGQXO6sPUyQ="></latexit>

@jl
@t

= T
⇥
{jl, F}

⇤
= T


{jl,�}

�F

��
+ {jl, jm} �F

�jm

� ‘reversible mode couplings’

<latexit sha1_base64="zI5TG6UpqsMAq2ETy1+1uCB5bvE="></latexit>

{�(~x), jl(~x0)} = �(~x0)
@

@x0
l

�(~x� ~x0)

{jl(~x), jm(~x0)} =


jl(~x

0)
@

@x0
m

�jm(~x)
@

@xl

�
�(~x� ~x0)

Dynamic universality class of QCD’s critical point

16

advection
<latexit sha1_base64="SPXZ6SF2MQzDP6+W2aSDxsEzIiM="></latexit>

�~v · ~r�

Dynamics:

Order parameter:
<latexit sha1_base64="aQ4c2IfU+7LFlwb8tN0YfPRrxC4=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IR6qUmIlU8Fbx4rGA/oAlls9m2SzebsLsRSij4V7x4UMSrv8Ob/8Ztm4O2Phh4vDfDzLwg4Uxpx/m2Ciura+sbxc3S1vbO7p69f9BScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC6nfrtRyoVi8WDHifUj/BAsD4jWBupZx95yZAhT7EIeSHlGlfUuTjr2WWn6syAlombkzLkaPTsLy+MSRpRoQnHSnVdJ9F+hqVmhNNJyUsVTTAZ4QHtGipwRJWfzc6foFOjhKgfS1NCo5n6eyLDkVLjKDCdEdZDtehNxf+8bqr7137GRJJqKsh8UT/lSMdomgUKmaRE87EhmEhmbkVkiCUm2iRWMiG4iy8vk9ZF1a1Va/eX5fpNHkcRjuEEKuDCFdThDhrQBAIZPMMrvFlP1ov1bn3MWwtWPnMIf2B9/gDklpTJ</latexit>

� ⇠ �(s/n)

entropy per baryon

<latexit sha1_base64="LbM4zozgjswipqfZ2XwBJPGxOoE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQiVVwV3LisYB/QhDCZ3rRjJw9nJoUSsnPjr7hxoYhbf8Gdf+O0zUKrBy6cOede5t7jJ5xJZVlfRmlpeWV1rbxe2djc2t4xd/faMk4FhRaNeSy6PpHAWQQtxRSHbiKAhD6Hjj+6mvqdMQjJ4uhWTRJwQzKIWMAoUVryzENnDDS7y7ED9ykb4+LpZU4CIsk9s2rVrBnwX2IXpIoKND3z0+nHNA0hUpQTKXu2lSg3I0IxyiGvOKmEhNARGUBP04iEIN1sdkeOj7XSx0EsdEUKz9SfExkJpZyEvu4MiRrKRW8q/uf1UhVcuBmLklRBROcfBSnHKsbTUHCfCaCKTzQhVDC9K6ZDIghVOrqKDsFePPkvaZ/W7HqtfnNWbVwWcZTRATpCJ8hG56iBrlETtRBFD+gJvaBX49F4Nt6M93lryShm9tEvGB/f9jyaAg==</latexit>

~j ⌘ ~j?coupled to
transverse momentum density

<latexit sha1_base64="GElFgKZaRCri3D/oZgB0WQkTQzQ="></latexit>

F =

Z
ddx

(
1

2
(~r�)2 +

m2

2
�2 +

�

24
�4 +

~j2

2⇢

)

<latexit sha1_base64="DVM3Q3ar0kKxlCjjFmKkgjihjgA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGieIp4MVjRPPAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWDzhOuB/RgRKhYBStdP/Yq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9arl6d1GqXWdx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MH4JuNhg==</latexit>

Z2

<latexit sha1_base64="GElFgKZaRCri3D/oZgB0WQkTQzQ="></latexit>

F =

Z
ddx

(
1

2
(~r�)2 +

m2

2
�2 +

�

24
�4 +

~j2

2⇢

)
LGW free energy

<latexit sha1_base64="ZCrolH2Yl7ZUDHROSu/sCOR2YPc="></latexit>

@�

@t
= {�, F} = {�,~j} · �F

�~j
<latexit sha1_base64="ZCxALByDhvFCLZK8ZGQXO6sPUyQ="></latexit>

@jl
@t

= T
⇥
{jl, F}

⇤
= T


{jl,�}

�F

��
+ {jl, jm} �F

�jm

�

<latexit sha1_base64="t2KGU2wcLqNFeMRRAuODb9yf248="></latexit>

~v =
�F

�~j
=

~j

⇢
⤳

(transverse) fluid velocity

reversibility
<latexit sha1_base64="fAOXUwOkdvHLfK4ljpI867T6g3E="></latexit>

� (@l�)~r2� convection
<latexit sha1_base64="NbWgyqG/Ddc8JCo05chhHSUC4Wk="></latexit>

� (~v · ~r)jl

Statics:
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Dynamic universality class of QCD’s critical point
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• Beyond ideal evolution: dissipative terms

• diffusion
<latexit sha1_base64="Klo2DvSaz+Fo+59qS1E78bphcvY="></latexit>

@�

@t
= g{�,~j} · �F

�~j
+ �~r2 �F

��
+ ✓

<latexit sha1_base64="x3Mo4b4Cz99hfsmzLqh3Ek9tiEI="></latexit>

@jl
@t

= Tlm

g{jm,�}�F

��
+ g{jm, jn}

�F

�jn
+ ⌘~r2 �F

�jm

�
+ ⇠l

order-parameter mobility

shear viscosity

see Landau & Lifshitz, Statistical Physics Part 1 (Butterworth-Heinemann, Oxford, 1980)

• connected by fluctuation-dissipation relations:

<latexit sha1_base64="TNMsiamfOHn1fT1HNEncfsQBxzk="></latexit>

h✓(t, ~x)✓(t0, ~x0)i = �2�~r2�(~x� ~x0)�(t� t0) ,

h⇠l(t, ~x)⇠m(t0, ~x0)i = �2⌘Tlm
~r2�(~x� ~x0)�(t� t0) .

• stochastic forces<latexit sha1_base64="Klo2DvSaz+Fo+59qS1E78bphcvY="></latexit>

@�

@t
= g{�,~j} · �F

�~j
+ �~r2 �F

��
+ ✓

<latexit sha1_base64="x3Mo4b4Cz99hfsmzLqh3Ek9tiEI="></latexit>

@jl
@t

= Tlm

g{jm,�}�F

��
+ g{jm, jn}

�F

�jn
+ ⌘~r2 �F

�jm

�
+ ⇠l

Model H

Liquid-gas critical point in pure fluid

<latexit sha1_base64="tR0xeA/a5HAxLtLTGygjhNNrxtA="></latexit>

z = 4� ⌘? � x�

<latexit sha1_base64="Klo2DvSaz+Fo+59qS1E78bphcvY="></latexit>

@�

@t
= g{�,~j} · �F

�~j
+ �~r2 �F

��
+ ✓

<latexit sha1_base64="x3Mo4b4Cz99hfsmzLqh3Ek9tiEI="></latexit>

@jl
@t

= Tlm

g{jm,�}�F

��
+ g{jm, jn}

�F

�jn
+ ⌘~r2 �F

�jm

�
+ ⇠l

<latexit sha1_base64="8D+pao6JORmDQkghqmPI02Umol4=">AAACC3icbVDJSgNBEO2JW4zbqEcvTYLgQeOMSBRPAUE8RsgGmTH0dCpJm57F7p5AGObuxV/x4kERr/6AN//GznLQ6IOCx3tVVNXzIs6ksqwvI7OwuLS8kl3Nra1vbG6Z2zt1GcaCQo2GPBRNj0jgLICaYopDMxJAfI9Dwxtcjv3GEIRkYVBVowhcn/QC1mWUKC21zXylncB9ih3JfAy3ydFVy4n67NAZAk3uUve4mrbNglW0JsB/iT0jBTRDpW1+Op2Qxj4EinIiZcu2IuUmRChGOaQ5J5YQETogPWhpGhAfpJtMfknxvlY6uBsKXYHCE/XnREJ8KUe+pzt9ovpy3huL/3mtWHXP3YQFUawgoNNF3ZhjFeJxMLjDBFDFR5oQKpi+FdM+EYQqHV9Oh2DPv/yX1E+KdqlYujktlC9mcWTRHsqjA2SjM1RG16iCaoiiB/SEXtCr8Wg8G2/G+7Q1Y8xmdtEvGB/fSqSakg==</latexit>

Peq ⇠ e�F [�,~j]/T⤳
mode coupling
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Idea of the functional renormalization group (FRG)
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<latexit sha1_base64="dAQopv2H9CD4Uyz3/vuzT5Wp1NA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCIJREpLos6sJlpfYBTQiT6U07dPJgZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/yEM6ks69soLC2vrK4V10sbm1vbO+buXkvGqaDQpDGPRccnEjiLoKmY4tBJBJDQ59D2h9cTv/0AQrI4ulejBNyQ9CMWMEqUljzzoIEdFeMGPsXODXBFcMMbembZqlhT4EVi56SMctQ988vpxTQNIVKUEym7tpUoNyNCMcphXHJSCQmhQ9KHrqYRCUG62fT6MT7WSg8HsdAVKTxVf09kJJRyFPq6MyRqIOe9ifif101VcOlmLEpSBRGdLQpSjvW/kyhwjwmgio80IVQwfSumAyIIVTqwkg7Bnn95kbTOKna1Ur07L9eu8jiK6BAdoRNkowtUQ7eojpqIokf0jF7Rm/FkvBjvxsestWDkM/voD4zPH9ank5E=</latexit>

S ! S +�Sk

<latexit sha1_base64="Z9dgYKaulK5kvfQXwQ67QWi5xJU=">AAACG3icbVBNS8NAEN3U7/pV9ehlsUhbkJKIqBehoAeP9aNWaErYbLft0s0m7E4kJfR/ePGvePGgiCfBg//Gbc1BrQ8GHu/NMDPPjwTXYNufVm5mdm5+YXEpv7yyurZe2Ni80WGsKGvQUITq1ieaCS5ZAzgIdhspRgJfsKY/OB37zTumNA/lNQwj1g5IT/IupwSM5BX23TMmgOArb4BPsMsleGmSlEbYjfq8nFTwpTcoJ3tJqZIppYpXKNpVewI8TZyMFFGGuld4dzshjQMmgQqidcuxI2inRAGngo3ybqxZROiA9FjLUEkCptvp5LcR3jVKB3dDZUoCnqg/J1ISaD0MfNMZEOjrv95Y/M9rxdA9bqdcRjEwSb8XdWOBIcTjoHCHK0ZBDA0hVHFzK6Z9oggFE2fehOD8fXma3OxXncPq4cVBsXacxbGIttEOKiMHHaEaOkd11EAU3aNH9IxerAfryXq13r5bc1Y2s4V+wfr4AsYdnrg=</latexit>

�Sk =

Z

xx0
�(x)Rk(x, x

0)�(x0)

• Wilson: introduce infrared cutof to suppress (critical) fluctuations 
<latexit sha1_base64="MF0L7ukrYvMQs/JJGXahg4v4/Q0=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVqeKp4MVjBfsB3aVk02wbmmRDkhXK0r/hxYMiXv0z3vw3pu0etPpg4PHeDDPzYsWZsb7/5ZXW1jc2t8rblZ3dvf2D6uFRx6SZJrRNUp7qXowN5UzStmWW057SFIuY0248uZ373UeqDUvlg50qGgk8kixhBFsnhQqFnBpjmECTQbXm1/0F0F8SFKQGBVqD6mc4TEkmqLSEY2P6ga9slGNtGeF0VgkzQxUmEzyifUclFtRE+eLmGTpzyhAlqXYlLVqoPydyLIyZith1CmzHZtWbi/95/cwm11HOpMoslWS5KMk4simaB4CGTFNi+dQRTDRztyIyxhoT62KquBCC1Zf/ks5FPWjUG/eXteZNEUcZTuAUziGAK2jCHbSgDQQUPMELvHqZ9+y9ee/L1pJXzBzDL3gf36TykWw=</latexit>

p . k

Z2 theory  
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T

JJ = 0

TC

M > 0M < 0

M = 0

L (�) =
1

2

⇣
@µ�@µ��m2�2

⌘
� �

4!
�4 � J�

I For J ! 0 invariant under change of sign
� ! ��

I If m2 < 0, ⌧ = T�Tc
Tc

< 0: symmetry
spontaneously broken, M = h�i 6= 0

I CEP of phase border at T = Tc, J = 0,
Ising universality class

D. Schweitzer Spectral functions of Z2 Lunch Club | 16.12.20 3 / 24

Critical configuration of 2d ɸ4 theory 
(Courtesy of D. Schweitzer)

• Criticality: Scale invariance ⤳ RG fixed point
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k ! ⇠�1

mean-field (Landau) 
theory exact

integrate (critical) fluctuations

‘momentum shell by momentum shell’

Diagrammatically, the flow equation has the form of a 1-loop integral,

∂kΓk =
i

2
tr

"
∂kRk ◦

)
Rk + Γ

(2)
k

*−1
#

= − i

2
, (2.22)

where we used the color-coding conventions of Ref. [11] which we explain in more detail be-

low. Eq. (2.22) can be used to derive the flow equations for higher order n-point functions by

functional differentiation [13].

The starting point for our flow (2.19) is given by choosing the initial scale k = Λ very large where

all quantum and thermal fluctuations are effectively suppressed, and the effective average action

ΓΛ = S equals the bare action (which can be shown via a saddle-point approximation [7, 11]).

One then chooses a finite subset of couplings as a truncation for the full effective average action

and allows these couplings to acquire thermal and quantum fluctuations momentum shell by

momentum shell when solving (2.19).

2.1 Relativistic Z2 Theory

We consider the following microscopically defined bare action S, describing a dissipative one-

component (N = 1) self-interacting real scalar field theory in d spatial dimensions on the closed

time path, which reads
2

S[φ] =
1

2

!
dDp

(2π)D
φT (−ω,−p)

'
0 ω2 − p2 − iγω −m2

ω2 − p2 + iγω −m2 2iγω F (ω)

(
φ(ω,p)

−
!

dDx

+
λ

12
φc(x)φc(x)φc(x)φq(x) +

λ

12
φc(x)φq(x)φq(x)φq(x)

,
, (2.23)

with the quartic coupling constant λ, and the negative squared mass m2 < 0 to spontaneously

break the Z2 symmetry. The latter determines its static universality class to be the one of

the d-dimensional Ising model. The finite damping γ > 0 models a dissipative coupling to an

external heat bath in thermal equilibrium at temperature T . We define the statistical function

F (ω) = coth (ωβ/2) = 1+2nB(ω) with the Bose-Einstein distribution nB(ω) = 1/(eβω − 1) and

the inverse temperature β = 1/T . The lower right ‘Keldysh’ component of the correlation matrix

in (2.23) is set by the Fluctuation-Dissipation-relation (FDR), which follows from the Kubo-

Martin-Schwinger (KMS) condition [40, 41], and relates the 2-point functions and propagators

according to

GK
k (ω,p) = F (ω)

%
GR

k (ω,p)−GA
k (ω,p)

&
, and (2.24)

Γqq
k (ω,p) = F (ω)

%
Γqc
k (ω,p)− Γcq

k (ω,p)
&
, (2.25)

remaining valid at all FRG scales k, if the regulator is chosen appropriately, see Eq. (3.49) in

the following section. Similar relations for higher n-point functions are given in Ref. [42]. We

2We use the combined notation φ = (φc,φq)T .
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C. Wetterich, Phys. Lett. B 301 (1993) 90-94

• Difficulty: large long-wavelength (‘infrared’) fluctuations at critical point
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Wilson’s RG in Minkowski spacetime?
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k � dk

Wilsonian renormalization in

Euclidean spacetime

Wilsonian renormalization in

Minkowski spacetime
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Conceptually straightforward: 
imaginary time, all changes adiabatic

?

vs.

Problem: Frequency-dependent regulators 
usually violate causal structure 

Conceptually intricate: 
timelike momenta ⤳ causal structure?

Solution: Interpret regulator as

fictitious scale-dependent heat bath

⇒ Spectral representationJR, L. von Smekal, JHEP 10, 065 (2023)
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Regulator trinity in real-time FRG flows
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Figure adapted from fQCD collaboration, SciPost Phys. Core 6, 061 (2023)

Posit
ivi

ty
(Causality)

Regulator has spectral representation⇒

JR, L. von Smekal, JHEP 10, 065 (2023)
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FRG flow for Model H

21

• add regulators on level of LGW free energy

• Exact results: 

- Ward identities: flow of    vanishes


- Flow of statics (i.e.,     ) independent of dynamics
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F ! F +
1

2

Z
 Rk 

+ symmetries intact: 
thermal equilibrium symmetry, 
temporal (non-Abelian) gauge symmetry, 
BRST symmetry


– regulators couple to composite response fields
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Fixed points of the FRG flow (Model H)
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flow of (dimensionless) dynamic couplings:
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• at fixed point:

order-parameter mobility

shear viscosity
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see also Täuber, Critical Dynamics (Cambridge University Press, 2014)
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1. Introduction to critical dynamics

2. Critical dynamics near the QCD critical point 
3. Critical dynamics near the chiral phase transition
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Figure 1.1: Schematic phase diagram of strong-interaction matter for physical values of the quark masses
(left) and for different values of the light quark masses, including the expected behavior in the chiral limit
(right). The right-hand figure is taken from Ref. [10] and was first suggested in Ref. [11].

our collaboration, and our multi-pronged approach to provide theoretical inputs, which are well grounded in
fundamental theory and involve techniques which are tested against each other and against data.

Motivation

When strong-interaction matter is in or near equilibrium, we can describe it in terms of its temperature T
and chemical potentials for the various quark numbers which are conserved by the strong interaction. In
most cases – predominantly for neutron-star interiors – this reduces to the baryon number µB and isospin
µI chemical potentials. This leads to a phase diagram in the three variables (T, µB , µI), and we want to
know all properties of matter through this phase diagram; standard thermodynamical quantities like the free
energy, but also more physical properties like the nature of any phases and their excitation spectra.

The most discussed case is µI = 0, where we consider the phase diagram as a function of temperature
T and baryon chemical potential µB . A schematic of what we expect is shown in Fig. 1.1 (left). At low
temperatures and baryon chemical potentials the QCD coupling constant is large: quarks and gluons are
confined into hadrons and the chiral symmetry of QCD is spontaneously broken by a non-vanishing quark
condensate. At high temperatures and baryon chemical potentials, the coupling constant becomes small:
quarks and gluons are liberated, and chiral symmetry is restored. This new phase of strong-interaction matter
is commonly termed the quark-gluon plasma (QGP) [12,13]. Numerical calculations on a discretized space-
time lattice (lattice-QCD calculations) tell us that the restoration of chiral symmetry happens via a crossover
transition [14,15] at a temperature T ⇠ 155 MeV for µB = 0 [16], [A04-1], and leads to a true phase transition
in the chiral limit at a temperature Tc ' 132 MeV [A01-1]. Calculations from QCD-inspired models predict
that the chiral transition is of first order at small T and values of µB of order 1 GeV. For physical values of
the light quark masses the first-order phase boundary ends in a second-order critical point [11], At vanishing
values of the light quark masses this endpoint is a tricritical point, which is connected to the critical endpoint
at physical values of the quark masses by a line of second-order phase transitions in the 3d-Ising universality
class as indicated in Fig. 1.1 (right). The location of the critical endpoint as well as the tricritical point in the
chiral limit is presently not accessible to first-principles QCD calculations and varies from model to model.
At small temperatures and very high baryon chemical potentials, strong-interaction matter becomes a color
superconductor, on account of attractive interactions near the Fermi surface of weakly coupled quarks.

This rather schematic view of the QCD phase diagram needs to be substantiated and refined, both through
experimental investigations as well as solid, quantitative theoretical calculations based on QCD. In particular,
we want to emphasize where the phase diagram is based on models which are not yet reliable and system-
atically improvable. We illustrate this point in Fig. 1.2, which shows the same phase diagram but listing
what quantitative and close-to-first-principles computational techniques are available in each phase-diagram
region. At (very) high temperatures and baryon chemical potentials, asymptotic freedom of QCD allows
for the application of (resummed) perturbation theory [17], with BCS theory covering the range of small to
moderate temperatures and high baryon chemical potentials [18]. As explained above, near the temperature
axis and at small baryon chemical potentials, lattice-QCD calculations deliver reliable first-principle infor-
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Far away from the critical point…

is there a second-order phase transition?
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Add third axis (quark masses       )<latexit sha1_base64="v06HW11q3X2sFuFm74DzIyb+jqU=">AAAB+XicbVBLSwMxGMzWV62vVY9egkXwVHZFqngqePFYwdZCuyzZbLYNzWNNsoWy9J948aCIV/+JN/+N2XYP2joQMsx8H5lMlDKqjed9O5W19Y3Nrep2bWd3b//APTzqapkpTDpYMql6EdKEUUE6hhpGeqkiiEeMPEbj28J/nBClqRQPZpqSgKOhoAnFyFgpdN1BJFmsp9xeOQ+fZqFb9xreHHCV+CWpgxLt0P0axBJnnAiDGdK673upCXKkDMWMzGqDTJMU4TEakr6lAnGig3yefAbPrBLDRCp7hIFz9fdGjrguwtlJjsxIL3uF+J/Xz0xyHeRUpJkhAi8eSjIGjYRFDTCmimDDppYgrKjNCvEIKYSNLatmS/CXv7xKuhcNv9lo3l/WWzdlHVVwAk7BOfDBFWiBO9AGHYDBBDyDV/Dm5M6L8+58LEYrTrlzDP7A+fwBTRSUFg==</latexit>mq

Rajagopal & Wilczek, NPB 399 (1993) 395-425

Dynamic universality class: Model G
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Equations 
of motion:

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

Poisson brackets:
<latexit sha1_base64="I/iG/dAxnU9NmpAvFxNDu8J8lmY=">AAACInicbZDLSsNAFIYn9VbrrerSzWARXGhJRKouhKIblxXsBZoSTqbTduhkEmYmQgl5Fje+ihsXiroSfBinaUFt/WHg5zvncOb8fsSZ0rb9aeUWFpeWV/KrhbX1jc2t4vZOQ4WxJLROQh7Klg+KciZoXTPNaSuSFAKf06Y/vB7Xm/dUKhaKOz2KaCeAvmA9RkAb5BUv3MSNBsyDI+ElPkndFF/ijPjY7VKuwUuApMcZIj/IT71iyS7bmfC8caamhKaqecV3txuSOKBCEw5KtR070p0EpGaE07TgxopGQIbQp21jBQRUdZLsxBQfGNLFvVCaJzTO6O+JBAKlRoFvOgPQAzVbG8P/au1Y9847CRNRrKkgk0W9mGMd4nFeuMskJZqPjAEimfkrJgOQQLRJtWBCcGZPnjeNk7JTKVduT0vVq2kcebSH9tEhctAZqqIbVEN1RNADekIv6NV6tJ6tN+tj0pqzpjO76I+sr2+Y+KRb</latexit>

{�a, nbc} = �b�ac � �c�ab
<latexit sha1_base64="KnBb5S7JRHMJ8Rl0iNLLnBPSgBw="></latexit>

{nab, ncd} = �acnbd + �bdnac � �adnbc � �bcnad

(non-linear) reversible 
mode couplings

ideal time evolution

Larmor precession

<latexit sha1_base64="1JkuxZUZqg8anQd4vR6BYgew0+E=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuQtJqbHdFNy4r2AekoUymk3boPMLMRCihn+HGhSJu/Rp3/o3Th6CiBy4czrmXe++JU0a18bwPZ2V1bX1js7BV3N7Z3dsvHRy2tcwUJi0smVTdGGnCqCAtQw0j3VQRxGNGOvH4euZ37onSVIo7M0lJxNFQ0IRiZKwU9jTlUPRzFE/7pbLn+l7toh5Azw2qfq1StcQPgkq9Bn3Xm6MMlmj2S++9gcQZJ8JghrQOfS81UY6UoZiRabGXaZIiPEZDEloqECc6yucnT+GpVQYwkcqWMHCufp/IEdd6wmPbyZEZ6d/eTPzLCzOT1KKcijQzRODFoiRj0Eg4+x8OqCLYsIklCCtqb4V4hBTCxqZUtCF8fQr/J+2KjcUNbs/LjatlHAVwDE7AGfDBJWiAG9AELYCBBA/gCTw7xnl0XpzXReuKs5w5Aj/gvH0CuIaRlA==</latexit>⇠ nab<latexit sha1_base64="ttfytSQS+rmMumk5bog7a9y/GRI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6+N+ueJX/TnQKglyUoEcjX75qzeQJE2osIRjY7qBr2yYYW0Z4XRa6qWGKkzGeEi7jgqcUBNm82un6MwpAxRL7UpYNFd/T2Q4MWaSRK4zwXZklr2Z+J/XTW18HWZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVoFat3V9W6jd5HEU4gVM4hwCuoA530IAmEHiEZ3iFN096L96797FoLXj5zDH8gff5A4eYjx4=</latexit>

�a

Model G

        Heisenberg

antiferromagnet

<latexit sha1_base64="Hdl2q4bWps5QsfSjOmFnCa8AnIc=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUzTDT1nG6K7hxZwX7gHYomTRtQ5PMkGSEMvQX3LhQxK0/5M6/MdNWUNEDFw7n3Mu994Qxo0o7zoeVW1vf2NzKbxd2dvf2D4qHR20VJRKTFo5YJLshUoRRQVqaaka6sSSIh4x0wulV5nfuiVQ0End6FpOAo7GgI4qRzqSbcu18UCw5tuv4F3UPOrZXdf1K1RDX8yp1H7q2s0AJrNAcFN/7wwgnnAiNGVKq5zqxDlIkNcWMzAv9RJEY4Skak56hAnGignRx6xyeGWUIR5E0JTRcqN8nUsSVmvHQdHKkJ+q3l4l/eb1Ej/wgpSJONBF4uWiUMKgjmD0Oh1QSrNnMEIQlNbdCPEESYW3iKZgQvj6F/5N2xcRie7e1UqO2iiMPTsApKAMXXIIGuAZN0AIYTMADeALPFrcerRfrddmas1Yzx+AHrLdPWpaNxw==</latexit>

O(4)

<latexit sha1_base64="5acVxEYmmnfvqiOe38bs4b2xSN8=">AAAB7HicdVDLSsNAFJ3UV62vqks3g0VwFZNWYyoIBTcuK5i20IYymUzaoZNJmJkINfQb3LhQxK0f5M6/cfoQVPTAhcM593LvPUHKqFSW9WEUlpZXVteK66WNza3tnfLuXksmmcDEwwlLRCdAkjDKiaeoYqSTCoLigJF2MLqa+u07IiRN+K0ap8SP0YDTiGKktOTdX4Yn1X65Ypm25Z7VHWiZTs12qzVNbMep1l1om9YMFbBAs19+74UJzmLCFWZIyq5tpcrPkVAUMzIp9TJJUoRHaEC6mnIUE+nns2Mn8EgrIYwSoYsrOFO/T+QolnIcB7ozRmoof3tT8S+vm6nI9XPK00wRjueLooxBlcDp5zCkgmDFxpogLKi+FeIhEggrnU9Jh/D1KfyftKo6FtO5Oa00LhZxFMEBOATHwAbnoAGuQRN4AAMKHsATeDa48Wi8GK/z1oKxmNkHP2C8fQKCIo5/</latexit>

z = d/2

<latexit sha1_base64="HL5DMpsLLckrUwsG1cAvNqrf4g8="></latexit>

F =

Z
ddx

⇢
1

2
(@i�a)(@

i�a) +
m2

2
�a�a +

�

4!N
(�a�a)

2 +
1

4�
nabnab

�

<latexit sha1_base64="/kYfEklTmjiEzvR4fsZRxhclct0=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS9mVUsVTwYs3K9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXhBzpo3rfjtr6xubW9uFneLu3v7BYenouK2jRBHaIhGPVDfAmnImacsww2k3VhSLgNNOMLnN/M4TVZpF8tFMY+oLPJIsZASbTLqv1C4GpbJbdedAq8TLSRlyNAelr/4wIomg0hCOte55bmz8FCvDCKezYj/RNMZkgke0Z6nEgmo/nd86Q+dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0x47adMxomhkiwWhQlHJkLZ42jIFCWGTy3BRDF7KyJjrDAxNp6iDcFbfnmVtC+rXr1af6iVGzd5HAU4hTOogAdX0IA7aEILCIzhGV7hzRHOi/PufCxa15x85gT+wPn8AeMFjXk=</latexit>

O(4)Statics:         LGW free energy

reversibility

conserved iso-vector &

iso-axial-vector charges

<latexit sha1_base64="HL5DMpsLLckrUwsG1cAvNqrf4g8="></latexit>

F =

Z
ddx

⇢
1

2
(@i�a)(@

i�a) +
m2

2
�a�a +

�

4!N
(�a�a)

2 +
1

4�
nabnab

�

Chiral order parameter:
<latexit sha1_base64="lX7NUXkl/7uNiv3CEp2vhm014DM=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFqCAlEakiCAU3LivYBzShTKaTdujMZJiZFErIxl9x40IRt36GO//GaZuFth64cDjnXu69JxSUKO2631ZhZXVtfaO4Wdra3tnds/cPWipOJMJNFNNYdkKoMCUcNzXRFHeExJCFFLfD0d3Ub4+xVCTmj3oicMDggJOIIKiN1LOPfDEktxVfkQGD5/4Yo9QXJDvr2WW36s7gLBMvJ2WQo9Gzv/x+jBKGuUYUKtX1XKGDFEpNEMVZyU8UFhCN4AB3DeWQYRWkswcy59QofSeKpSmunZn6eyKFTKkJC00ng3qoFr2p+J/XTXR0HaSEi0RjjuaLooQ6OnamaTh9IjHSdGIIRJKYWx00hBIibTIrmRC8xZeXSeui6tWqtYfLcv0mj6MIjsEJqAAPXIE6uAcN0AQIZOAZvII368l6sd6tj3lrwcpnDsEfWJ8/KCKWHw==</latexit>

� = (�,~⇡)

<latexit sha1_base64="HoMgG8fNg1E9s6P5HZybBOCZRKI=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwY0xCbYOrgiAuK/QFTSyT6aQdOpmEmYlQQn/DjQtF3Poz7vwbJ20FFT1w4XDOvdx7T5AwKpVlfRiFldW19Y3iZmlre2d3r7x/0JFxKjBp45jFohcgSRjlpK2oYqSXCIKigJFuMLnK/e49EZLGvKWmCfEjNOI0pBgpLXmeiiG5y86uz1uzQblimbWq49Tr0DIty6k6bk5sx3UvoK2VHBWwRHNQfveGMU4jwhVmSMq+bSXKz5BQFDMyK3mpJAnCEzQifU05ioj0s/nNM3iilSEMY6GLKzhXv09kKJJyGgW6M0JqLH97ufiX109V6PoZ5UmqCMeLRWHKoP40DwAOqSBYsakmCAuqb4V4jATCSsdU0iF8fQr/Jx3HtGtm7bZaaVwu4yiCI3AMToEN6qABbkATtAEGCXgAT+DZSI1H48V4XbQWjOXMIfgB4+0TacORSQ==</latexit>

! e�F/T
⤳ relaxation towards 
thermal equilibrium

dissipation & noise

Rajagopal & Wilczek, NPB 399 (1993) 395-425

Son & Stephanov, PRL 88 (2002) 202302


Florio, Grossi, Soloviev & Teaney, PRD 105 (2022) 5, 054512
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• at fixed points:

sigma/pion damping rate

iso-(axial-)vector charge mobility

<latexit sha1_base64="y+zb06ns8KfMdeV+DieycCmsRIg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQhSURqS6LLnRZwT6gScNkOmmHziRhZiKWkG9w46+4caGIW1fu/BunbRa29cCFwzn3cu89fsyoVJb1YxSWlldW14rrpY3Nre0dc3evKaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/eD32Ww9ESBqF92oUE5ejfkgDipHSkmeeODeIc9RNnXhAM+hIyuGwm54+eumMk2WeWbYq1gRwkdg5KYMcdc/8dnoRTjgJFWZIyo5txcpNkVAUM5KVnESSGOEh6pOOpiHiRLrp5KUMHmmlB4NI6AoVnKh/J1LEpRxxX3dypAZy3huL/3mdRAWXbkrDOFEkxNNFQcKgiuA4H9ijgmDFRpogLKi+FeIBEggrnWJJh2DPv7xImmcVu1qp3p2Xa1d5HEVwAA7BMbDBBaiBW1AHDYDBE3gBb+DdeDZejQ/jc9paMPKZfTAD4+sX+tueVg==</latexit>

�� ⇠ k�x��

<latexit sha1_base64="Y+8LtR6Cqe1Cr6nvDRFVxglyD1c=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJBYqBKECmMFC2OR6ENqQuS4TmvVdiLbQVRRBhZ+hYUBhFj5CDb+BrfNAC1HutLROffq3nvChFGlHefbWlpeWV1bL22UN7e2d3btvf22ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHoauJ37olUNBa3epwQn6OBoBHFSBspsCveAHGOoKcoh6O77OQhyGZSngd21ak5U8BF4hakCgo0A/vL68c45URozJBSPddJtJ8hqSlmJC97qSIJwiM0ID1DBeJE+dn0iRweGaUPo1iaEhpO1d8TGeJKjXloOjnSQzXvTcT/vF6qows/oyJJNRF4tihKGdQxnCQC+1QSrNnYEIQlNbdCPEQSYW1yK5sQ3PmXF0n7tObWa/Wbs2rjsoijBCrgEBwDF5yDBrgGTdACGDyCZ/AK3qwn68V6tz5mrUtWMXMA/sD6/AGrYZgk</latexit>

� ⇠ k�x�

<latexit sha1_base64="jJpDgUWbzzYPw7m7pmJPlAlxvPM=">AAACB3icbVDLSgMxFM3UV62vUZeCBFvBVZkRqS4LblxWsA9oh5JJM21oJjMkd8QydOfGX3HjQhG3/oI7/8ZMOwttPRA4nHtuknP8WHANjvNtFVZW19Y3ipulre2d3T17/6Clo0RR1qSRiFTHJ5oJLlkTOAjWiRUjoS9Y2x9fZ/P2PVOaR/IOJjHzQjKUPOCUgJH69nEP2APoINWxUYjAAx4ymdlxZVCZ9u2yU3VmwMvEzUkZ5Wj07a/eIKKJuQOoIFp3XScGLyUKOBVsWuolmsWEjsmQdQ2VJGTaS2c5pvjUKAMcRMocCXim/t5ISaj1JPSNMyQw0ouzTPxv1k0guPJSLuMEmKTzh4JEYIhwVooJrRgFMTGEUMXNXzEdEUUomOpKpgR3MfIyaZ1X3Vq1dntRrrt5HUV0hE7QGXLRJaqjG9RATUTRI3pGr+jNerJerHfrY24tWPnOIfoD6/MHFfWZYw==</latexit>

spatial dimension d

2.5 3.0 3.5
0.0

0.5

1.0

1.5

2.0

xΓϕ

2.5 3.0 3.5
0.0

0.5

1.0

1.5

2.0

xγ

• at strong-scaling fixed point, in addition:
<latexit sha1_base64="umhFwZxlUPa1lPEUPmAfOhoLc2E="></latexit>

k@kwG = (x� � x�� � ⌘?)wG
!
= 0

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)
<latexit sha1_base64="UDaRk5IFhRXbkfUfSPbO1uuIabA=">AAAB9XicdVDJSgNBEO2JW4xb1KOXxiCIh9AjEjO3oAc9RjALZKOnU0ma9PSM3T2GMOQ/vHhQxKv/4s2/sbMIKvqg4PFeFVX1/EhwbQj5cFJLyyura+n1zMbm1vZOdnevqsNYMaiwUISq7lMNgkuoGG4E1CMFNPAF1Pzh5dSv3YPSPJS3ZhxBK6B9yXucUWOl9qhz1U5OJrgp4Q6TTjZH8m7BI56HSZ7MYInnFUnRxe5CyaEFyp3se7MbsjgAaZigWjdcEplWQpXhTMAk04w1RJQNaR8alkoagG4ls6sn+MgqXdwLlS1p8Ez9PpHQQOtx4NvOgJqB/u1Nxb+8Rmx6xVbCZRQbkGy+qBcLbEI8jQB3uQJmxNgSyhS3t2I2oIoyY4PK2BC+PsX/k+qpDSpfuDnLlS4WcaTRATpEx8hF56iErlEZVRBDCj2gJ/TsjJxH58V5nbemnMXMPvoB5+0Tr2qSAw==</latexit>

w⇤
G 6= 0

<latexit sha1_base64="p4c/kgrv/YsQkLcUHIsj9zYKkVo="></latexit>x�� = x� � ⌘?

Model G

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

w / (1+w)

f/
(1

+
f)

<latexit sha1_base64="5acVxEYmmnfvqiOe38bs4b2xSN8=">AAAB7HicdVDLSsNAFJ3UV62vqks3g0VwFZNWYyoIBTcuK5i20IYymUzaoZNJmJkINfQb3LhQxK0f5M6/cfoQVPTAhcM593LvPUHKqFSW9WEUlpZXVteK66WNza3tnfLuXksmmcDEwwlLRCdAkjDKiaeoYqSTCoLigJF2MLqa+u07IiRN+K0ap8SP0YDTiGKktOTdX4Yn1X65Ypm25Z7VHWiZTs12qzVNbMep1l1om9YMFbBAs19+74UJzmLCFWZIyq5tpcrPkVAUMzIp9TJJUoRHaEC6mnIUE+nns2Mn8EgrIYwSoYsrOFO/T+QolnIcB7ozRmoof3tT8S+vm6nI9XPK00wRjueLooxBlcDp5zCkgmDFxpogLKi+FeIhEggrnU9Jh/D1KfyftKo6FtO5Oa00LhZxFMEBOATHwAbnoAGuQRN4AAMKHsATeDa48Wi8GK/z1oKxmNkHP2C8fQKCIo5/</latexit>

z = d/2

JR, Ye, Schlichting, von Smekal,

arXiv:2409.14470

strong-scaling FP 
(stable)

weak-scaling FP

(unstable)

weak-scaling FP

(unstable)

<latexit sha1_base64="Es6EJx+jpj6mmm9QDOfSxPaNKsM=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCq5oUqc1CKLpxWcE+oA1hMpm0QyeTMDMR2lD8FTcuFHHrf7jzb5y2EVT0wL0czrmXuXP8hFGpLOvDKCwtr6yuFddLG5tb2zvm7l5bxqnApIVjFouujyRhlJOWooqRbiIIinxGOv7oauZ37oiQNOa3apwQN0IDTkOKkdKSZx5MvKyfDOkUXsCJx3UPTqueWbYqds2xHAdaFWsOTRynbtVtaOdKGeRoeuZ7P4hxGhGuMENS9mwrUW6GhKKYkWmpn0qSIDxCA9LTlKOISDebXz+Fx1oJYBgLXVzBufp9I0ORlOPI15MRUkP525uJf3m9VIV1N6M8SRXhePFQmDKoYjiLAgZUEKzYWBOEBdW3QjxEAmGlAyvpEL5+Cv8n7aoOqlK7OSs3LvM4iuAQHIETYINz0ADXoAlaAIMJeABP4Nm4Nx6NF+N1MVow8p198APG2yfcy5Q3</latexit>

z� = zn = d/2
exactly fixes

• at all fixed points: weak-scaling relation
<latexit sha1_base64="Wa+p+2/BdHwx9a9+eGCdxnV1qLU=">AAACFnicbZBNS8NAEIY3flu/qh69BIsgSEsiUr0IRQ96VLC20NQy2U7bxd1k2d2IJeRXePGvePGgiFfx5r9xU3vw64WFl2dmmJ03lJxp43kfzsTk1PTM7Nx8YWFxaXmluLp2qeNEUazTmMeqGYJGziKsG2Y4NqVCECHHRnh9nNcbN6g0i6MLM5TYFtCPWI9RMBZ1iuXbThqcgBBwlQZywLJsJyf9nGSHe+VuOUADlkhUMusUS17FG8n9a/yxKZGxzjrF96Ab00RgZCgHrVu+J007BWUY5ZgVgkSjBHoNfWxZG4FA3U5HZ2XuliVdtxcr+yLjjuj3iRSE1kMR2k4BZqB/13L4X62VmN5BO2WRTAxG9GtRL+Guid08I7fLFFLDh9YAVcz+1aUDUECNTbJgQ/B/n/zXXO5W/Gqler5Xqh2N45gjG2STbBOf7JMaOSVnpE4ouSMP5Ik8O/fOo/PivH61TjjjmXXyQ87bJyeioAE=</latexit>

x�� + x� = 4� d� ⌘?

(as in Model H)

see also Täuber, Critical Dynamics (Cambridge University Press, 2014)

<latexit sha1_base64="R4CUc0MwjiQ9a6sQLYkOaHlmmk8="></latexit>

wG ⌘ �
��
k

�k
, fG ⌘ d⌦d g2T

(2⇡)d
kd�4

��
k�k

<latexit sha1_base64="R4CUc0MwjiQ9a6sQLYkOaHlmmk8="></latexit>

wG ⌘ �
��
k

�k
, fG ⌘ d⌦d g2T

(2⇡)d
kd�4

��
k�k
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Dynamic universal properties of Model G

28

<latexit sha1_base64="z07AaAfGaf3RO2QJ6UK0dZkmcio="></latexit>

Dn(p, ⌧) = s2�zDn(sp, s
1/⌫⌧)

<latexit sha1_base64="k0JGPmDzLLMwqAXcImRSvovCeAE="></latexit>

Dn(p, ⌧) ⇠ ⌧�⌫(2�z)L(⌧�⌫ p̄)
<latexit sha1_base64="7bo7NE0jjgcbYlLtG2SUdNU5he8=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAIghB2RaIIQsCLxwjmAckaZiezyZDZ2WFmVohLvsSLB0W8+ine/Bsnj4MmFjQUVd10d4WSM20879vJrayurW/kNwtb2zu7RXdvv6GTVBFaJwlPVCvEmnImaN0ww2lLKorjkNNmOLyZ+M1HqjRLxL0ZSRrEuC9YxAg2Vuq6xU6IVSbH6BpFD6dIdt2SV/amQMvEn5MSzFHrul+dXkLSmApDONa67XvSBBlWhhFOx4VOqqnEZIj7tG2pwDHVQTY9fIyOrdJDUaJsCYOm6u+JDMdaj+LQdsbYDPSiNxH/89qpiS6DjAmZGirIbFGUcmQSNEkB9ZiixPCRJZgoZm9FZIAVJsZmVbAh+IsvL5PGWdmvlCt356Xq1TyOPBzCEZyADxdQhVuoQR0IpPAMr/DmPDkvzrvzMWvNOfOZA/gD5/MHWICSOQ==</latexit>

p̄ = f+p⤳

dynamic universal scaling function

• Strong-scaling of charge diffusion coefficient • Dynamic critical exponent:
<latexit sha1_base64="fIY+KnDy9dZqnKiUs+KTbOxmK0I=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KkmR6qZQdOOygn1AE8JkMmmHTiZhZiK0IeDGX3HjQhG3/oQ7/8Zpm4W2HrhwOOde7r3HTxiVyrK+jZXVtfWNzdJWeXtnd2/fPDjsyDgVmLRxzGLR85EkjHLSVlQx0ksEQZHPSNcf3Uz97gMRksb8Xo0T4kZowGlIMVJa8szjiZc5yZDmjYnHYQM6oUA4C/KslntmxapaM8BlYhekAgq0PPPLCWKcRoQrzJCUfdtKlJshoShmJC87qSQJwiM0IH1NOYqIdLPZDzk800oAw1jo4grO1N8TGYqkHEe+7oyQGspFbyr+5/VTFV65GeVJqgjH80VhyqCK4TQQGFBBsGJjTRAWVN8K8RDpFJSOraxDsBdfXiadWtWuV+t3F5XmdRFHCZyAU3AObHAJmuAWtEAbYPAInsEreDOejBfj3fiYt64YxcwR+APj8wfS+Zen</latexit>

z� = zn =
d

2

strong scaling verified ✓

JR, Ye, Schlichting, von Smekal, arXiv:2403.04573
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Summary & Outlook
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Summary: 

• Critical spectral functions of Model A, B & C 
JR, L. von Smekal, JHEP 10, 065 (2023)


• FRG flow for systems with reversible mode couplings (Model G & H) 
JR, Ye, Schlichting, von Smekal, arXiv:2403.04573 & 2409.14470  

Outlook: 

• dynamics of Model G for non-vanishing external fields (quark masses)


• dynamic universal scaling functions of Model H


• real-time dynamics of quark-meson model 
JR, Ye, Schlichting, von Smekal, in prep.

Thank you for your attention!



/ #S
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Summary of Schwinger-Keldysh formalism

Goal: compute non-equilibrium correlation functions


⤳ Path integral requires doubling number of fields:

31

<latexit sha1_base64="M/gbVDhnmR/CR4dVVNfAi+KLRWA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlgsoTZyWwyZnZmmZkVwpJ/8OJBEa/+jz f/xslmD5pY0FBUddPdFcScaeO6305haXllda24XtrY3NreKe/uNbVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0c3Ubz1RpZkU92YcUz/CA8FCRrCxUtNDV+gB9coVt+pmQIvEy0kFctR75a9uX5IkosIQjrXueG5s/BQrwwink1I30TTGZIQHtGOpwBHVfppdO0FHVumjUCpbwqBM/T2R4kjrcRTYzgiboZ73puJ/Xicx4aWfMhEnhgoyWxQmHBmJpq+jPlOUGD62BBPF7K2IDLHCxNiASjYEb/7lRdI8qXrn1bO700rtOo+jCAdwCMfgwQXU4Bbq0AACj/AMr/DmSOfFeXc+Zq0FJ5/Zhz9wPn8Ar6WN6A==</latexit>

1 = Z

⤳ in particular: direct access to 
    real-time Green functions

<latexit sha1_base64="GJ9vGRwOPJnrryne+boOhmJBAXA="></latexit>

GR(t, t0) = i✓(t� t0)h[�(t),�(t0)]i
<latexit sha1_base64="ba69B8fGkd2mcZTqZnB3qTPQnek="></latexit>

GA(t, t0) = i✓(t0 � t)h[�(t0),�(t)]i

<latexit sha1_base64="tYQCH9/RvGcyLP+LrdaKDVeGxxM=">AAACG3icbVDLSgMxFM3UV62vqks3wSK2UMpM8bURii4U3FSwD+jUkknTNjSTGZI7Qhn6H278FTcuFHEluPBvTB8LbT1wuYdz7iW5xwsF12Db31ZiYXFpeSW5mlpb39jcSm/vVHUQKcoqNBCBqntEM8ElqwAHweqhYsT3BKt5/cuRX3tgSvNA3sEgZE2fdCXvcErASK108er+Jgt5OMzhc8xdQWRXMOzG2A17PAu5/KQb2x26auy20hm7YI+B54kzJRk0RbmV/nTbAY18JoEKonXDsUNoxkQBp4INU26kWUhon3RZw1BJfKab8fi2IT4wSht3AmVKAh6rvzdi4ms98D0z6RPo6VlvJP7nNSLonDVjLsMImKSThzqRwBDgUVC4zRWjIAaGEKq4+SumPaIIBRNnyoTgzJ48T6rFgnNSOL49ypQupnEk0R7aR1nkoFNUQteojCqIokf0jF7Rm/VkvVjv1sdkNGFNd3bRH1hfP8efntY=</latexit>

GK(t, t0) = ih{�(t),�(t0)}i

<latexit sha1_base64="b4LhlbEiKlFu0ldDHtE5Ui9Omk8=">AAACBHicbVDLSgNBEJz1bXxFPXoZDGIECbvi6yKIHhS8RDBGSGKYne0kg7MPZnqVsOzBi7/ixYMiXv0Ib/6Nk2QPmljQUFR1093lRlJotO1va2x8YnJqemY2Nze/sLiUX1651mGsOFR4KEN14zINUgRQQYESbiIFzHclVN27055fvQelRRhcYTeChs/agWgJztBIzfza2W1SfxAeoJAeJBdpWsRt3NyiR9Ru5gt2ye6DjhInIwWSodzMf9W9kMc+BMgl07rm2BE2EqZQcAlprh5riBi/Y22oGRowH3Qj6T+R0g2jeLQVKlMB0r76eyJhvtZd3zWdPsOOHvZ64n9eLcbWYSMRQRQjBHywqBVLiiHtJUI9oYCj7BrCuBLmVso7TDGOJrecCcEZfnmUXO+UnP3S3uVu4fgki2OGrJF1UiQOOSDH5JyUSYVw8kieySt5s56sF+vd+hi0jlnZzCr5A+vzB+M0lvM=</latexit>

G
eK(t, t0) = 0

⤳ Causal structure built 
    into the formalism!

<latexit sha1_base64="Wdu+XWQJ18JV0wQqp6mhfvVTa80="></latexit>

hO(t)i = tr (U(�1, t)OU(t,�1)⇢0)

<latexit sha1_base64="B5RsjS03URM1LmDJY848yCqY4eg=">AAACJHicbVDJSgNBEO1xN25Rj14ag5Bcwoy4gQhBL96MYIyQCaGnU5M09vQM3TVCGPIxXvwVLx5c8ODFb7GzHDTxQdOP96qoqhckUhh03S9nZnZufmFxaTm3srq2vpHf3Lo1cao51HgsY30XMANSKKihQAl3iQYWBRLqwf3FwK8/gDYiVjfYS6AZsY4SoeAMrdTKn/qSqY4EelXEkq9H/Iz6EcOujjLUfV9CiMWhT33djVuu/USni6VWvuCW3SHoNPHGpEDGqLby73475mkECrlkxjQ8N8FmxjQKLqGf81MDCeP3rAMNSxWLwDSz4ZF9umeVNg1jbZ9COlR/d2QsMqYXBbZysLyZ9Abif14jxfCkmQmVpAiKjwaFqaQY00FitC00cJQ9SxjXwu5KeZdpxtHmmrMheJMnT5Pb/bJ3VD68PihUzsdxLJEdskuKxCPHpEIuSZXUCCeP5Jm8kjfnyXlxPpzPUemMM+7ZJn/gfP8ApXujlQ==</latexit>

hO(t)i = tr (O(t)⇢0) (Heisenberg picture)

Figure adapted from 
Kamenev, Field Theory of Non-Equilibrium Systems 
(Cambridge University Press, 2011)

2.2 Partition function 13

+ ∞ − ∞
t

tN

tN+1 t2N

t1

Fig. 2.1 The closed time contour C. Dots on the forward and backward branches
of the contour denote discrete time points.

sometime after (before) t = −∞. This constant is therefore frequently omitted
without causing confusion.

The next step is to divide the C contour into (2N − 2) time intervals of length δt ,
such that t1 = t2N = −∞ and tN = tN+1 = +∞, as shown in Fig. 2.1. One then
inserts the resolution of unity in the over-complete coherent state basis, Eq. (2.7),

1̂ =
∫

d[φ̄ j ,φ j ] e−|φ j |2 |φ j 〉〈φ j | (2.15)

at each point j = 1, 2, . . . , 2N along the contour. For example, for N = 3 one
obtains the following sequence in the expression for Tr{ÛC ρ̂0}, Eq. (2.10) (read
from right to left):

〈φ6|Û−δt |φ5〉〈φ5|Û−δt |φ4〉〈φ4|1̂|φ3〉〈φ3|Û+δt |φ2〉〈φ2|Û+δt |φ1〉〈φ1|ρ̂0|φ6〉, (2.16)

where Û±δt is the evolution operator (1.1) during the time interval δt in the positive
(negative) time direction. Its matrix elements are given by:
〈
φ j

∣∣∣Û±δt

∣∣∣φ j−1

〉
≡
〈
φ j

∣∣∣e∓iĤ(b†,b)δt

∣∣∣φ j−1

〉
≈
〈
φ j

∣∣∣
(
1∓ iĤ(b†, b

)
δt
)∣∣∣φ j−1

〉

=
〈
φ j |φ j−1

〉(
1∓ iH(φ̄ j ,φ j−1)δt

)
≈ e φ̄ jφ j−1 e∓iH(φ̄ j ,φ j−1)δt , (2.17)

where the approximate equalities are valid up to the linear order in δt . Here we have
employed expression (2.4) for the matrix elements of a normally-ordered operator
along with Eq. (2.6) for the overlap of the coherent states. For the toy example
(2.12) one finds H(φ̄ j ,φ j−1) = ω0φ̄ jφ j−1. However, Eq. (2.17) is not restricted to
it, but holds for any normally-ordered Hamiltonian. Notice that there is no evolu-
tion operator inserted between tN and tN+1. Indeed, these two points are physically
indistinguishable and thus the system does not evolve during this time interval.

Employing the following property of the coherent states (see Eq. (2.11)):
〈φ1|e−β(ω0−µ)b†b|φ2N 〉 = exp

{
φ̄1φ2Nρ(ω0)

}
and collecting all the exponential

factors along the contour, one finds for the partition function, Eq. (2.13),

Z = 1
Tr{ρ̂0}

∫ 2N∏

j=1

d[φ̄ j ,φ j ] exp



i
2N∑

j, j ′=1

φ̄ j G−1
j j ′ φ j ′



 . (2.18)

���*��!��!���(��((%'���+++���"�&�����$&���$&��(�&"'���((%'����$��$&�������������
�����
���

�����
�$+#!$������&$"��((%'���+++���"�&�����$&���$&������!�$(�� '','(�"��#�*�&'�(��(����''�#��$#�����$*�������(�������		��')����(�($�(�����"�&������$&��(�&"'�$��)'�

<latexit sha1_base64="ukN1zcixN9omW+CF/ve1QzaZXHc=">AAAB/XicdVDLSgMxFM34rPU1PnZugkWomyFT+9wV3bizgn1Ap5RMmrahmcyQZIQ6FH/FjQtF3Pof7vwb04egogcunJxzL7n3+BFnSiP0YS0tr6yurac20ptb2zu79t5+Q4WxJLROQh7Klo8V5UzQumaa01YkKQ58Tpv+6GLqN2+pVCwUN3oc0U6AB4L1GcHaSF370ONYDDiFV1l9Cj05e3TtDHLKpUqhUoDIKeZLqIQMcXMuOitD10EzZMACta797vVCEgdUaMKxUm0XRbqTYKkZ4XSS9mJFI0xGeEDbhgocUNVJZttP4IlRerAfSlNCw5n6fSLBgVLjwDedAdZD9dubin957Vj3y52EiSjWVJD5R/2YQx3CaRSwxyQlmo8NwUQysyskQywx0SawtAnh61L4P2nkHLfoFK7zmer5Io4UOALHIAtcUAJVcAlqoA4IuAMP4Ak8W/fWo/Vivc5bl6zFzAH4AevtE7RylMc=</latexit>

hO(t)i

closed-time path

<latexit sha1_base64="Q++pQ4CugwXjUk12EV0AyddfS18="></latexit>

=

Z

⇢0

D�+ D�� eiS[�+,��] <latexit sha1_base64="iht+osGR+W/j5OAH9jestMJSrJU=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQILWpJxNuy6MadFewFmlgm00kzdHJh5kQooWs3voobF4q49Qnc+TZO2yy09YeBj/+cw5nzuzFnEkzzW8vNzS8sLuWXCyura+sb+uZWQ0aJILROIh6Jlosl5SykdWDAaSsWFAcup023fzWqNx+okCwK72AQUyfAvZB5jGBQVkffvbE59aBkxz67PyhB+XBMR4pswXo+lDt60ayYYxmzYGVQRJlqHf3L7kYkCWgIhGMp25YZg5NiAYxwOizYiaQxJn3co22FIQ6odNLxKUNjXzldw4uEeiEYY/f3RIoDKQeBqzoDDL6cro3M/2rtBLwLJ2VhnAANyWSRl3ADImOUi9FlghLgAwWYCKb+ahAfC0xApVdQIVjTJ89C47hinVVOb0+K1cssjjzaQXuohCx0jqroGtVQHRH0iJ7RK3rTnrQX7V37mLTmtGxmG/2R9vkD53qZJA==</latexit>

O
�
�
+(t),��(t)

�<latexit sha1_base64="g/ypExQjWh+tjrJvK6YNpA0cF+s=">AAACA3icbZDLSsNAFIZP6q3WW9SdboJFqEhLIt6WRTcuK9oLpGmZTKft0MkkzEyEEgpufBU3LhRx60u4822ctllo6w8DH/85hzPn9yNGpbLtbyOzsLi0vJJdza2tb2xumds7NRnGApMqDlkoGj6ShFFOqooqRhqRICjwGan7g+txvf5AhKQhv1fDiHgB6nHapRgpbbXNPdJKaOHObUZ92jr2iikVvaNR28zbJXsiax6cFPKQqtI2v5qdEMcB4QozJKXr2JHyEiQUxYyMcs1YkgjhAeoRVyNHAZFeMrlhZB1qp2N1Q6EfV9bE/T2RoEDKYeDrzgCpvpytjc3/am6supdeQnkUK8LxdFE3ZpYKrXEgVocKghUbakBYUP1XC/eRQFjp2HI6BGf25HmonZSc89LZ7Wm+fJXGkYV9OIACOHABZbiBClQBwyM8wyu8GU/Gi/FufExbM0Y6swt/ZHz+AGqXlr8=</latexit>

ei(S[�+]�S[��])

(extend evolution to t = +∞)

L.V. Keldysh, Sov. Phys. JETP 20 (1965) 1018
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Dynamic universality classes in more detail

Statics: Landau-Ginzburg-Wilson functional 

• Dynamics: Langevin equations of motion


• Order parameter not conserved but interacts non-linearly with 
conserved (energy) density ⤳ Model C

32

<latexit sha1_base64="jXIPJ2rfd+pLdURVtY9yVbMWFLU="></latexit>

F =

Z
ddx

⇢
1

2
(~r')2 + V (')

�<latexit sha1_base64="jXIPJ2rfd+pLdURVtY9yVbMWFLU="></latexit>

F =

Z
ddx

⇢
1

2
(~r')2 + V (')

�<latexit sha1_base64="sqOmVoiXyfrpQBcVUSxEE/nDfMU="></latexit>

+
n2

2�0

<latexit sha1_base64="DUJ2N7u5qYkbH+y05zi3EPhnYZY=">AAACAnicdVDJSgNBEO2JW4xb1JN4aQyCoAw9Y1ZPAS8eI5gFMjH0dHqSJj0L3T2BMAQv/ooXD4p49Su8+Td2FkFFHxQ83quiqp4bcSYVQh9Gaml5ZXUtvZ7Z2Nza3snu7jVkGAtC6yTkoWi5WFLOAlpXTHHaigTFvstp0x1eTv3miArJwuBGjSPa8XE/YB4jWGmpmz04dc4cT2CS9CeJPXFGWEQDdmtD7eWQWS5VCpUCRGYxX0IlpIllW+i8DC0TzZADC9S62XenF5LYp4EiHEvZtlCkOgkWihFOJxknljTCZIj7tK1pgH0qO8nshQk81koPeqHQFSg4U79PJNiXcuy7utPHaiB/e1PxL68dK6/cSVgQxYoGZL7IizlUIZzmAXtMUKL4WBNMBNO3QjLAOhClU8voEL4+hf+Thm1aRTN/nc9VLxZxpMEhOAInwAIlUAVXoAbqgIA78ACewLNxbzwaL8brvDVlLGb2wQ8Yb58AwJcw</latexit>

+
g

2
'2n

Model C
z = 2 + α/ν

<latexit sha1_base64="KeKs0Wi+jZ2OX9sYIJNTA3p2KTw="></latexit>

⌧R@
2
t n+ @tn = �̄~r2 �F

�n
+ ~r · ~⇣

<latexit sha1_base64="EipOvKv92X7g7v7h62oZjQh9jcA="></latexit>

@2
t '+ �@t' = ��F

�'
+ ⇠

Gaussian white noises

diffusive!
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Dynamics: Martin-Siggia-Rose (MSR) formalism

33

<latexit sha1_base64="EipOvKv92X7g7v7h62oZjQh9jcA="></latexit>

@2
t '+ �@t' = ��F

�'
+ ⇠

<latexit sha1_base64="Eme3FWsID1pxRKo0VcGZUXfkkf8=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmgckS5id9CZDZmeXmVkxhHyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+Oyura+sbm7mt/PbO7t5+4eCwoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhzdRvPqLSPJYPZpSgH9G+5CFn1FjpvvR01i0U3bI7A1kmXkaKkKHWLXx1ejFLI5SGCap123MT44+pMpwJnOQ7qcaEsiHtY9tSSSPU/nh26oScWqVHwljZkobM1N8TYxppPYoC2xlRM9CL3lT8z2unJrzyx1wmqUHJ5ovCVBATk+nfpMcVMiNGllCmuL2VsAFVlBmbTt6G4C2+vEwa52WvUq7cXRSr11kcOTiGEyiBB5dQhVuoQR0Y9OEZXuHNEc6L8+58zFtXnGzmCP7A+fwBrzCNbA==</latexit>

(x)
<latexit sha1_base64="zot4aWMGEauT5dhZ4ryaJIvouLE=">AAACH3icbVDLSgMxFM34rPVVdekmWMS6sMwUqW6EohuXFawKnVLupLdtaJIZkoy0lP6JG3/FjQtFxJ1/Y/pY+DqQcDjnXJJ7okRwY33/05ubX1hcWs6sZFfX1jc2c1vbNyZONcMai0Ws7yIwKLjCmuVW4F2iEWQk8DbqXYz923vUhsfq2g4SbEjoKN7mDKyTmrlyKEB1BNKwzwv9w8l9cEhDPVXPaCnsgJRAr2nYQmGh0D9ygWYu7xf9CehfEsxInsxQbeY+wlbMUonKMgHG1AM/sY0haMuZwFE2TA0mwHrQwbqjCiSaxnCy34juO6VF27F2R1k6Ub9PDEEaM5CRS0qwXfPbG4v/efXUtk8bQ66S1KJi04faqaA2puOyaItrZFYMHAGmufsrZV3QwKyrNOtKCH6v/JfclIpBuVi+Os5Xzmd1ZMgu2SMFEpATUiGXpEpqhJEH8kReyKv36D17b977NDrnzWZ2yA94n18ZbKCG</latexit>

h⇠(x)⇠(x0)i = 2�T �(x� x0)

<latexit sha1_base64="9SoLTY1GgJTCfvnwrNd69EeUmBA=">AAACA3icbVDLSgMxFL3js9bXqDvdBItQN2VGpLoRim5cVrAP6Awlk2ba0ExmSDLSUgpu/BU3LhRx60+4829M21lo64ELJ+fcS+49QcKZ0o7zbS0tr6yurec28ptb2zu79t5+XcWpJLRGYh7LZoAV5UzQmmaa02YiKY4CThtB/2biNx6oVCwW93qYUD/CXcFCRrA2Uts+9DgWXU6RN2DFwSny5Ox5hZy2XXBKzhRokbgZKUCGatv+8joxSSMqNOFYqZbrJNofYakZ4XSc91JFE0z6uEtbhgocUeWPpjeM0YlROiiMpSmh0VT9PTHCkVLDKDCdEdY9Ne9NxP+8VqrDS3/ERJJqKsjsozDlSMdoEgjqMEmJ5kNDMJHM7IpID0tMtIktb0Jw509eJPWzklsule/OC5XrLI4cHMExFMGFC6jALVShBgQe4Rle4c16sl6sd+tj1rpkZTMH8AfW5w/DZJZR</latexit>

h⇠(x)i = 0

solve Langevin equation

Path-integral formulation

<latexit sha1_base64="2Mm9evvxGu68N4JLJb7tdNgj+oA="></latexit>

Z =

Z
D'̃D' eiS['̃,']

<latexit sha1_base64="XwM5h/+BLBaJf+SKaUcAWXkXIh0="></latexit>

S['̃,'] =

Z

x


�'̃

✓
@2
t '+ �@t'+

�F

�'

◆
+ i�T '̃2

�

Introduce (Hubbard)

response field 

<latexit sha1_base64="x3ilHI0m37TyZ4z3W21tqqQyN7U=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCqzBNa1N3RTcuK1hbaEKZTCbt0MmDmUmhhn6JGxeKuPVT3Pk3Th+Cih64cDjnXu69x085kwqhD6Owtr6xuVXcLu3s7u2XzYPDO5lkgtAOSXgiej6WlLOYdhRTnPZSQXHkc9r1x1dzvzuhQrIkvlXTlHoRHsYsZAQrLQ3MsqsYD2juTrBIR2w2MCvIQheOgxyILNtp1mq2JnW7UbfPYdVCC1TACu2B+e4GCckiGivCsZT9KkqVl2OhGOF0VnIzSVNMxnhI+5rGOKLSyxeHz+CpVgIYJkJXrOBC/T6R40jKaeTrzgirkfztzcW/vH6mwqaXszjNFI3JclGYcagSOE8BBkxQovhUE0wE07dCMsICE6WzKukQvj6F/5M726o2rMZNvdK6XMVRBMfgBJyBKnBAC1yDNugAAjLwAJ7As3FvPBovxuuytWCsZo7ADxhvn9kek+Y=</latexit>

'̃ integrate 
<latexit sha1_base64="x3ilHI0m37TyZ4z3W21tqqQyN7U=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCqzBNa1N3RTcuK1hbaEKZTCbt0MmDmUmhhn6JGxeKuPVT3Pk3Th+Cih64cDjnXu69x085kwqhD6Owtr6xuVXcLu3s7u2XzYPDO5lkgtAOSXgiej6WlLOYdhRTnPZSQXHkc9r1x1dzvzuhQrIkvlXTlHoRHsYsZAQrLQ3MsqsYD2juTrBIR2w2MCvIQheOgxyILNtp1mq2JnW7UbfPYdVCC1TACu2B+e4GCckiGivCsZT9KkqVl2OhGOF0VnIzSVNMxnhI+5rGOKLSyxeHz+CpVgIYJkJXrOBC/T6R40jKaeTrzgirkfztzcW/vH6mwqaXszjNFI3JclGYcagSOE8BBkxQovhUE0wE07dCMsICE6WzKukQvj6F/5M726o2rMZNvdK6XMVRBMfgBJyBKnBAC1yDNugAAjLwAJ7As3FvPBovxuuytWCsZo7ADxhvn9kek+Y=</latexit>

'̃

for (real-time) FRG

deterministic part of eom’s 
fluctuations

in classical simulations:

However, we need:
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Causal regulators

Solution: Observe that regulator is a self-energy


• Self-energies generally inherit causal structure  

⤳ Spectral representation from (subtracted) Kramers-Kronig relations

34

mass-like part

(trivially causal)

<latexit sha1_base64="R0hK/kVB2bpskA0rvVAblKsp2a8="></latexit>

RR/A
k (!,p) = RR/A

k (0,p)�
Z 1

0

d!0

2⇡

2!2Jk(!0,p)

!0((! ± i")2 � !02)

‘spectral density’
<latexit sha1_base64="aMXDCbaietVe1yZ+/YMSvsbd5GA="></latexit>

Jk(!,p) = 2 ImRR
k (!,p)

⤳  Physical only for positive-semidefinite 
    spectral densities

<latexit sha1_base64="fYaUceHRhqZGnypBhnElVyxSX7o=">AAACCnicbVDLSgMxFM3UV62vqks30SJUkDIjvpZFN+Kqgn1AZxgy6Z02NDMZk4xQhq7d+CtuXCji1i9w59+YPhZaPRByOOde7r0nSDhT2ra/rNzc/MLiUn65sLK6tr5R3NxqKJFKCnUquJCtgCjgLIa6ZppDK5FAooBDM+hfjvzmPUjFRHyrBwl4EenGLGSUaCP5xd1rv192RQRdcugGgnfUIDJflgwPsNuFO2z7xZJdscfAf4kzJSU0Rc0vfrodQdMIYk05Uart2In2MiI1oxyGBTdVkBDaJ11oGxqTCJSXjU8Z4n2jdHAopHmxxmP1Z0dGIjVa0VRGRPfUrDcS//PaqQ7PvYzFSaohppNBYcqxFniUC+4wCVTzgSGESmZ2xbRHJKHapFcwITizJ/8ljaOKc1o5uTkuVS+mceTRDtpDZeSgM1RFV6iG6oiiB/SEXtCr9Wg9W2/W+6Q0Z017ttEvWB/fObSZ+Q==</latexit>

Jk(!,p) � 0
<latexit sha1_base64="ImNpR2at5ivMYfQ7fguYwbBvaQU=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfJ0k6MVjBPOA7BJmJ7PJkJnZZWZWCEt+w4sHRbz6M978GyfJHjSxoKGo6qa7K0w408Z1v53Cyura+kZxs7S1vbO7V94/aOk4VYQ2Scxj1QmxppxJ2jTMcNpJFMUi5LQdju6mfvuJKs1i+WjGCQ0EHkgWMYKNlfyqHws6wOgGuae9csWtuTOgZeLlpAI5Gr3yl9+PSSqoNIRjrbuem5ggw8owwumk5KeaJpiM8IB2LZVYUB1ks5sn6MQqfRTFypY0aKb+nsiw0HosQtspsBnqRW8q/ud1UxNdBxmTSWqoJPNFUcqRidE0ANRnihLDx5Zgopi9FZEhVpgYG1PJhuAtvrxMWmc177J28XBeqd/mcRThCI6hCh5cQR3uoQFNIJDAM7zCm5M6L8678zFvLTj5zCH8gfP5AwMnkGA=</latexit>

(! > 0)

JR, von Smekal, JHEP 10, 065 (2023) 
JR, Schweitzer, Sieke, von Smekal, Phys. Rev. D 105, 116017 (2022)

<latexit sha1_base64="IW74oZth54iDVbNOfo2RbpTklN8="></latexit>

Jk(!) = ⇡
X

s

g2s(k)

!s(k)
(�(! � !s(k))� �(! + !s(k)))

...
.

. . .
<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x <latexit sha1_base64="OQ6vcQT4vElzZ+PhJapbLQDXCdo=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9iHtUDJppg1NMiHJFMrQr3DjQhG3fo47/8a0nYVWD1w4nHMv994TKc6M9f0vr7Cyura+UdwsbW3v7O6V9w+aJkk1oQ2S8ES3I2woZ5I2LLOctpWmWESctqLR7cxvjak2LJEPdqJoKPBAspgRbJ302B1jrYasZ3rlil/150B/SZCTCuSo98qf3X5CUkGlJRwb0wl8ZcMMa8sIp9NSNzVUYTLCA9pxVGJBTZjND56iE6f0UZxoV9KiufpzIsPCmImIXKfAdmiWvZn4n9dJbXwdZkyq1FJJFovilCOboNn3qM80JZZPHMFEM3crIkOsMbEuo5ILIVh++S9pnlWDy+rF/XmldpPHUYQjOIZTCOAKanAHdWgAAQFP8AKvnvaevTfvfdFa8PKZQ/gF7+MbDP2Qlg==</latexit>'s

<latexit sha1_base64="CRd2yjlu3ugbWp5S9OmpaSdFDGE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw6BneuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AFZEo3b</latexit>gs

<latexit sha1_base64="qeRFptRkdn/pzlFA85rBfHDCCTw=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWTAZQ0+nkzTpZejuEcKQv/DiQRGv/o03/8ZOMgdNfFDweK+KqnpRzJmxvv/t5VZW19Y38puFre2d3b3i/kHDqEQTWieKK92KsKGcSVq3zHLaijXFIuK0GY1upn7ziWrDlLy345iGAg8k6zOCrZMeOkrQAe6ax0q3WPLL/gxomQQZKUGGWrf41ekpkggqLeHYmHbgxzZMsbaMcDopdBJDY0xGeEDbjkosqAnT2cUTdOKUHuor7UpaNFN/T6RYGDMWkesU2A7NojcV//Paie1fhSmTcWKpJPNF/YQjq9D0fdRjmhLLx45gopm7FZEh1phYF1LBhRAsvrxMGpVycFE+vzsrVa+zOPJwBMdwCgFcQhVuoQZ1ICDhGV7hzTPei/fufcxbc142cwh/4H3+AEvfkK8=</latexit>

!2
s

⤳ Spectral density encodes

           spectrum of bath oscillators

⇔

• Interpret as coupling to fictitious heat bath:

here:

(Hubbard-Stratonovich transformation)
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QM example for causal regulator

35

<latexit sha1_base64="3qC8mr0DmchwvfvNe3MVJyFP+2M="></latexit>

�(2)
k

R
(!) = (! + i")2 �m2 +RR

k (!)in
<latexit sha1_base64="9THfptj356aGb7cLMUqU7bt4hmw="></latexit>

RR/A
k (!) = RR/A

k (0)�
Z 1

0

d!0

2⇡

2!2Jk(!0)

!0((! ± i")2 � !02)

• spectral density:


• assume UV finiteness:


 ⇒ IR mass shift:


Solution: choose IR mass shift                      positive (at cost of UV finiteness)

<latexit sha1_base64="HRDR5JPUZh7ze+en8QwjUrrFLnU="></latexit>

Jk(!) = 2k! e�!2/k2

= 2 ImRR
k (!)

<latexit sha1_base64="aRVXyFMltKv1Ku6eWg+7t+ZZyk0=">AAACD3icbVDJSgNBEO2JW4xb1KOXxqAkB+NMcLsocTnoQYjBLJBl6On0JM30LHT3CGHIH3jxV7x4UMSrV2/+jZ1kDpr4oODxXhVV9ayAUSF1/VtLzMzOzS8kF1NLyyura+n1jarwQ45JBfvM53ULCcKoRyqSSkbqASfItRipWc7l0K89EC6o793LfkBaLup61KYYSSWZ6d3mFWESwVszuikP2oWsk4OncK9sOu2ovH8+yOo5eAZ1M53R8/oIcJoYMcmAGCUz/dXs+Dh0iScxQ0I0DD2QrQhxSTEjg1QzFCRA2EFd0lDUQy4RrWj0zwDuKKUDbZ+r8iQcqb8nIuQK0Xct1eki2ROT3lD8z2uE0j5pRdQLQkk8PF5khwxKHw7DgR3KCZasrwjCnKpbIe4hjrBUEaZUCMbky9OkWsgbR/nDu4NM8SKOIwm2wDbIAgMcgyK4BiVQARg8gmfwCt60J+1Fe9c+xq0JLZ7ZBH+gff4AkUGZLw==</latexit>

�M2
IR(k) = �RR/A

k (0) > 0

<latexit sha1_base64="yvF4hRvtloyDn1kivz8K7edqgAM="></latexit>

�M2
UV (k) = �RR/A

k (0) +

Z 1

0

d!0

⇡

Jk(!0)

!0
| {z }

�0

� �M2
IR(k)

<latexit sha1_base64="LoIjVHL4IObi/5DCUr7wRGvXxKk=">AAAB+nicbVDLSsNAFJ3UV62vVJduRovgqiTiayMU3bisYB/QhjKZTtqhk0mYuVFKzKe4caGIW7/EnX/jtM1CWw9cOJxzL/fe48eCa3Ccb6uwtLyyulZcL21sbm3v2OXdpo4SRVmDRiJSbZ9oJrhkDeAgWDtWjIS+YC1/dDPxWw9MaR7JexjHzAvJQPKAUwJG6tnlrgZCR4qJ9CBLrzLs9OyKU3WmwIvEzUkF5aj37K9uP6JJyCRQQbTuuE4MXkoUcCpYVuommsVmBxmwjqGShEx76fT0DB8ZpY+DSJmSgKfq74mUhFqPQ990hgSGet6biP95nQSCSy/lMk6ASTpbFCQCQ4QnOeA+V4yCGBtCqOLmVkyHRBEKJq2SCcGdf3mRNE+q7nn17O60UrvO4yiifXSIjpGLLlAN3aI6aiCKHtEzekVv1pP1Yr1bH7PWgpXP7KE/sD5/AMftk7I=</latexit>

!
= 0

<latexit sha1_base64="D8dJBrzXHVQ61QfC1PANfo2+CwA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHoBePEc0DkiXMTmaTIbOzy0yvEJZ8ghcPinj1i7z5N06SPWi0oKGo6qa7K0ikMOi6X05haXllda24XtrY3NreKe/uNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00v0VcXvlilt1ZyB/iZeTCuSo98qf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohR1bpkzDWthSSmfpzIqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZf/kuaJ1XvvHp2d1qpXedxFOEADuEYPLiAGtxCHRrAYABP8AKvjnSenTfnfd5acPKZffgF5+MbUjqNLg==</latexit>

< 0

negative mass shift!

Re[Rk(ω)/k2]

Im[Rk(ω)/k2]

-4 -2 2 4
ω/k

-0.4

-0.2

0.2

0.4

0.6

Re[Rk(ω)/k2]

Im[Rk(ω)/k2]

-4 -2 2 4
ω/k

-0.4

-0.2

0.2

0.4

0.6
sign fixed by positivity

Regulator (retarded part):

is negative!

(positivity)

⤳

<latexit sha1_base64="u81mhR2+HQJZgnzDCkqcoudsEQA=">AAAB/3icbVDJSgNBEO2JW4zbqODFS2MQ4iXMBLeTBPWgByGKWSAZQ0+nJmnSs9DdI4QxB3/FiwdFvPob3vwbO8kcNPqg4PFeFVX13IgzqSzry8jMzM7NL2QXc0vLK6tr5vpGTYaxoFClIQ9FwyUSOAugqpji0IgEEN/lUHf7ZyO/fg9CsjC4VYMIHJ90A+YxSpSW2uZW6xy4IviqnVzeDO9Khf4ePsFW28xbRWsM/JfYKcmjFJW2+dnqhDT2IVCUEymbthUpJyFCMcphmGvFEiJC+6QLTU0D4oN0kvH9Q7yrlQ72QqErUHis/pxIiC/lwHd1p09UT057I/E/rxkr79hJWBDFCgI6WeTFHKsQj8LAHSaAKj7QhFDB9K2Y9oggVOnIcjoEe/rlv6RWKtqHxYPr/Xz5NI0ji7bRDiogGx2hMrpAFVRFFD2gJ/SCXo1H49l4M94nrRkjndlEv2B8fAMMYpQw</latexit>

�M2
IR(k) > 0
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First step towards dynamic universality class: 
identify relevant slow (hydrodynamic) modes

Why Model G?

36

<latexit sha1_base64="96v0tQutdrI3rkkadSUPT+zAgaU="></latexit>

nab =

0

BB@

0 A0
1 A0

2 A0
3

�A0
1 0 V 0

3 �V 0
2

�A0
2 �V 0

3 0 V 0
1

�A0
3 V 0

2 �V 0
1 0

1

CCA

⤳ combine:
<latexit sha1_base64="XfJQKX/RoWu6QADHxoCoH+K8VLU=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXJIqngBePEcwDkiX0TibJkNnZdWZWCEt+wosHRbz6O978GyfJHjSxoKGo6qa7K4gF18Z1v53c2vrG5lZ+u7Czu7d/UDw8auooUZQ1aCQi1Q5QM8ElaxhuBGvHimEYCNYKxrczv/XElOaRfDCTmPkhDiUfcIrGSu2y7KUYTM97xZJbcecgq8TLSAky1HvFr24/oknIpKECte54bmz8FJXhVLBpoZtoFiMd45B1LJUYMu2n83un5MwqfTKIlC1pyFz9PZFiqPUkDGxniGakl72Z+J/XSczg2k+5jBPDJF0sGiSCmIjMnid9rhg1YmIJUsXtrYSOUCE1NqKCDcFbfnmVNC8qXrVSvb8s1W6yOPJwAqdQBg+uoAZ3UIcGUBDwDK/w5jw6L86787FozTnZzDH8gfP5A47vj6Y=</latexit>

(nab)

<latexit sha1_base64="+eWFCT3USaYH+7k/uJArJ+lRGa8="></latexit>

[�a, nbc] = i (�ac�b � �ab�c)

order parameter:

• Order parameter:
<latexit sha1_base64="aQMht1vjF7KYZwTVTSTWSFJB8Ug=">AAACB3icbVDLSgMxFM3UV62vUZeCBItQQcqMSHUjFN24rGAf0BlKJpO2oclkSDJCGbpz46+4caGIW3/BnX9jpp2Fth4IOZxzL/feE8SMKu0431ZhaXllda24XtrY3NresXf3WkokEpMmFkzIToAUYTQiTU01I51YEsQDRtrB6Cbz2w9EKiqiez2Oic/RIKJ9ipE2Us8+9OIhvap4ig44OvUCwUI15uZLvZhOTnp22ak6U8BF4uakDHI0evaXFwqccBJpzJBSXdeJtZ8iqSlmZFLyEkVihEdoQLqGRogT5afTOybw2Cgh7AtpXqThVP3dkSKusu1MJUd6qOa9TPzP6ya6f+mnNIoTTSI8G9RPGNQCZqHAkEqCNRsbgrCkZleIh0girE10JROCO3/yImmdVd1atXZ3Xq5f53EUwQE4AhXgggtQB7egAZoAg0fwDF7Bm/VkvVjv1sestGDlPfvgD6zPH/bFmWY=</latexit>

� = (�,⇡) slow (critical slowing down)

• Six iso-(axial-)vector charge densities:

conserved in chiral limit 
⤳ hydrodynamic modes

<latexit sha1_base64="APam4DVh/aX3TSD5H8BOz8wTDGs=">AAACGXicbVBNS8NAEN34bf2KevSyWARPJRGpXgTRi8cKtgpNGybbTbu4m6S7G6Es+Rte/CtePCjiUU/+G7dtDn49GHi8N8PMvCjjTGnP+3RmZufmFxaXlisrq2vrG+7mVkuluSS0SVKeypsIFOUsoU3NNKc3maQgIk6vo9vzsX99R6ViaXKlRxntCOgnLGYEtJVC12t1jVeEhhX4BAexBGL8whwUQQTSDAsc9EEI6Ho40JCHDA9Dt+rVvAnwX+KXpIpKNEL3PeilJBc00YSDUm3fy3THgNSMcFpUglzRDMgt9Gnb0gQEVR0z+azAe1bp4TiVthKNJ+r3CQNCqZGIbKcAPVC/vbH4n9fOdXzcMSzJck0TMl0U5xzrFI9jwj0mKdF8ZAkQyeytmAzAxqNtmBUbgv/75b+kdVDz67X65WH19KyMYwntoF20j3x0hE7RBWqgJiLoHj2iZ/TiPDhPzqvzNm2dccqZbfQDzscXs52gIA==</latexit>

V 0
i =

1

2
q̄�0⌧iq

<latexit sha1_base64="M8B7/+q1p304AXl/smZZNsD8gVQ=">AAACInicbZDLSgMxFIYz3q23qks3wSK4KjOiVReCl43LCrYWOnU4k2ZqaDIzTTJCCfMsbnwVNy4UdSX4MKYXwdsPgY//nMPJ+cOUM6Vd992ZmJyanpmdmy8sLC4trxRX1+oqySShNZLwRDZCUJSzmNY005w2UklBhJxehd2zQf3qlkrFkvhS91PaEtCJWcQIaGsFxcOTa+PmgWE5PsJ+JIEYLzc7uR+CNL0c+x0QAq7dL9jDvoYsYLgXFEtu2R0K/wVvDCU0VjUovvrthGSCxppwUKrpualuGZCaEU7zgp8pmgLpQoc2LcYgqGqZ4Yk53rJOG0eJtC/WeOh+nzAglOqL0HYK0Dfqd21g/ldrZjo6aBkWp5mmMRktijKOdYIHeeE2k5Ro3rcARDL7V0xuwOakbaoFG4L3++S/UN8pe5Vy5WK3dHw6jmMObaBNtI08tI+O0Tmqohoi6A49oCf07Nw7j86L8zZqnXDGM+voh5yPTzDmo3c=</latexit>

A0
i =

1

2
q̄�0�5⌧iq

<latexit sha1_base64="WN9arBb2QbOWkJPGqW58CUWfHOU="></latexit>

[nab, ncd] = i (�acnbd + �bdnac � �adnbc � �bcnad)

find O(4) Lie algebra:

<latexit sha1_base64="WN9arBb2QbOWkJPGqW58CUWfHOU="></latexit>

[nab, ncd] = i (�acnbd + �bdnac � �adnbc � �bcnad)

• Energy-momentum, baryon charge: also slow, but irrelevant (in RG sense)
see Nakano, Skokov, Friman, PRD 85 (2012) 096007

<latexit sha1_base64="7bkFux50Hk1i+4O/gi+ExzIgELM="></latexit>

(n’s generate O(4) transformations)

Rajagopal & Wilczek, NPB 399 (1993) 395-425

Son & Stephanov, PRL 88 (2002) 202302


Grossi, Soloviev, Teaney & Yan, PRD 104 (2021) 3, 034025
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• Truncation for effective average (Martin-Siggia-Rose) action:
<latexit sha1_base64="9pUsRs9FcKPoc9ymXRrp8IcPlRA="></latexit>

�k =

Z

x


� �̃a,k

✓
@�a

@t
+ ��,k(r)

�Fk

��a
� g

2
{�a, nbc}

�Fk

�nbc

◆

� 1

2
ñab,k

✓
@nab

@t
+ �n,k(r)

�Fk

�nab
� g{nab,�c}

�Fk

��c
� g

2
{nab, ncd}

�Fk

�ncd

◆

+ iT �̃a,k��,k(r)�̃a,k +
1

2
iT ñab,k�n,k(r)ñab,k

�

FRG for Model G

• Add regulators to LGW functional:

37

Model G
<latexit sha1_base64="61pnglyb1cEID953L/ctyh50360="></latexit>

F ! F +
1

2

Z

xy

✓
�a(x)R

�
k(x,y)�a(y) +

1

2
nab(x)R

n
k (x,y)nab(y)

◆

+ symmetries intact 
– regulators cubic in fields

• Important (exact) results:


- Ward identities: flow of    vanishes


- Flow of statics (i.e.,     ) independent of dynamics

<latexit sha1_base64="rh5X7Yjspa8Al+dPVJ66g8jxWEo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolIFU8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxrBfKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ67LiVSvVxlW5dpvHUYBTOIML8OAaanAPdWgCA4RneIU359F5cd6dj0XrmpPPnMAfOJ8/zZ+M7g==</latexit>g
<latexit sha1_base64="gWw/+Jc9/yGZ+UYsGfe+YmQ4s+4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqCOKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYkUBl33yymsrK6tbxQ3S1vbO7t75f2DlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfD3z249cGxGrB5wk3I/oUIlQMIpWur/pj/vlilt15yB/iZeTCuRo9MufvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolJ1YZkDDWthSSufpzIqORMZMosJ0RxZFZ9mbif143xfDSz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZf/ktaZ1WvVq3dnVfqV3kcRTiCYzgFDy6gDrfQgCYwGMITvMCrI51n5815X7QWnHzmEH7B+fgGGJaNqw==</latexit>

Fk

kinetic coefficients:
<latexit sha1_base64="Jn99tp0CG9gdcpVuiXBHFQuLS2k="></latexit>

��,k(p) = ��
k +O(p2)

<latexit sha1_base64="FhYQjdSf3mfUnjS7C4IVJ68Op84="></latexit>

�n,k(p) = Dn
k (p)p

2

<latexit sha1_base64="5acVxEYmmnfvqiOe38bs4b2xSN8=">AAAB7HicdVDLSsNAFJ3UV62vqks3g0VwFZNWYyoIBTcuK5i20IYymUzaoZNJmJkINfQb3LhQxK0f5M6/cfoQVPTAhcM593LvPUHKqFSW9WEUlpZXVteK66WNza3tnfLuXksmmcDEwwlLRCdAkjDKiaeoYqSTCoLigJF2MLqa+u07IiRN+K0ap8SP0YDTiGKktOTdX4Yn1X65Ypm25Z7VHWiZTs12qzVNbMep1l1om9YMFbBAs19+74UJzmLCFWZIyq5tpcrPkVAUMzIp9TJJUoRHaEC6mnIUE+nns2Mn8EgrIYwSoYsrOFO/T+QolnIcB7ozRmoof3tT8S+vm6nI9XPK00wRjueLooxBlcDp5zCkgmDFxpogLKi+FeIhEggrnU9Jh/D1KfyftKo6FtO5Oa00LhZxFMEBOATHwAbnoAGuQRN4AAMKHsATeDa48Wi8GK/z1oKxmNkHP2C8fQKCIo5/</latexit>

z = d/2
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Temporal gauge symmetry (Model H)

38

<latexit sha1_base64="SzTdSOivxfMl52wWMCQC6pEGRjc="></latexit>

@~j

@t
+ ⇢~̈↵(t) + T

✓
�F

�~j
· ~r

◆
~j � (~r�)

�F

��

�
= 0

<latexit sha1_base64="wTt5dHccuSinsOSNpPGO7sq+XSo="></latexit>

+⇢~̈↵(t)

<latexit sha1_base64="SzTdSOivxfMl52wWMCQC6pEGRjc="></latexit>

@~j

@t
+ ⇢~̈↵(t) + T

✓
�F

�~j
· ~r

◆
~j � (~r�)

�F

��

�
= 0

additional fictitious force…

but: field-independent! 
⤳ interpret as part of external source

<latexit sha1_base64="w2bW4cjZtcVdYfH8cUAWgpoRII0="></latexit>

@�

@t
+

�F

�~j
· ~r� = 0 invariant

• Transformed EoM’s (here for simplicity without dissipation):

‘time-gauged Galilean boost’

• Transform to accelerated frame of reference:
<latexit sha1_base64="gmNAtKoyOWcc+XgkHXZeWP4HIL0=">AAAB7nicdVDLSgMxFM3UV62vqks3wSK4GjK17Ux3BTcuK9gHtEPJpJk2NPMguSOU0o9w40IRt36PO//G9CGo6IHA4Zx7yT0nSKXQQMiHldvY3Nreye8W9vYPDo+KxydtnWSK8RZLZKK6AdVcipi3QIDk3VRxGgWSd4LJ9cLv3HOlRRLfwTTlfkRHsQgFo2CkDuA+JBgGxRKxPbderVcxsWsVl7jEEKfskCsPOzZZooTWaA6K7/1hwrKIx8Ak1brnkBT8GVUgmOTzQj/TPKVsQke8Z2hMI6792fLcOb4wyhCHiTIvBrxUv2/MaKT1NArMZERhrH97C/Evr5dB6PkzEacZ8JitPgoziRcRTXY8FIozkFNDKFPC3IrZmCrKwDRUMCV8JcX/k3bZdmp27bZSanjrOvLoDJ2jS+QgFzXQDWqiFmJogh7QE3q2UuvRerFeV6M5a71zin7AevsEMZOPeg==</latexit>

t ! t
<latexit sha1_base64="q5vVoffR2rNp4H7L1vvWhLQqEOo=">AAACDnicdVDLSgMxFM34rPVVdekmWAp14ZCpfUx3BTcuK9gHdIaSSdM2NPMgyRTL0C9w46+4caGIW9fu/BvTF6jogcDhnHu5OceLOJMKoU9jbX1jc2s7tZPe3ds/OMwcHTdlGAtCGyTkoWh7WFLOAtpQTHHajgTFvsdpyxtdzfzWmArJwuBWTSLq+ngQsD4jWGmpm8k5Y0qSuyl0VAhX/GLBHMyjIZ7m1Xk3k0WmXamWqiWIzHKxgipIE6tgoUsbWiaaIwuWqHczH04vJLFPA0U4lrJjoUi5CRaKEU6naSeWNMJkhAe0o2mAfSrdZB5nCnNa6cF+KPQLFJyr3zcS7Es58T096WM1lL+9mfiX14lV33YTFkSxogFZHOrHHOros25gjwlKFJ9ogolg+q+QDLHAROkG07qEVVL4P2kWTKtslm+K2Zq9rCMFTsEZyAMLVEANXIM6aAAC7sEjeAYvxoPxZLwab4vRNWO5cwJ+wHj/AiKrnCk=</latexit>

~x ! ~x� ~↵(t)

<latexit sha1_base64="7/xq2dkM6h0AB4ehO1V2s6jE/vk="></latexit>

�(t, ~x) ! �(t, ~x� ~↵(t))
<latexit sha1_base64="nWFnDNaIGS00hn79PWY6m59pK9Y="></latexit>

~j(t, ~x) ! ~j(t, ~x� ~↵(t)) + ⇢~̇↵(t)

poses just as strong restrictions on 
one-particle irreducible (1PI) effective action


as normal symmetry

Floerchinger, Grossi, PRD 105 (2022) 8, 085015
see Canet, Delamotte, Wschebor, PRE 93 (2016) 6, 063101

<latexit sha1_base64="SBqySNHJ9QtfmExCFjm2PYZD9TI="></latexit>

Definition: ‘Extended’ symmetry
Change �S of action S is linear in fields
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Temporal gauge symmetry (Model G)

39

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F
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<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc
<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

• Apply external ‘magnetic’ field         :

‘magnetization’

<latexit sha1_base64="TBQP/MKGWypOBhSaDwMio4r5RbA=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAiuQtJqTF0V3HRZwT6gDWEynbRDJ5MwMymUkD9x40IRt/6JO//G6UNQ0QMDh3Pu5Z45YcqoVLb9Yaytb2xubZd2yrt7+weH5tFxRyaZwKSNE5aIXogkYZSTtqKKkV4qCIpDRrrh5Hbud6dESJrwezVLiR+jEacRxUhpKTDNQYzUGCOWN4sgR2ERmBXbcmzvqu5C23JrjletaeK4brXuQceyF6iAFVqB+T4YJjiLCVeYISn7jp0qP0dCUcxIUR5kkqQIT9CI9DXlKCbSzxfJC3iulSGMEqEfV3Chft/IUSzlLA715Dyn/O3Nxb+8fqYiz88pTzNFOF4eijIGVQLnNcAhFQQrNtMEYUF1VojHSCCsdFllXcLXT+H/pFPVtVju3WWlcbOqowROwRm4AA64Bg3QBC3QBhhMwQN4As9GbjwaL8brcnTNWO2cgB8w3j4BcD2UMg==</latexit>

Hab

<latexit sha1_base64="2FqXFocwBc7z2K9cuvmL2wuZN/0="></latexit>

F ! F �
1

2

Z
ddxHabnab

• Equations of motion

<latexit sha1_base64="FIaOBYffCqxsBWwDBJ6q3Zm1JBg=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/AwFM1+vmIZlOud1G5qGXbOcak0Ry7ardQdahjlHBSzR8vV3dxDjNCSRxAwJ0bfMRHoZ4pJiRmYlNxUkQXiCRqSvaIRCIrxsHn4Gj5UygMOYqxdJOFe/b2QoFGIaBmoyzyl+e7n4l9dP5dDxMholqSQRXhwapgzKGOZNwAHlBEs2VQRhTlVWiMeIIyxVXyVVwtdP4f+kU1W1GPbNWaVxtayjCA7BETgBFrgADdAELdAGGEzBA3gCz9q99qi9aK+L0YK23CmDH9DePgEYMpUc</latexit>

� Hab

<latexit sha1_base64="3sbhpWZmsfdtlfgiy4cKg5IfRoU=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/CzAM1+vmIZlOud1G5qGXbOcak0Ry7ardQdahjlHBSzR8vV3dxDjNCSRxAwJ0bfMRHoZ4pJiRmYlNxUkQXiCRqSvaIRCIrxsHn4Gj5UygMOYqxdJOFe/b2QoFGIaBmoyzyl+e7n4l9dP5dDxMholqSQRXhwapgzKGOZNwAHlBEs2VQRhTlVWiMeIIyxVXyVVwtdP4f+kU1W1GPbNWaVxtayjCA7BETgBFrgADdAELdAGGEzBA3gCz9q99qi9aK+L0YK23CmDH9DePgEbPZUe</latexit>

� Hbc

<latexit sha1_base64="WYzmyr8x9ELqX8nopARmQKwkPPY=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/AwPZr5eMQ3LdM7rNjQNu2Y51Zoilm1X6w60DHOOClii5evv7iDGaUgiiRkSom+ZifQyxCXFjMxKbipIgvAEjUhf0QiFRHjZPPwMHitlAIcxVy+ScK5+38hQKMQ0DNRknlP89nLxL6+fyqHjZTRKUkkivDg0TBmUMcybgAPKCZZsqgjCnKqsEI8RR1iqvkqqhK+fwv9Jp6pqMeybs0rjallHERyCI3ACLHABGqAJWqANMJiCB/AEnrV77VF70V4XowVtuVMGP6C9fQIeSJUg</latexit>

� Hcd

<latexit sha1_base64="M4ViiClFjFaUrVVtrH6LlV7zi+s=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANJTJdJKOncyEmYlQSv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE2WMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJSYtLJiQ3QgpwignLU01I91MEpRGjHSi0dXM79wTqajgt3qckTBFCacxxUgbqd2LaJIE/XLFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYIlmv/zeGwicp4RrzJBSgetkOpwgqSlmZFrq5YpkCI9QQgJDOUqJCifza6fwxCgDGAtpims4V79PTFCq1DiNTGeK9FD99mbiX16Q69gPJ5RnuSYcLxbFOYNawNnrcEAlwZqNDUFYUnMrxEMkEdYmoJIJ4etT+D9pV00stndzVmlcLuMogiNwDE6BCy5AA1yDJmgBDO7AA3gCz5awHq0X63XRWrCWM4fgB6y3T+qbj10=</latexit> <latexit sha1_base64="LtNtbSJXf5M9scwqRyFwM1/RJRQ=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANpTJdJKOncyEmYlQQv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE6aMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJCYtLJiQ3RApwignLU01I91UEpSEjHTC8dXM79wTqajgt3qSkiBBMacRxUgbqd0PaRwHg3LFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYInmoPzeHwqcJYRrzJBSPddJdZAjqSlmZFrqZ4qkCI9RTHqGcpQQFeTza6fwxChDGAlpims4V79P5ChRapKEpjNBeqR+ezPxL6+X6cgPcsrTTBOOF4uijEEt4Ox1OKSSYM0mhiAsqbkV4hGSCGsTUMmE8PUp/J+0qyYW27s5qzQul3EUwRE4BqfABRegAa5BE7QABnfgATyBZ0tYj9aL9bpoLVjLmUPwA9bbJ+2jj18=</latexit>�

<latexit sha1_base64="M4ViiClFjFaUrVVtrH6LlV7zi+s=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANJTJdJKOncyEmYlQSv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE2WMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJSYtLJiQ3QgpwignLU01I91MEpRGjHSi0dXM79wTqajgt3qckTBFCacxxUgbqd2LaJIE/XLFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYIlmv/zeGwicp4RrzJBSgetkOpwgqSlmZFrq5YpkCI9QQgJDOUqJCifza6fwxCgDGAtpims4V79PTFCq1DiNTGeK9FD99mbiX16Q69gPJ5RnuSYcLxbFOYNawNnrcEAlwZqNDUFYUnMrxEMkEdYmoJIJ4etT+D9pV00stndzVmlcLuMogiNwDE6BCy5AA1yDJmgBDO7AA3gCz5awHq0X63XRWrCWM4fgB6y3T+qbj10=</latexit> <latexit sha1_base64="LtNtbSJXf5M9scwqRyFwM1/RJRQ=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANpTJdJKOncyEmYlQQv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE6aMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJCYtLJiQ3RApwignLU01I91UEpSEjHTC8dXM79wTqajgt3qSkiBBMacRxUgbqd0PaRwHg3LFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYInmoPzeHwqcJYRrzJBSPddJdZAjqSlmZFrqZ4qkCI9RTHqGcpQQFeTza6fwxChDGAlpims4V79P5ChRapKEpjNBeqR+ezPxL6+X6cgPcsrTTBOOF4uijEEt4Ox1OKSSYM0mhiAsqbkV4hGSCGsTUMmE8PUp/J+0qyYW27s5qzQul3EUwRE4BqfABRegAa5BE7QABnfgATyBZ0tYj9aL9bpoLVjLmUPwA9bbJ+2jj18=</latexit>�

<latexit sha1_base64="M4ViiClFjFaUrVVtrH6LlV7zi+s=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANJTJdJKOncyEmYlQSv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE2WMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJSYtLJiQ3QgpwignLU01I91MEpRGjHSi0dXM79wTqajgt3qckTBFCacxxUgbqd2LaJIE/XLFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYIlmv/zeGwicp4RrzJBSgetkOpwgqSlmZFrq5YpkCI9QQgJDOUqJCifza6fwxCgDGAtpims4V79PTFCq1DiNTGeK9FD99mbiX16Q69gPJ5RnuSYcLxbFOYNawNnrcEAlwZqNDUFYUnMrxEMkEdYmoJIJ4etT+D9pV00stndzVmlcLuMogiNwDE6BCy5AA1yDJmgBDO7AA3gCz5awHq0X63XRWrCWM4fgB6y3T+qbj10=</latexit> <latexit sha1_base64="LtNtbSJXf5M9scwqRyFwM1/RJRQ=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANpTJdJKOncyEmYlQQv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE6aMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJCYtLJiQ3RApwignLU01I91UEpSEjHTC8dXM79wTqajgt3qSkiBBMacRxUgbqd0PaRwHg3LFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYInmoPzeHwqcJYRrzJBSPddJdZAjqSlmZFrqZ4qkCI9RTHqGcpQQFeTza6fwxChDGAlpims4V79P5ChRapKEpjNBeqR+ezPxL6+X6cgPcsrTTBOOF4uijEEt4Ox1OKSSYM0mhiAsqbkV4hGSCGsTUMmE8PUp/J+0qyYW27s5qzQul3EUwRE4BqfABRegAa5BE7QABnfgATyBZ0tYj9aL9bpoLVjLmUPwA9bbJ+2jj18=</latexit>�

change according to: 
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• Apply external ‘magnetic’ field         :

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="FIaOBYffCqxsBWwDBJ6q3Zm1JBg=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/AwFM1+vmIZlOud1G5qGXbOcak0Ry7ardQdahjlHBSzR8vV3dxDjNCSRxAwJ0bfMRHoZ4pJiRmYlNxUkQXiCRqSvaIRCIrxsHn4Gj5UygMOYqxdJOFe/b2QoFGIaBmoyzyl+e7n4l9dP5dDxMholqSQRXhwapgzKGOZNwAHlBEs2VQRhTlVWiMeIIyxVXyVVwtdP4f+kU1W1GPbNWaVxtayjCA7BETgBFrgADdAELdAGGEzBA3gCz9q99qi9aK+L0YK23CmDH9DePgEYMpUc</latexit>

� Hab

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="WYzmyr8x9ELqX8nopARmQKwkPPY=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/AwPZr5eMQ3LdM7rNjQNu2Y51Zoilm1X6w60DHOOClii5evv7iDGaUgiiRkSom+ZifQyxCXFjMxKbipIgvAEjUhf0QiFRHjZPPwMHitlAIcxVy+ScK5+38hQKMQ0DNRknlP89nLxL6+fyqHjZTRKUkkivDg0TBmUMcybgAPKCZZsqgjCnKqsEI8RR1iqvkqqhK+fwv9Jp6pqMeybs0rjallHERyCI3ACLHABGqAJWqANMJiCB/AEnrV77VF70V4XowVtuVMGP6C9fQIeSJUg</latexit>

� Hcd

<latexit sha1_base64="3sbhpWZmsfdtlfgiy4cKg5IfRoU=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/CzAM1+vmIZlOud1G5qGXbOcak0Ry7ardQdahjlHBSzR8vV3dxDjNCSRxAwJ0bfMRHoZ4pJiRmYlNxUkQXiCRqSvaIRCIrxsHn4Gj5UygMOYqxdJOFe/b2QoFGIaBmoyzyl+e7n4l9dP5dDxMholqSQRXhwapgzKGOZNwAHlBEs2VQRhTlVWiMeIIyxVXyVVwtdP4f+kU1W1GPbNWaVxtayjCA7BETgBFrgADdAELdAGGEzBA3gCz9q99qi9aK+L0YK23CmDH9DePgEbPZUe</latexit>

� Hbc

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc
<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="M4ViiClFjFaUrVVtrH6LlV7zi+s=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANJTJdJKOncyEmYlQSv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE2WMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJSYtLJiQ3QgpwignLU01I91MEpRGjHSi0dXM79wTqajgt3qckTBFCacxxUgbqd2LaJIE/XLFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYIlmv/zeGwicp4RrzJBSgetkOpwgqSlmZFrq5YpkCI9QQgJDOUqJCifza6fwxCgDGAtpims4V79PTFCq1DiNTGeK9FD99mbiX16Q69gPJ5RnuSYcLxbFOYNawNnrcEAlwZqNDUFYUnMrxEMkEdYmoJIJ4etT+D9pV00stndzVmlcLuMogiNwDE6BCy5AA1yDJmgBDO7AA3gCz5awHq0X63XRWrCWM4fgB6y3T+qbj10=</latexit> <latexit sha1_base64="LtNtbSJXf5M9scwqRyFwM1/RJRQ=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANpTJdJKOncyEmYlQQv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE6aMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJCYtLJiQ3RApwignLU01I91UEpSEjHTC8dXM79wTqajgt3qSkiBBMacRxUgbqd0PaRwHg3LFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYInmoPzeHwqcJYRrzJBSPddJdZAjqSlmZFrqZ4qkCI9RTHqGcpQQFeTza6fwxChDGAlpims4V79P5ChRapKEpjNBeqR+ezPxL6+X6cgPcsrTTBOOF4uijEEt4Ox1OKSSYM0mhiAsqbkV4hGSCGsTUMmE8PUp/J+0qyYW27s5qzQul3EUwRE4BqfABRegAa5BE7QABnfgATyBZ0tYj9aL9bpoLVjLmUPwA9bbJ+2jj18=</latexit>�

• Equations of motion change according to: 

• Equations of motion invariant under time-gauged         transformations
<latexit sha1_base64="oDBFrrJibG4Dc41fXSqPgf4nH6U="></latexit>

�(t, ~x) ! O(t)�(t, ~x)

n(t, ~x) ! O(t)n(t, ~x)OT (t)

H(t, ~x) ! O(t)H(t, ~x)OT (t) +
1

g
O(t)@tO

T (t)

<latexit sha1_base64="oDBFrrJibG4Dc41fXSqPgf4nH6U="></latexit>

�(t, ~x) ! O(t)�(t, ~x)

n(t, ~x) ! O(t)n(t, ~x)OT (t)

H(t, ~x) ! O(t)H(t, ~x)OT (t) +
1

g
O(t)@tO

T (t)

<latexit sha1_base64="/kYfEklTmjiEzvR4fsZRxhclct0=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS9mVUsVTwYs3K9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXhBzpo3rfjtr6xubW9uFneLu3v7BYenouK2jRBHaIhGPVDfAmnImacsww2k3VhSLgNNOMLnN/M4TVZpF8tFMY+oLPJIsZASbTLqv1C4GpbJbdedAq8TLSRlyNAelr/4wIomg0hCOte55bmz8FCvDCKezYj/RNMZkgke0Z6nEgmo/nd86Q+dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0x47adMxomhkiwWhQlHJkLZ42jIFCWGTy3BRDF7KyJjrDAxNp6iDcFbfnmVtC+rXr1af6iVGzd5HAU4hTOogAdX0IA7aEILCIzhGV7hzRHOi/PufCxa15x85gT+wPn8AeMFjXk=</latexit>

O(4)

Inhomogeneous

(time dependent) term


drops out here

<latexit sha1_base64="DWqTm93dWahgu+2eIcG2SZ2cVbQ="></latexit>

@t�a � g(H�)a

<latexit sha1_base64="/hE+LEDRh+JXMMUt4bCB8qAnUN0="></latexit>

@tnab � g[H, n]ab

Covariant time-derivatives, 
in which        = zero-component

of external          gauge field

<latexit sha1_base64="AFlSXl49lADXoT5cvFOWQ8d+Sak=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFZJWY7oruOmygn1AG8JkOmmHTiZhZlIooX/ixoUibv0Td/6Nk7aCih4YOJxzL/fMCVNGpbLtD6O0sbm1vVPereztHxwemccnXZlkApMOTlgi+iGShFFOOooqRvqpICgOGemF09vC782IkDTh92qeEj9GY04jipHSUmCawxipCUYsby2CHIWLwKzalmN71w0X2pZbd7xaXRPHdWsNDzqWvUQVrNEOzPfhKMFZTLjCDEk5cOxU+TkSimJGFpVhJkmK8BSNyUBTjmIi/XyZfAEvtDKCUSL04wou1e8bOYqlnMehnixyyt9eIf7lDTIVeX5OeZopwvHqUJQxqBJY1ABHVBCs2FwThAXVWSGeIIGw0mVVdAlfP4X/k25N12K5d1fVprOuowzOwDm4BA64AU3QAm3QARjMwAN4As9GbjwaL8brarRkrHdOwQ8Yb59tiJQp</latexit>

Hab
<latexit sha1_base64="qXJOfEf7cPYVvX5lvDpEBRrPf4A=">AAAB+nicdVDNS8MwHE3n15xfnR69BIcwL6XdZu1uAy/enOA2YSsjTdMtLP0gSZVR96d48aCIV/8Sb/43ptsEFX0Q8njv9yMvz0sYFdI0P7TCyura+kZxs7S1vbO7p5f3uyJOOSYdHLOY33hIEEYj0pFUMnKTcIJCj5GeNznP/d4t4YLG0bWcJsQN0SiiAcVIKmmolwdezHwxDdWVXVYbJ7OhXjENy3ROmzY0DbtuObW6IpZt15oOtAxzjgpYoj3U3wd+jNOQRBIzJETfMhPpZohLihmZlQapIAnCEzQifUUjFBLhZvPoM3isFB8GMVcnknCuft/IUCjydGoyRHIsfnu5+JfXT2XguBmNklSSCC8eClIGZQzzHqBPOcGSTRVBmFOVFeIx4ghL1VZJlfD1U/g/6dZULYZ91ai0rGUdRXAIjkAVWOAMtMAFaIMOwOAOPIAn8Kzda4/ai/a6GC1oy50D8APa2ydOiZQC</latexit>

O(4)

‘magnetization’

<latexit sha1_base64="TBQP/MKGWypOBhSaDwMio4r5RbA=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAiuQtJqTF0V3HRZwT6gDWEynbRDJ5MwMymUkD9x40IRt/6JO//G6UNQ0QMDh3Pu5Z45YcqoVLb9Yaytb2xubZd2yrt7+weH5tFxRyaZwKSNE5aIXogkYZSTtqKKkV4qCIpDRrrh5Hbud6dESJrwezVLiR+jEacRxUhpKTDNQYzUGCOWN4sgR2ERmBXbcmzvqu5C23JrjletaeK4brXuQceyF6iAFVqB+T4YJjiLCVeYISn7jp0qP0dCUcxIUR5kkqQIT9CI9DXlKCbSzxfJC3iulSGMEqEfV3Chft/IUSzlLA715Dyn/O3Nxb+8fqYiz88pTzNFOF4eijIGVQLnNcAhFQQrNtMEYUF1VojHSCCsdFllXcLXT+H/pFPVtVju3WWlcbOqowROwRm4AA64Bg3QBC3QBhhMwQN4As9GbjwaL8brcnTNWO2cgB8w3j4BcD2UMg==</latexit>

Hab

<latexit sha1_base64="2FqXFocwBc7z2K9cuvmL2wuZN/0="></latexit>

F ! F �
1

2

Z
ddxHabnab
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m2

λ

<latexit sha1_base64="/1vRkmCRCJh+kcQQExgeyj3khhE=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4sSRFqhuh6MZlBfuANg2T6aQdMpOEmYlQQsCNv+LGhSJu/Ql3/o2TNgttPXDhzDn3MvceL2ZUKsv6NpaWV1bX1ksb5c2t7Z1dc2+/LaNEYNLCEYtE10OSMBqSlqKKkW4sCOIeIx0vuMn9zgMRkkbhvZrExOFoFFKfYqS05JqHfQ+JlGduMKjBKxgM0rNaBnn+dM2KVbWmgIvELkgFFGi65ld/GOGEk1BhhqTs2VasnBQJRTEjWbmfSBIjHKAR6WkaIk6kk05vyOCJVobQj4SuUMGp+nsiRVzKCfd0J0dqLOe9XPzP6yXKv3RSGsaJIiGefeQnDKoI5oHAIRUEKzbRBGFB9a4Qj5FAWOnYyjoEe/7kRdKuVe16tX53XmlcF3GUwBE4BqfABhegAW5BE7QABo/gGbyCN+PJeDHejY9Z65JRzByAPzA+fwAgYZaO</latexit>

m̄2
k = k�2m2

k

<latexit sha1_base64="P9oidP2Heo1fAiEVZ80henu7h5E=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTcWBIp1Y1QdOOyQl/QxDCZTNshk0mYmQgl5Avc+CtuXCji1rU7/8Zpm4W2Hhg4nHMPd+7xE0alsqxvY2V1bX1js7RV3t7Z3ds3Dw67Mk4FJh0cs1j0fSQJo5x0FFWM9BNBUOQz0vPDm6nfeyBC0pi31SQhboRGnA4pRkpLnll1fCQyh+lEgHIvhFcwvM+Cs3oO27CQvdAzK1bNmgEuE7sgFVCg5ZlfThDjNCJcYYakHNhWotwMCUUxI3nZSSVJEA7RiAw05Sgi0s1m5+SwqpUADmOhH1dwpv5OZCiSchL5ejJCaiwXvan4nzdI1fDSzShPUkU4ni8apgyqGE67gQEVBCs20QRhQfVfIR4jgbDSDZZ1Cfbiycuke16zG7XGXb3SvC7qKIFjcAJOgQ0uQBPcghboAAwewTN4BW/Gk/FivBsf89EVo8gcgT8wPn8A0c+bVg==</latexit> �̄
k
=

k
d
�
4
T
�
k

(mass)

(q
ua

rti
c 

co
up

lin
g)

Gaussian

Wilson-Fisher
<latexit sha1_base64="qy23jRymsY9Vwiw7aV31ZXhvILE=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5BIrboruHFZwT6gCWUynbRDJzNhHmIt/RI3LhRx66e482+ctllo64ELh3Pu5d574oxRpX3/2ymsrW9sbhW3Szu7e/tl9+CwpYSRmDSxYEJ2YqQIo5w0NdWMdDJJUBoz0o5HNzO//UCkooLf63FGohQNOE0oRtpKPbccchOiLJPiEfreRbXnVnzPnwOukiAnFZCj0XO/wr7AJiVcY4aU6gZ+pqMJkppiRqal0CiSITxCA9K1lKOUqGgyP3wKT63Sh4mQtriGc/X3xASlSo3T2HamSA/VsjcT//O6RidX0YTyzGjC8WJRYhjUAs5SgH0qCdZsbAnCktpbIR4iibC2WZVsCMHyy6ukde4FNa92V63Ur/M4iuAYnIAzEIBLUAe3oAGaAAMDnsEreHOenBfn3flYtBacfOYI/IHz+QOWGJJf</latexit>

⌫ ⇡ 0.54

Z2 universality

Second-order phase transitions correspond to non-trivial RG fixed points:


First look at flow of LGW free energy ⤳ flow of (static) couplings       , 
<latexit sha1_base64="NELFKvtR1mWNsO9ni3LW/SCJccY=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kt0oqnghePFdy20K4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ7dzv/NElWaxfDDThAYCjySLGMHGSr4YTB5rg3LFrboLoHXi5aQCOVqD8ld/GJNUUGkIx1r3PDcxQYaVYYTTWamfappgMsEj2rNUYkF1kC2OnaELqwxRFCtb0qCF+nsiw0LrqQhtp8BmrFe9ufif10tNdB1kTCapoZIsF0UpRyZG88/RkClKDJ9agoli9lZExlhhYmw+JRuCt/ryOmnXql69Wr+/qjRv8jiKcAbncAkeNKAJd9ACHwgweIZXeHOk8+K8Ox/L1oKTz5zCHzifP3rtjnY=</latexit>

m2
k

<latexit sha1_base64="lz/tUxYolYhqGuABgxdBCgKkFF8=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVHFVcOOygn1IO5RMJtOGJpkhyQhl6Fe4caGIWz/HnX9jOp2Fth4IHM45l9x7goQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Hbud5+o0iyWD2aaUF/gkWQRI9hY6XHAbTTEw8mwWnPrbg60SryC1KBAa1j9GoQxSQWVhnCsdd9zE+NnWBlGOJ1VBqmmCSYTPKJ9SyUWVPtZvvAMnVklRFGs7JMG5erviQwLracisEmBzVgve3PxP6+fmujaz5hMUkMlWXwUpRyZGM2vRyFTlBg+tQQTxeyuiIyxwsTYjiq2BG/55FXSuah7jXrj/rLWvCnqKMMJnMI5eHAFTbiDFrSBgIBneIU3RzkvzrvzsYiWnGLmGP7A+fwBv+GQXg==</latexit>

�k
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Second-order phase transitions correspond to non-trivial RG fixed points:


First look at flow of LGW free energy ⤳ flow of (static) couplings       , 

<latexit sha1_base64="/1vRkmCRCJh+kcQQExgeyj3khhE=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4sSRFqhuh6MZlBfuANg2T6aQdMpOEmYlQQsCNv+LGhSJu/Ql3/o2TNgttPXDhzDn3MvceL2ZUKsv6NpaWV1bX1ksb5c2t7Z1dc2+/LaNEYNLCEYtE10OSMBqSlqKKkW4sCOIeIx0vuMn9zgMRkkbhvZrExOFoFFKfYqS05JqHfQ+JlGduMKjBKxgM0rNaBnn+dM2KVbWmgIvELkgFFGi65ld/GOGEk1BhhqTs2VasnBQJRTEjWbmfSBIjHKAR6WkaIk6kk05vyOCJVobQj4SuUMGp+nsiRVzKCfd0J0dqLOe9XPzP6yXKv3RSGsaJIiGefeQnDKoI5oHAIRUEKzbRBGFB9a4Qj5FAWOnYyjoEe/7kRdKuVe16tX53XmlcF3GUwBE4BqfABhegAW5BE7QABo/gGbyCN+PJeDHejY9Z65JRzByAPzA+fwAgYZaO</latexit>
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<latexit sha1_base64="P9oidP2Heo1fAiEVZ80henu7h5E=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTcWBIp1Y1QdOOyQl/QxDCZTNshk0mYmQgl5Avc+CtuXCji1rU7/8Zpm4W2Hhg4nHMPd+7xE0alsqxvY2V1bX1js7RV3t7Z3ds3Dw67Mk4FJh0cs1j0fSQJo5x0FFWM9BNBUOQz0vPDm6nfeyBC0pi31SQhboRGnA4pRkpLnll1fCQyh+lEgHIvhFcwvM+Cs3oO27CQvdAzK1bNmgEuE7sgFVCg5ZlfThDjNCJcYYakHNhWotwMCUUxI3nZSSVJEA7RiAw05Sgi0s1m5+SwqpUADmOhH1dwpv5OZCiSchL5ejJCaiwXvan4nzdI1fDSzShPUkU4ni8apgyqGE67gQEVBCs20QRhQfVfIR4jgbDSDZZ1Cfbiycuke16zG7XGXb3SvC7qKIFjcAJOgQ0uQBPcghboAAwewTN4BW/Gk/FivBsf89EVo8gcgT8wPn8A0c+bVg==</latexit> �̄
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<latexit sha1_base64="08OKUNYKqCKv+tkBTlBSTR/MCbI=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwFRLRqruCG5cV7AOaUCbTSTt0MhPmIdbQL3HjQhG3foo7/8Zpm4W2HrhwOOde7r0nzhhV2ve/nZXVtfWNzdJWeXtnd6/i7h+0lDASkyYWTMhOjBRhlJOmppqRTiYJSmNG2vHoZuq3H4hUVPB7Pc5IlKIBpwnFSFup51ZCbkKUZVI8Qt+7qPXcqu/5M8BlEhSkCgo0eu5X2BfYpIRrzJBS3cDPdJQjqSlmZFIOjSIZwiM0IF1LOUqJivLZ4RN4YpU+TIS0xTWcqb8ncpQqNU5j25kiPVSL3lT8z+sanVxFOeWZ0YTj+aLEMKgFnKYA+1QSrNnYEoQltbdCPEQSYW2zKtsQgsWXl0nrzAtqXu3uvFq/LuIogSNwDE5BAC5BHdyCBmgCDAx4Bq/gzXlyXpx352PeuuIUM4fgD5zPH5kgkmE=</latexit>

⌫ ⇡ 0.56

O(4) universality

<latexit sha1_base64="NELFKvtR1mWNsO9ni3LW/SCJccY=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kt0oqnghePFdy20K4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ7dzv/NElWaxfDDThAYCjySLGMHGSr4YTB5rg3LFrboLoHXi5aQCOVqD8ld/GJNUUGkIx1r3PDcxQYaVYYTTWamfappgMsEj2rNUYkF1kC2OnaELqwxRFCtb0qCF+nsiw0LrqQhtp8BmrFe9ufif10tNdB1kTCapoZIsF0UpRyZG88/RkClKDJ9agoli9lZExlhhYmw+JRuCt/ryOmnXql69Wr+/qjRv8jiKcAbncAkeNKAJd9ACHwgweIZXeHOk8+K8Ox/L1oKTz5zCHzifP3rtjnY=</latexit>
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