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Motivation: matter under extreme conditions CRC-TR2n
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Outline cncﬁﬁ

1. Introduction to critical dynamics
2. Critical dynamics near the QCD critical point
3. Critical dynamics near the chiral phase transition
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Outline cncﬁﬁ

1. Introduction to critical dynamics
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Universality at the QCD critical point cncﬁ%

A Chiral order parameter: ¢ ~ qq — <(?C]>c

Quark-gluon plasma

Critical point: Correlation length & diverges

«  Microscopic details irrelevant

Temperature [MeV]

« Critical properties fully determined by
symmetries, number of dimensions, ...

* For example, observables behave as
power laws with universal exponents:
| v~ 0.63
o\

reduced temperature
T=(T-T)/Tc

N\
NN\

/ A » ~ map to Z- (Ising) model
Baryon chemical potential [MeV] see Parotto et al., PRC 101, 034901 (2020)

- —

_ __ J— _ _ _

. Stephanov, Rajagopal & Shuryak,
but we want dynamics... PRL 81 (1998) 4816.4819
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Universality at the QCD critical point cncﬁﬁ

A - i Y Aan |7
- Quark-gluon plasma Chiral order parameter: ¢ ~ Gq — (Gq).
=)
5 Time evolution of correlation length & :
¢
a ~|H|[TV/B s
H d 0.5}
aaron gas
-0.2 -0.15 -0.1 -0.05 0.05 0.1 H
//
// Berdnikov & Rajagopal, PRD 61, 105017 (2000)
7 - >
Baryon chemical potential [MeV] ] o
%dynamlc critical exponent
critical slowing down: ft ~ f Hohenberg & Halperin,
\ Rev. Mod. Phys. 49, 435 (1977)

correlation time correlation length
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Dynamic universality classes cncﬁﬁ

2z depends on conservation laws, Poisson bracket relations, ...

~ Static universality classes split up into dynamic universality classes:

Hohenberg & Halperin,

Rev. Mod. Phys. 49, 435 (1977) Dynamic universality class
Static Z- (Ising)  of QCD’s critical point!
universality Class Son & Stephanov, PRD 70, 056001 (2004)
Model A / \ Model H
No conserved quantities Order parameter ¢ conserved

Poisson bracket {(b,f} with shear modes

Model B Model C
Order parameter conserved Conserved energy density
No Poisson brackets No Poisson brackets

Functional renormalization group:
Chen, Tan, Fu, arXiv:2406.00679
JR, Ye, Schlichting, von Smekal, arXiv:2409.14470

Classical-statistical simulation:
Chattopadhyay, Ott, Schaefer, Skokov, PRL 133, 032301 (2024)

Johannes Roth Universal critical dynamics in QCD Rising Researchers Seminar Series 8



Dynamic universality classes in more detall cncﬁﬁ

Order parameter: ¢ ~ qq — <ch>c (chiral condensate)

- Statics: Landau-Ginzburg-Wilson (LGW) free energy

V(o)
1 =
. d - 2
|~ °
- Dynamics: Langevin equation of motion
g_%; _ _FO (;_F + S ~ modelled as Gaussian white noise:
27N (&(¢,8)) = 0
relaxation to minimal random forces from <f(t7 f)f(t/, f/)> = 2107 5(t — t/)d(f — f/)
free energy thermal fluctuations T

Einstein relation

- If there are no (other) conservation laws ~ Model A

« But: in QCD there are!
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Dynamic universality classes in more detalil CRC-TR2n

Order parameter: ¢ ~ qq — <ch>c (chiral condensate)

coupledto: 71 ~ G7'q — (G7°q).  (baryon density)

Son & Stephanov,
PRD 70, 056001 (2004)

- Statics: LGW free energy

1 o 2
F = /ddx — (V)2 +V(p) + Bon + S
2 2X0

- Dynamics: Langevin equations of motion

Orp = —Fo

PR

875% — 5\62— + V _)/
on

Gaussian white noises

diffusive!

P. Mérters, Y. Peres, Brownian Motion

« Critical dynamics dominated by diffusion ~ Model B (Cambridge University Press, 2010)
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Critical spectral functions in Model B cncﬁﬁ

spectral function of chiral order parameter: |  Model B
plo.p) = 5 [ ate™! [ dloeeilp(t,2). 0(0,0)]) L

2
=
q T =-0.356
3
Q (non-critical)
C
ke
*g 10°
=
s 10 TA
(@]
f%) 10710
TC - (]
5 10° c>/
|p| /MeV 10

obtained with real-time functional renormalization group
JR, L. von Smekal, JHEP 10, 065 (2023)
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Critical spectral functions in Model B cncﬁﬁ

* spectral function of chiral order parameter: . Model B
plw,p) = % / dt ™! / dz e~ i([p(t, ), £(0,0)) L .

T =-0.0021

(near criticality)

obtained with real-time functional renormalization group
JR, L. von Smekal, JHEP 10, 065 (2023)
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Critical spectral functions in Model B cncﬁﬁ

3
>
. Q T=0
3
W ‘ p‘ 3 (critical)
5
= 0
2z =4 5 10
= _
(here) "c:; 105 A
3] T
(] .
o 10 10
3 T o‘/
0
Ip| /MeV 1075 10
>
_ J
105 w/MeV J =0
-~

Universal scaling functions computed in:
Model A, C: Schweitzer, Schlichting, von Smekal, Nucl. Phys. B 960, 115165 (2020)
Model B, BC: Schweitzer, Schlichting, von Smekal, Nucl. Phys. B 984, 115944 (2022)

obtained with real-time functional renormalization group
JR, L. von Smekal, JHEP 10, 065 (2023)
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Outline cncﬁﬁ

2. Critical dynamics near the QCD critical point
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Dynamic universality class of QCD’s critical point cncﬁ%

_ . Son & Stephanov, PRD 70, 056001 (2004)
* integrate out ‘fast’ chiral order parameter

~ form effective (low-frequency) theory for baryon density n

- Now introduce coupling to energy-momentum tensor; T =¢ 7% =

- Five conserved charges

- energy density ¢

- momentum density j

- baryon density n

—

~ three modes relevant for critical dynamics:

- Order parameter ¢ ~ 6(s/n), transverse part j of momentum density
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Dynamic universality class of QCD’s critical point cncﬁﬁ

Order parameter: ¢ ~ d(s/n) coupledto =7,

entropy per baryon transverse momentum density

Statics: 7, LGW free energy

(transverse) fluid velocity

Lg e, M 5 Xy ) SF F

F= [ d%!¢:Z — J N == =2

/ x{Q(w) T +2p} ELAS

Dynamics:

Poisson bracket technique soe Deyaloshinell and yolowieks

I v : o
U VqS advection (D), ju(Z )} gb(_,,)a_xd(f j”)

[

%0 — (0.} = {m}

3 = Tl P =T |0 55 + Lisind 5

m

— (&gb)ﬁng reversibility — (U - ﬁ)jl convection
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Dynamic universality class of QCD’s critical point cncﬁ%

- Beyond ideal evolution: dissipative terms

see Landau & Lifshitz, Statistical Physics Part 1 (Butterworth-Heinemann, Oxford, 1980)

order-parameter mobility * diffusion

e stochastic forces
99 _ 157y 6FJ>§25F+9 !
— - — 0] S -
¢ I J 55 5¢ M - P~ o—Fl6:91/T
07 B , OF . O0F ~o OF

shear viscosity

- connected by fluctuation-dissipation relations:

(0(t, £)0(t', T'))
<£l (ta j’)Sfm (tlv £,)>

—20V35(Z— 2ot —t),
N Tim V26(Z — Z)6(t — ).

Liquid-gas critical point in pure fluid
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ldea of the functional renormalization group (FRG) cncﬁ%

- Difficulty: large long-wavelength (‘infrared’) fluctuations at critical point

- Wilson: introduce infrared cutoff to suppress (critical) fluctuations p S &
S —= S+ ASg ASy, = / ¢(x) R (x, 2" )p(x")

integrate (critical) fluctuations
‘momentum shell by momentum shell’

['[¢] [ [¢] Slél
k—0 % k=A  mean-field (Landau)
k-6k k theory exact

IR . N Uuv
Oy = st {ak,Rk o (Re+1) } = -2 @
Critical configuration of 2d ¢4 theory

(Courtesy of D. Schweitzer) C. Wetterich, Phys. Lett. B 301 (1993) 90-94

- Criticality: Scale invariance ~ RG fixed point k e f -1
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Wilson’s RG in Minkowski spacetime? cnﬁm

Wilsonian renormalization in VS. Wilsonian renormalization in
Euclidean spacetime Minkowski spacetime
Conceptually straightforward: Conceptually intricate:
imaginary time, all changes adiabatic timelike momenta ~ causal structure?

Problem: Frequency-dependent regulators

usually violate ]
Y Solution: Interpret regulator as

fictitious scale-dependent heat bath
JR, L. von Smekal, JHEP 10, 065 (2023)
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Regulator trinity in real-time FRG flows cRc‘-ﬁ

Regulator has spectral representation

U JR, L. von Smekal, JHEP 10, 065 (2023)

Lorentz
invariance

A, . 4_\\
2% .,'&@ ~
Q/;Q e.g 2 (Causality)

‘9@ r\’k(p)=k2 r(xﬁ) Qo

Figure adapted from fQCD collaboration, SciPost Phys. Core 6, 061 (2023)
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FRG flow for Model H S

- add regulators on level of LGW free energy F

1
F— F 4+ 5 szka JR, Ye, Schlichting, von Smekal, arXiv:2403.04573

+ symmetries intact:

thermal equilibrium symmetry, Sieberer, Chiocchetta, Gambassi, Tauber, Diehl, PRB 92 (2015) 13, 134307
temporal (non-Abelian) gauge symmetry, Canet, Delamotte, Wschebor, PRE 93 (2016) 6, 063101
BRST symmetry Crossley, Glorioso, Liu, JHEP 09 (2017) 095

~

— regulators couple to composite response fields ¥

- Exact results:
- Ward identities: flow of g vanishes

- Flow of statics (i.e., F}) independent of dynamics
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Fixed points of the FRG flow (Model H) cncﬁﬁ

flow of (dimensionless) dynamic couplings:

T

— Y O'ka d ) g2T d—4
f=2— 0L — Zo | wg = p fg = y
— Mk (2m)* ok
JR, Ye, Schlichting, von Smekal,
arXiv:2409.14470 10—+ 2.0 N
: IEEFIERN Xg
0.8} % 1.0 ) d =
- at fixed point: : | o5: ]
o~k 0 %0 ss T Lo~ 0.949
order-parameter mobility = 04k JOosE .. =~ 0.051
. ? | : \\ Xr’ ] fr] .
0~ L.~y : pot
0.27 ] 0.05 NS -
shear viscosity I : : -
0.0 Lt | 000 Z¢N3.O51
00 02 04 06 08 1.0 o .
spatial dimension d
. _ w/(1+w)
« weak-scaling relation:
! +x,=4—d —
kOkfe=d—-44+n +2 +x,)fu=0 — Lo n = nL

fu#0

see also Tauber, Critical Dynamics (Cambridge University Press, 2014)
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Outline cncﬁﬁ

3. Critical dynamics near the chiral phase transition
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Universality at the chiral transition cncﬁﬁ

Far away from the critical point...

Is there a second-order phase transition?

~1=€]18 =tic Quark-Gluon Plasma

Early
Universe Critical
Point?

Temperature (MeV)

Mergérs Color
Vacuum Liquid- Super-
~15 Ga_s.\b.\ ’( conductor
Transition I
.

~923

Johannes Roth

Universal critical dynamics in QCD
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Universality at the chiral transition cncﬁﬁ

Where is the second-order phase transition here?

Add third axis (quark masses my)

For mq():/

Exact invariance
under chiral

SU(Q)L X SU(Q)R

>
>~ 0(4)
2nd order phase transition Dynamic universality class: Model G
Pisarski & Wilczek, PRD 29 (1984) 338-341 Rajagopal & Wilczek, NPB 399 (1993) 395-425
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Dynamic universality class of chiral phase transition cncﬁ%

Chiral order parameter: gb — (07 7?) Rajagopal & Wilczek, NPB 399 (1993) 395-425

Son & Stephanov, PRL 88 (2002) 202302
. Florio, Grossi, Soloviev & Teaney, PRD 105 (2022) 5, 054512
Statics: O(4) LGW free energy

2
F = /ddx {%(az¢a)(az¢a) T m7¢a¢a (¢a¢a) inabnab}

4
X \— conserved iso-vector &

iso-axial-vector charges

4'N

Equations
of motion: d|ss|pat|on & noise - relaxation towards _FT

thermal equilibrium €

OF OF o —— N\
8tgba — —F() 9 + — {gba, nbc} & Larmor precession
5¢a ONpe N )

OF OF 5F
5 + V Cab + (4] {naba ¢c}
Nab

R_ reversibility | _ _

8tnab — 762

{gbaa nbc} — qbbéac — ¢05ab

{naba ncd} = 0qcTbd + ObdNac — OadMbe — ObeNad O(4 ) Helsenberg
antiferromagnet
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Fixed points of the FRG flow (Model G) cncﬁﬁ

T —— ¢ 2 d—4
 Model G | we=xt = 449 T
| k
z=d/2 KTk
— B — 10 6 | T 207 1
JR, Ye, Schlichting, von Smekal, | 1_55 Xro ,
arXiv:2409.14470 - i ]
08 j j 1.0 : i
- at fixed points: ’ weak-scaling FP /4 05" ]
(unstable) I -
5 < 06f N ] 0.0
['? ~ k™ *r¢ = i strong-scaling FP w 2.0 20 30 95
— 04+ \ : :
sigma/pion damping rate : (stable) — O i 1.5¢ Xy
—r 0.2 | weak-scaling FP || 1.0;
~ kT w tabl : f
fy X - (unstable) 05" 7
iso-(axial-)vector charge mobility o_omwwlw'wwlwlwlﬁ ) e —
00 02 04 06 08 1.0 2.5 3.0 3.5
wi(1+w) spatial dimension d
- at all fixed points: weak-scaling relation - at strong-scaling fixed point, in addition:
!
Tre + x4 =4—d—nL kOrwag = (x4 — xpe — N1 )wg =0
we # 0 :
: exactly fixes
(as in Model H) —>  Ipe = T~y — 11

see also Tauber, Critical Dynamics (Cambridge University Press, 2014)
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Dynamic universal properties of Model G cncﬁ%

- Strong-scaling of charge diffusion coefficient - Dynamic critical exponent:

~ Dp(p,7) ~77"E7AL(rTVE)  p=fTp

—_ ___\_\}, ____________________________ _— Z=d/2
= 0- N
= 2 174 Tz, fromr}
v 3
2 5 |z, from D{(k, 1)
S -1 9 161 [ 2z, fromD]_,(p,T)
o 3
S —
.s -2 .g 1.5 -
E — 1=10"% E
“ .| — t=107° = 1.4
2 ’ — 1=107°8 %
S — 1=10"" §,
B 4] — t=10"¢ T 131
—— Pade fit
-4 -2 0 . 2 . 4 6 8 10 2.6 2.8 3.0 3.2 3.4
Scaling variable log p&(T) Spatial dimension d
dynamic universal scaling function strong scaling verified v

JR, Ye, Schlichting, von Smekal, arXiv:2403.04573
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Summary & Outlook cncﬁﬁ

Summary:

- Critical spectral functions of Model A, B & C
JR, L. von Smekal, JHEP 10, 065 (2023)

- FRG flow for systems with reversible mode couplings (Model G & H)
JR, Ye, Schlichting, von Smekal, arXiv:2403.04573 & 2409.14470

Outlook:
- dynamics of Model G for non-vanishing external fields (quark masses)
- dynamic universal scaling functions of Model H

* real-time dynamics of quark-meson model
JR, Ye, Schlichting, von Smekal, in prep.

Thank you for your attention!
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Summary of Schwinger-Keldysh formalism cncﬁﬁ

Goal: compute non-equilibrium correlation functions

~ Path integral requires doubling number of fields: LV keldysh Sov. Phys. JETP 20 (1965) 1018

<O(t)> — tr (O(t) Po) (Heisenberg picture) ~ in particular: direct access to
real-time Green functions

= tr (U(—00,t)OU(t, —00)po) GE(t,t") = i({o(t), o(t)})
(extend evolution to t = +o0) GR (t, t/) — (t — 1 )<[¢(t)a ¢(t/)]>
— / Dot D~ S8 1=51671) (ot (1), 0~ (1)) G,Ai(t’ £ = 2D, el

Po G5 (t,t) =
~ built
into the formalism!
+oo /7 - - < - T —o0
t N R

Figure adapted from i
Kamenev, Field Theory of Non-Equilibrium Systems closed-time path
(Cambridge University Press, 2011)
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Dynamic universality classes in more detall cncﬁﬁ

Statics: Landau-Ginzburg-Wilson functional

F=/ddflf {%(§¢)2+V(¢) + }

- Dynamics: Langevin equations of motion

OF
O +0ip = —— +
LT =5 $

/

— 5F — —
On = >\V2% +V-¢ diffusive!

Gaussian white noises

- Order parameter not conserved but interacts non-linearly with
conserved (energy) density ~

Rising Researchers Seminar Series 32
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Dynamics: Martin-Siggia-Rose (MSR) formalism cncﬁﬁ

In classical simulations:
solve Langevin equation

SF (€(z)) =
O p +v0hp = —— +
tp Y0 = —50 T4 (§(@)¢(a)) = 29To(x — ')

Introduce (Hubbard)

response field ¢ integrate ¢

- O OF
Z = /DSO Dy ezs[%@] S|p, ] = / [—95 (815290 + v0rp + %> + i’YT@QI
v fluctuations

deterministic part of eom’s

Path-integral formulation
for (real-time) FRG
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Causal regulators cncﬁﬁ

Solution: Observe that regulator is a self-energy

- Self-energies generally inherit

~ Spectral representation from (subtracted) Kramers-Kronig relations

mass-like part ‘spectral density’

(trivially causal)
\ J(w, p) = 2Im Ry} (w, p)

R/A *_R/A ©dw' 2w TR (W, p)
R, (w,p) = R, (0,p) _/0 21 W' ((w £ ig)? — w'?)

JR, von Smekal, JHEP 10, 065 (2023)

JR, Schweitzer, Sieke, von Smekal, Phys. Rev. D 105, 116017 (2022) %
- Interpret as coupling to fictitious heat bath: . @mgmy 2 w?
S
(Hubbard-Stratonovich transformation) . Js
g5 (k)

here: Jy(w)=mY_ oo (h) (6(w —ws(k)) — 6(w + ws(k)))

~ Physical only_ for positive-semidefinite - Spectral density encodes
spectral densities Jx(w,p) >0 (w > 0) spectrum of bath oscillators
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QM example for causal regulator cncﬁﬁ

o0 d / 2 2J / . R .
R W) = RH0) - / 2c7uT w’((w:}: i:)(;u >w/2) n Ty (W) = (w+ie)® = m® + R (w)
. _
- spectral density: ~  Regulator (retarded part):
Jk (w) _ 9, e_wz/kQ — 9Tm Rg(w) negative\m‘ass shift!
- assume UV finiteness: - Relfuwn - \

Im[Ri(w)/k?]

R/A *dw Jp(w')
AMEy () = —RUA0) + [ SEAE Lo

N ~ J = ~
>0 (positivity) ‘4\ /

= IR mass shift:

AM:s(k) = —R,f/ 40) <0 s negative! 6

Solution: choose IR mass shift AM7,(k) > 0 positive (at cost of UV finiteness)

Johannes Roth Universal critical dynamics in QCD Rising Researchers Seminar Series 35



Why Model G? mcﬁm

First step towards dynamic universality class: Rajagopal & Wilczek, NPB 399 (1993) 395-425
Son & Stephanov, PRL 88 (2002) 202302

identify relevant slow (hydrodynamic) modes Grossi, Soloviev, Teaney & Yan, PRD 104 (2021) 3, 034025

- Order parameter: ¢ = (o, ) slow (critical slowing down)

- Six iso-(axial-)vector charge densities:

1 1 d in chiral limit
0 0_ 0_ +- 0.5_ conserved in chira
Vii= §q7 Tiq Aj = quy 7T ~ hydrodynamic modes
~ combine: 0 AY A0 A9 \
) — | A0V
" —AY v 0 v
~AY v —vd 0 )
[naba ncd] =1 (5acnbd + 5bdnac [¢CL7 nbc] =) (5ac¢b — 6ab¢c)
— OadNbe — OpcMad) (n’s generate O(4) transformations)
- Energy-momentum, baryon charge: also slow, but irrelevant (in RG sense)

see Nakano, Skokov, Friman, PRD 85 (2012) 096007
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FRG for Model G cncﬁﬁ

- Add regulators to LGW functional: . Model G
z=d/2
1 . 1 i -
Fortg [ (u@Rien)ouw) + Jra() R e v)n)
Ty

+ symmetries intact
- regulators cubic in fields

- Truncation for effective average (Martin-Siggia-Rose) action:

/86, 5F 5F
'y :/ [_¢a,k ( aqi +7¢,k(v) - g{¢aanbc} k)

5nbc

5Fk g 5Fk
nab7¢c} 5¢ - i{nabancd}(sn d)

- ~ 1 v
-T V _-T~ L
+1Ta,kYpk(V)Pak + 5T ab b Vn, i (V) ab kinetic coefficients:

- Important (exact) results: Yok (p) =T + O(p?)
- Ward identities: flow of ¢ vanishes Ynk(P) = Di (p) P

- Flow of statics (i.e., F}.) independent of dynamics

Johannes Roth Universal critical dynamics in QCD Rising Researchers Seminar Series 37



Temporal gauge symmetry (Model H) cncﬁﬁ

 Transform to accelerated frame of reference:

- Transformed EoM'’s (here for simplicity without dissipation):

Definition: ‘Extended’ symmetry |
Change 4.5 of action S is linear in fields |

99  F -
o Ty Ve

% +T[<Mjﬁ>5’—(ﬁ¢)w]=0

- — e — - — e

poses just as strong restrictions on
one-particle irreducible (1PI) effective action
as normal symmetry

see Canet, Delamotte, Wschebor, PRE 93 (2016) 6, 063101
Floerchinger, Grossi, PRD 105 (2022) 8, 085015
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Temporal gauge symmetry (Model G) cncﬁﬁ

1
- Apply external ‘magnetic’ field ., : F — F — 5 /ddx HaopMab

\

‘magnetization’

Equations of motion change according to:

T N - -

SF SF
a a,$: —I | g [ _ c]
t9 055, t0a + 5 {bamuc) 5 — — M
o OF S OF
a ab — 2[ ] " Qa a C
thab, YV o Hap| +V-Cab +91{n b’(b}égbc
qg OF
H + 9 {nab7 nCd}[5ncd }![cd]
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Temporal gauge symmetry (Model G) cncﬁﬁ

1
- Apply external ‘magnetic’ field ., : F — F — 5 /ddx HaopMab

\

‘magnetization’

- Equations of motion change according to:

g OF
Ha a a C
S o 0F
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vari iVmA- ri | g 5F
incvyhiihi’-[:bt: zeerg(—ecor?:ooiz,nt + 5 {nab7 nCd} 5ncd

of external O(4) gauge field

Equations of motion invariant under time-gauged O(4) transformations

o3 = 0ol ) H(t.T) — ORVH(E D)OT (1) + 208,07 (¢
n(t, #) — O()n(t, )0 (t) (t.%) = OWH(t, T)O™ (1) +  O(1)20” (1)
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Fixed points of the FRG flow (statics)

CR:T%

Second-order phase transitions correspond to non-trivial RG fixed points:

First look at flow of LGW free energy ~ flow of (static) couplings my, Ak

(quartic coupling)
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Z2 universality
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Fixed points of the FRG flow (static) cncﬁ%

Second-order phase transitions correspond to non-trivial RG fixed points:

First look at flow of LGW free energy ~ flow of (static) couplings mi ,

wo o o
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